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' fe^mM meet to me when 1 was 
s abpuc CO fet ibcth the Eleiae&ts 
8 of the Matheeiaticks, to premile 
I a few Th'it^ conceroing the Riie 
;, apd Excellency of t:his SciecLCO, 

^ that its Candidates may nnd^rflaod what 
a Kind of Science it is to which they ate 
about to dedicate the(nfelT<! ; and that ic 
may be made manifeft againft thole who 
fli^Tt thole Things whereof they are ig- 
noiaat, of how great Value and I?JgDity 
A 2 this 
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this Knowledge is, which the ^ifeft Men 
/ of all Ages have, with incredible Study, 
labour'd to attain unto, and become 
poflefs'd of. Moreover, I muft own that 
^eter Ramus's Labours have been of 
great Service to me in the compiling of 
.this Account, who in the whole flrflL 
Book of his Inftitution, which is not a 
little one, hath out of Troclus^ Laertius, 
Gellius\ Tolybius^ Tzetzes, and others, 
compofed k Mathematical^ Hiftory both 
accurately and copioufly. 

The Mathematical Sciences were the 
firft of all other amongft Men, if we 
may Believe Jofifhus. He, Book I. ChaP. 
3. writeth, that the Pofterity of Seth ob- 
ferved the Order of the Heavens, and 
the Courfcs of the Stars. And left thefc 
Invetitions fhpuld flip out of the Know- 
ledge of Men, >f^i35;» having predided a 
twofold peftrudion of the Earth, one 
by a Deluge, the other by Fire, they 
rafs'd two Cblumris, one of Bricks, of 
Stone the other ; and irifcribed their In- 
ventions upon fhem, that if the Brick 
one fhould happen to be deftroy'd by 
the Deluge, that of Stone, which would 
remain, might dffb^d Men an Opportunity 
of being inftrudled, and prefent to their 
View the Things which it had infaib'd 
on it. They fay alfo, that that ftone 
Pillar, which eyen in ^our Days is feen 

in 
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in Syria^ was dedicated J by thetn. This 
Jofifhus lays: whom 1 leave to vouch fbr 
the Story. 
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; That the ji^rians ^nd Chaldeans were 
the firft after the Flood, vrhp apjilied them* 
^Ives to the Mat hematidkS, \^ delivered 
•by the^ fame Jofiphus i ^ alfo by Tlift^y 
^iodornsy aad^ Cicero. J But ^Ke Mathe- 
matlck Arts, which firft (prangs amorigft 
the Chaldeans,' ztnori^ Wbbm^ they flod* 
rilhed, were afterwards Wan^ferr^ out-- of 
Chaldea and jljfyria \itLt^;i\it''^E^ 
by Abraham. For, when, at tfte Coin- 
mand of Gob, he went ^ forth- from • his 
native Soil into Takfttfie, and from thenefe 
'into Egypt\ andperceiv'tf rhe Egyptians 
to be taken with the Study of good Atts^, 
and to* be of a remarkable Difpofition and 
-Gapa^y fo^vLearniog;^ {s^ nj^ifpphus' tefti- 
.fies, Bofik'sh, Q^^0j>. p.) he coipmuoicar- 
ted to them ArithQietick ^d Aftronomy:; 
.and confequpntly ;Geometry. wlik:h nmft 
Of Neeeflity go before jAftronomy, la 
-whifh Studies afterwards r, the jEgypfians 
To flourifh'd, V that Jriftotle, i Metaph. 
X^hap. 1. doth, affirm, That the Mathemjt- 
tick Arts Were firft found out in Egypt^ 
by their Priefts ; who by their Employ- 

tsients were at leiiiire for thefe Tjiings. 

f .... 

Then thefe Arts crofling the Sea but 

of Egypt ^ came to the Philofbphers of 

^Greece: For Thales the Milefian, who 

A, 3 flourilh^d 
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flonrifli'd 584 Yaars before Chrifl:, Wa 
the firft ef the Greeis, who coming in 
to Egypt ^ transferred Geometry from thena 
into Greece, He it was indeed, who, be 
iides oth^ Things, found our the 5 th 
15th, and 26th PropofiuoQS of the £rC 
Book. To the fame are aUb ^ owina. ,th< 
ad, 3d» ^tb^ 5th, of the fowth Book 
The lame' Pecibn began iQ^pbferve the E- 
uuinoxes and SoUlice^, :as Zda^r^/nrj* te£U- 
jfies ; and lie wair tiie iirfl: who foretold «f] 
EcHpft oi the %n,^s fii^ks and Jlrif 
Utk write ; ^ a^d Tzetzes faith. That 
he ailfo {br(»ol4 4n Eclipfe of the Moon 
^p Kine Cyrus, ¥ot which Things fake he 
is to be Jook'd on as the firll Fouodcf 
^nd Author o£ fh^ Mathematical Scieocos 
in Greece. 
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' After him wssts Tytbag^raJ} of S^mos: 
Which nioft ahcieat Phil^foph^r, exceed 
ingly impTov'^d and «dbtnM the Math«- 
-fnatick Sciences. And he fo gave him- 
^If to Arithmetick in particular, that ,(d« 
mod his whole Method of Philofophiziog 
Was taken from Numbers. Add he Mi of 
tlU as Laertius relates^ atiftradcd Geo- 
-metry from Matter ; in Which 'Eicvati^h 
-iii tlie Mind, he found out the 3 2d, 44tb, 
47th, and 48th Propofitions of tte fi/ft 
Book. But he is efpecially celebrated for 
^the TnveiQtion of ^rap. 32. and 47. of 
4hat Book j and he concdv'd fo great Joy 

^ ft 



M^poa this Invention, that, as Ajf^oilodo- 
rus wkneflcs m Laertius, on that Account 
he (acrificy an Hecato(pjb. "the fame Perfoir 
^rft* kid open the Tptory ojf incommtn- 
lUfabte Magnitndes, idnd the Fivt regale 
.Bodies, 'ine lame Perfon did both jnoft 
<]iligently teach and exerdfe the Att/of 
Aftrology and M^irfick : For he did not on- 
ly acntcly apd ftihtily find oat many Thhigs 
himfeif, but he aHb firft opened a School, 
'in which Youth might lear4 thefc honou*- 
able and noble Arts. 

4 

jpythagoras was followed by Anaxago^ 
ras of Clazoimnie^ and Oeno^iaes of Cbios^ 
of whom Tlato makes m^ition in hi^ Pi- 
alogue, The Lovers, where youog 'Wfep 
are brought in contending ^bout An^xa^ 
goras and Oenopdes ip their Dcfc;ipji» 
ons of Circles. Arlftotle reports, xhaf f 
certain Treatife of Geometry was wtit- 
ten by Anaxagoras ; and we liave it iroqa 
Laertiusj that it was fhewM by hini thiic 
the Sun is greater 4^han . TehfomeJUs Ql 
notable Inftance of the Infancy of Aftrb- 
nomy at that Time) ; and that he made 
feme ConjedureS concerning Habitations 
in the Moon. As for Oenopides^ tp . him 
^rocius afcribes the 1 2 and 23./. i . Th«^ 
were followed by Brijb^ Antipho, and 
Hippocrates of Chios ^ all of them, far at* 
■teriiptibg the <^adrature of the Circle, re- 
prcfhended by Ariftotle, 90A at theiamc 

A 4 . time" 
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time celebrated But amongft tbem, Hifi^ 
^otrates was by far the moftFamous ; th^t 
celebrated P^rfon, who of a Merchant 
Rowing ta be a Philolbpher and a Geo<- 
metrician, befides the Quadrature of the 
Circle, alfo iirft attempted . the Doubling 
of the Cube, by two mean ProportioDals ; 
which as being an. excellent, and indeed 
the only Way, all that have followed him 
to this time have embraced. 'Tis alio his 
^peculiar and great Commendation, that he, 
as Troclus teftifies, firft wrote Elements, 
and digefled into Order the Difcoveries made 
by others. .... 

^emocrltus was admirable, not in Phi* 
lolbphy only, but alfb in the Mathematicks. 
His Phyfical Mondments, and, if fuch 
there were, bis^ Mathematical Works alio, 
are wholly loft, thro' the Envy (as feme 
report) of Artfiotk^ who defired to have 
no other Writings read but his own. The 
Philofdphy of "Democritus hath been re- 
ftored by Teter Gajfepdus, in a very Learn- 
ed Work lately publitti'd. Theodorus Cy^ 
r emeus ^ altho' none of his Mathematical 
Inventions are extant, yet is great upon 
this Account, if there were no other, that 
he is reported to have been the Matter 
of Tkto. 

s 

Unto Tlato therefore we are come at 
length, than whom no one brought grea- 

tci: 



fcs J^uftrc to the Mathematical ScieDces* 
He enlarged Qeoroetry with great and no&- 
.table Additions^ beftowing incredible Study 
upon it* And above allj the Art Analy- 
tick, or of Reibiution, was found oujc by 
^him, the moft certain way of Idvention 
aud Reafoning.. Hefet off and illuftrated 
his ^ooks of Philofophy in a Mathemati- 
cal way, and encourag'd whatfoever was 
admirable in Mathematical Philofophy. 
Upon the Door of hi§ Academy was ^ead 
this '. Ipfcription : iS'^'i a!,yi»iUTfi{l®' ^ihta : Lj^ 
no one ignorant of Geometry enter here;; 
an illuftrioiis Inftance to demoaflrate, how 
the Mathematipks are not foreign but pro- 
per, not unufeful, or unbecoming, but ho- 
nourable and profitable to found and certain 
Philofophy, In a word, how great both 
Admirer and Mafter: of the Mathematicks 
'Tlato was, that Man will of himfelf eafily 
underfland, who ifhall read his iVlonuments 
thro'. 

r 

Out of Plato's Academy, almofl innu- 
merable Mathematicians came forth. Thir- 
teen oi Plato's familiar Acquaintance arc 
commemorated by fProclus^ as Men by 
whofe Studies the Mathematicks were ini- 
prov'd. From hence were Leodamus the 
Thajian^ Archytas the Tarentine^ Theate^ 
tus the Athenian^ by whom the Mathe- 
maticks were notably enlarged. Leodamus 
prai^ifed the Analyfis received from TlatOy 

and 



ind is iaid by Laertius U} have foutWI ooc 
wany things by cht Help of it. As fosr 
Tbe^tetus^ both his own InveMiOfiS, a« 
moogft ivhicfa lar^ che Elements written by 
lilm, aiid the Inicription of regular Bodies; 
and Tutors Encomiums, who alfo infcribed 
:a Dialogue go his Name, do make hijgi fa« 
mons. 

W ' • 

Archytas alio wrote Elements himfelf ; 
and his DoubKng of the Cube is menti- 
oned by Eutacius\ whole Angular Com- 
mendation it likewife was, that he was 
almoft the Firft that brought down the 
Maithematicks to humane Ufes; by whofe 
-Contrivance alfb a wooden Pigeon was made 
to fly, as Gellius reports ; he being follow- 
ed by ^W<^/^x, and other Artificers, yielcj- 
cd Matter fgr the Fables of the Poets. 
Moreover, Archytas was both a Mathema- 
tician and General of an Army : He five 
times commanded the Forces of his own 
Citizens, in the Wars of his Country, and 
Jve times overcame their Enemies. The 
meer Name of J^eoclides is only Famous, 
ht being more iliuftrious for his Scholar 
l^eoH perhaps, than for his own Inventions. '* 
L^on certainly wrote Elements of all the 
Matbematicks, improved them, and made 
.them more fit for Ufe. Wherefore he is 
defervedly to be reckon'4 amongft tht chief 
Compilers of Elements. 

Eudoxus 
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' E^4(^is^o£ Cnidis was not infcttoi to 
L^toM .' A Maa^ great in Ariribmedok, and 
m JiiliD (if we iiKiy believe the ^reek Sdho- 
Ijaft) wc owe the whole ^ftb Bdolc. Mc 
likicwife wl^ote 15lement«," aad ibade th^e^iii 
'ttiorc geberal, and increafed the SedN«)a5 
«Iaregati by Tldto\ over and a&d^e thisfifc 
.was tht &ffc f ramer of Aftliod(»iifcal Hy- 
ipotbefes, aiid derived ^owo the^ Spriqgs ot 
ifieotoctry, ai- J&chytas fead di^ne befefe, 
r«o Medianicks. Amyclas ^he Heritcieot^^ 
•^ttd MenMhmus,: ahd hisBrfetbfet "Dine^d^ 
.ms. Helicon ^X3yz>itim, T^eUdius, I^f^ 

\M^dm^M», all 'Platonifts, ifendeted Geotei?- 

-Kty much more perfeift. Mem^(^kmuii alfe 

found out the Coniek S^^Stions, '^hd by tife 

iho\p df «bem^ tWo mean Propwtibttib ; 

•nwfeofe Invention in this Cafe fs prefert^fl 

hy M4iPocius bfcfore any Other. Theudhts 

dfid Hermatmus made the Elements rtore 

uintYerral an^ fuM* And all thefe, who were 

of "S^lMoh Academy, brought Mathematick 

-Philofophy ite Perfedion, z%Troclus ra?ffi. 

XenocrateS' 9\{o^' out of ^lato^s AudrtorS, 

and Msifter of Arijiotle, as well "ias AriJ^ 

40k,hm^Q\i^^^^tc famous -fdr ithc Kmi)w- 

Je%e of .f b(? M^f hemattcfes, When nceih 

'taia rPeriOf), .who ksiew nothing <»£ Gcome* 

Jliy, W'rfs defireijs to .be his Aucteor^ Qo thy 

-tB^, fiiiirh iit^ ffn- thou wamt^ Phe wery 

- c; ^ But 
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Bat of Ariftotle, what can I fay .? All 
his Qooks are filled with MathcmaciGai Ar- 
guments, from a Colledionof which ^/^»»-> 
cane hath made a Book. Two of AriJ^ 
totUh School are efpecially celebrated, Eu- 
demus and Theophrajius : This latter wrote 
two 'Books of Numbers, four of Geometry, 
and one of indivifible Lines: The other, 
compoled a Mathenv^tical Hiftory ; and from 
him Troclusy and others have borrowed 
theirs. To Arifteus, Ifidore\ Hypficles^ 
mofl: fubtle Geometricians, we are efpecially 
indebted for the Books of Solids. Laftly, 
£«r/i^ gathered together the Inventions of 
others, difpofed them into Ofder, improved 
fthem, and demonftrated them more accu- 
rately, and left to u^ thofe Elements ^ by 
which Youth is every where inftrudted in 
.the Mathematicks. He died in the Year 
before Chrift 284. There followed Euclid 
almoft an igo Years afterwards Eratofihenes 
^^xa^ Archimedes. The Name oi Erato f- 
thenes was very famous, but his Writings 
are loft. Many Remains we have of Ar^ 
chfmedes^ and many we have loft. 

-^ But when I name Archimedes^ I conceive 
in my Mind the very Top of humane Sub- 
tilty, and the Perfe<ftion of the whole 
Mathematical Sciences. His wonderful In- 
ventions have been delivered to us by "Po^ 
lybiusy Tlutarch, Tzetzes, and others. 
CoHOp was Contemporary to Archimedes, 

one 
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one who was both a Geom^tridan and an 
Aftronomer, whole Death Archimedes la- 
ments in his Book of the Qiiadrature of 
the Parabola. There followed Archimedes 
and Conon^ and that at no great Diftance, 
Afollonius oi Terga, another Prince in 
Geometry, who was called by way of high 
Encomium, The Great Geometrician. There 

* 

are extant Four [now Seven] moft fubtle 
Books of his Conicks. To the fame Per« 
Ion are afcribed, the 14 and 1 5 Books of 
Euclid^ which were contra(9ted by Hyp* 
Jicles. Hiffarchus and Menelaus wrote, 
this latter 6, the other 1 2 Books of Sub- 
tenfeS in a Circle ; for which Invention, 
fo very profitable and neceflary, great Com- 
mendations and Thanks are due to both. 
There are alfo' extant three Books of Mene- 
laus concerning Spherical Triangles. Three 
moft ufeful Books of Spheticks of Theodoji- 
us the Tripolite are alfo in the Hands of 
all. And thefe indeed, if you except Me- 
nelausy lived all of them before Chrifl:. 

/ In the Year after Chrift 70, there ap- 
peared in the World Claudius Ttolemaus^ 
the Prince of Aftronomers, a Man certain- 
ly wonderful) and (as Tliny laith) above 
the Nature of Mortals. But he ^ was ^ not 
only moft skilful in Aftronomy, but iu Gef 
ometry alfo ; which as many other Things 
written by him do witnefs, ib efpecially do 
the Books of Subtenfes : Thoie of Men^^ 

laus 



/^^/ which weie Six, and the Twelve cyf 
Hipparchus, all contradted by him into 
Five Theorems. As for "Plutarch, a moft 
fam'd Philofopher^ there arc extant his Ma* 
tbematical Problems. And all know of the 
learned Commentaries of Eutocius the Jf^ 
cahnite upon yirchimedes. By him are re- 
cited the Inventions of Philo, T>mles^ 
Nicomedes^ Sporus, Heron, as of fo ma- 
ny excellent Mailers in the Mathematicks» 
concerning Doubling the Cube. Heron's 
Genius certainly was excellent, as Well for 
Mechanicks as Geometry, The Doubling 
of the Cube delivered by him is commend- 
ed by Tupfus^ Book III. ^w/, 7. before 
9II other. The admirable Works of Cteji- 
bius the Alexandrian, to whom we owe 
our Pumps, arc celebrated by Vitruvius^ 
Troclus, 'Fliny^ and Athenaus. The Name 
alfo of Geminus is not in the lowed Place 
imongft Mathematicians, whom Proclut 
has preferred in many Things before Euclid 
himielf; 

^iophantus, and he alfo an Alexandria 
an^ was as great in Arichmetick as -rfrri&i- 
medes, ApoUoniits, or Euclid in Geometry ; 
he was certainly a Mafter of all Subtilty 
relating to Numbers: by him was found 
out that admirable Art, which we call Al- 
\ehra ; which in thefe Times has been ren* 
lered more perfcd: and univerfal by Francis 
Vieta^ and Renatus Cartefius. There arc 

others 
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others who ate celebrated amoogft the An- 
tieots alfo ; as Nieomachus^ famous for 
Arithmetical, Geometrical, and Mufical Mo- 
numents i Serenui well known to Geome- 
tricians for bis Two Books, concerning the 
Sc<9:ipn of a CyXmditx *^T roc Jus, 'Tappus^ 
Theon. How great a Mathematician Tro^ 
clus^v/^Sf is manifeft from his learned Com^ 
mehtaries on Euclid^ and other Writings. 
And this is he, I luppofe, who, as Zonaras 
reports, and from him Ramus j and Barons- 
us^ about the Year of Chrift 514, with 
Optic Artifice, and the Glafles which he 
ufed, burnt the Fleet of Vitalian, who 
was befiegmg Conflantino^le. The Praifes 
of . Theon^ which truly arc defcrvedJy 
great ^ Teter Ramus wonderfuUy ex- 
aggerates ; infomuch that even the Books 
which hitherto all have tilcribed to £^- 
did^ ought, as he thinks, to be attributed 
to Theon, Bqt Ramus^ who every where 
is ready to dctrad from Euclid^ and 
this without grounding himfelf upon any 
folid Foundation, is not to be hearkened 
to here. To come at length to a Con- 
clufion, let Tafpus bring up the Rear, 
the laft in Time among the Antients, as 
being one who liv'd about the Year 
400; but in Reputation, and all Mathe- 
matical Commendation, to b^ reckoned a^ 
mongft the firft. Alexandria^ that City 
lb fruitful of great Men, which before 
had brought forth Hyj[fjicks, Qtefibius 

and 
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and T^iophantus, produced him alfb, to 
the great Advantage of the Mathematicks. 
He wrote Seven Books of Mathematical 
Colledions, of which the Two Firft are 
loft. The Five other do abound with 
fo many, and liich various moft noble 
Inventions in almoft all Parts of the Ma- 
thematicks, that they are efteemed amongft 
the chief Monuments of the Antients which 
arc extant. 

«. • 

And thus you have a fhort Hiftory of 
the Origin and Progreis of the Mathema- 
ticks. From which appears the Antiqui- 
ty, Excellency, and Dignity of this Sci- 
ence. And truly the fame eminent Per- 
fbns in the Commonwealth of Learning, 
who difcover'd Philofophy, difcpverM alio 
the Mathematicks, like two Sifters bprn 
at one Birth ;! whom if any one would vi- 
olently feparate from each other, be cer- 
tainly attempts to brealc off their native 
Concord, with moft notable Injury, and 
as it were Cruelty to both; feeing, as it 
is wbnt to fall out in the Cafe of Twins, 
where they are reraov'd from one another, 
in Place or by Death, fo it will be like 
to happen here, that Mathematicks being 
plucked away from her, Philofophy muu 
needs languifh and pine away. 

Adver- 
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Advertifement of Books^ &c: 

<Tp H & RE b Utel; Finifli'd and Sold by ?. Sinix, at the 
^1 Gkte in FUti-firMt, a new S«n of U^s, ca(iuimiig.tli« 
^I^TldaadQiurt«5, wiib ail the Principal DirMIana of £»Hf^i 
Each Map on iwo Imperial Sheets of Papcrj lognher Wid 
fevetal of thefe Subdivided, each on- Odc In^rial Sheet : 
Ai^^atro Tome of the Ancient Geography. The whole making 
a handfome Book or AiUs. The World »M Quanen aili 
dfo fiited'up upaci Cloth, with Ilercrtpttoiu, and an IntraK 
duQioato Geography. He alio felUthe .Beft and Hnrea 
^obecof ;, 13, and i6 Inches Diameter j and will fpeedily 
Pnblitha moll Correft fairof Globetof ab6uE }o lnchcKDid> 
meter. <JV. S.) Several of the Mapi and Globes bava bete 
moA nnluflly and very enxmconfly Copifed, and Sold fac 
ilis ] but whoerer cxaminei the Tiilie and ibe Gtairet'i Hame 
^Siwx, in the World, Eurept, Ajta, Africa, Ut. maybe 
Iin4c<aiv'd. Thofe Gentlemen who b^ye-a iniitd noma bfe 
impofed upon in Buying Globet, are d^fired to Bay [ben 
only from ^. Stnix, who is paniculaily ' Carefbl that what 
he 5al]i may be corteftly linifb'd, and iuch zi may Ctcdit 
the Maker. 
* An Inirodiidion to jjcograpby, with aU neceflary Defini' 
tjoot. Fol. Prif* 5 J. 

The Defctiption and Ufe of the Globei, Second ■ Edition . 
Prk* IS, 6 d. 

A new and Exafl Map of tbe Zedituk, on two Imperial 
Sheoti, whnein the Start ate laid down ftom the bell and 
' latcft Obfervationt, together with an Explanation of its Ufes, 
both in Aftronomy, and for Determining the Longitude atSea. 
By Edmund Hallty, L.L,I>. SaviUan ProfelTor of Geometry, 
and F. R. S. 

Allronomical Ledures, read in the publick Schools at Cum* 
hr'tdgt, (irll publilhed in Liftff for the Ufe of young Student! 
in the Univerlity, and now done into Etiglijh. 8vo. Prica 6 1. 

Sir Ifaac Nrwten's Mathematical Philofophy, more eaGI; 

dcmoaftiated t and Dr. HaiUy't Account of Comets lUuftra- 

a ted. 



BOOKS "Printed for J. Scncx. « 

ted. Being 40 LeAures read in the publick Schools at Cami 
ftridge^ publi(h*d for the Uft of young Students there, and 
jiovjr done into En^lljh. With Corre^ktons and Improvements 
by the Author, Syo. Prke $ $. * 

Agronomical Principles of ]R.eligiqn» Natural and ReveaI'd. 
sn IX Flirts. I. Lemmata^ or the known Laws of Matur and 
Motion* II* A Particular Accoi^nt of the Sy^em of the Uni*^ 
verfe. III. The Truth of that Syllem briefly demonftrated. 
IV. Certain Obfervations drawn nrom that Syftem. V. Pro-r 
bable Conjef^ifres of the Nature and Ufes of the fever^l Ce« 
leftial Bodies contaibe4 in ?he fafne Sy(|ein, Vl, Imporrant 
Principles 6f Natural Religion demonilrated, from tne ibre- 
goine Obfervations. VII. Important Principles of Divine 
Jlevelation confirmed from the foregoing Con|'e£hires. VIII; 
Such Inferences fhewn to be the common Voice of Nature 
and Reaibn, from the Teftimonies of the moft confidetatW 
fierfons in all Ages. IX. A Recapitulation of the Whole % 
■with a larse and ferious Addrefs to all, efpedally the Scepticks 
and Unbelievers ofvour Age ; together with a Preface of th^ 
Temper of Mthd, neceflary for the Dt(^overy of Divine Tnxehf 
^ndthe Degree of £vidence tbaii ought to be expe£^ed in Di* 
^tne Matters, Svo. Br'uet^ x. 

' An Account of a furprizing Meteor feen in the Air, Mtrcb 
the 6th 1 7-^ at Night j Containing, I. A Defcription of the 
Meteor, from the> Aiuhor^s own Ob^rvattoos. II. Some HiC- 
^orical Accounts of the like Meteors before : With Extraift^ 
from fuCh Letters and Accounts of this, as the Author has re» 
ceivM. III. The Principal Phaenon^ena of the Meteor* IV. 
.Coniedures for their Solution. V. Reafbns why our Solutions 
.are fo imperfied. VI. Inferences and Obfervations from the 
^Premifles. Second Edition, 8vo. *Pm« i s. 
:.:, A Scheme of the Solar Syftem, with the Orbits of the Pla* 
nets and Comets belonging thereto, defcribed from Dr. HalUy^ 

• Accurate Table of Comets,' Philofoph. Tranfad. N. 297. 
founded on Sir Jfaac Nev;ton*s wonderful Difcoveries, Price 

* 2^* 6 d* . > . 

'Thefiflve Ufl^ written hy Mr. Whifton, with the reft of his 
Works, and other Mathematical Books, are fold by J. Senex^ 
in Flcetftreet, W. and J. Innys in St. PaulV Church- Yard^j 
md J. Osbotn andT. Longman in Patcr-Noftcr-Row. 
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Dr. Barrow's Words,- pre* 
fix'd before his Apllmius. 

God always ai^s Geometrically, 

HO W great 2i Geometrician art thatt^ 
O Lord! Far while this Science 
has no Bounds ; while there is for 
ever room for the Dijcovery of New Tbeo^ 
rems^ even ky Human Faculties ; Thou art 
acqfiainted ivith them all at one View^ 
without any Chain of Confequences^ with* 
cut any Fatigue of Detnonjirations. In 
other Arts and Sciences our "Vnderftanding 
is able to do almoft nothing \ andy like the 
fmagination of Brutes ^ feems only to dream 
of fome uncertain ^rofojitions : fF hence 
it ^ is that in Jo many Men are almojl Jo 
many Minds. But in thefe Geometrical 
Theorems all Men are agreed : In thefe 
the Human Faculties affear to have fome 
real Abilities^ and thoje Greats Wonder- 
ful and Amazing, for thofe Faculties 
which feem eif almoft no force in other Mat-^ 
tersy in this Science appear to be Efpcac^^ 
oust Towerfuly and Succefsful, &c. Thee 
therefore do I taf^e hence occajion to LovCj 
Rejoice in^ and Admire j and to long for 
that l^ayy with the Earneft Breathings of 
my Souly when tboujhalt be f leafed^ out of 
thy Eeknty^ out of thy Immenfe and Sacred 
Benignity y to allow me tfi behold, md that 

a % '^ifh 
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Di;, Ba^l^^pw!? Words, 6?^ 
with f *purl'Mikd, ' ani^ cl^r S^fy 

are more numerous^ and more important ; 
and all this without that continual and 
fainfill jffplication of thi Imagination^ 
ts^bich we difihier theCe withal^ &C~ ^^ 
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MathefMtiGfil l^m or ^SMtwii^ionu 

' =3 The Note for Ec^uality. So ^ =: ^ fignifies that 
n and i are equal.. 

* -4" "^^ ^^x^ for Addition. So tf 4* ^ figAi&s tho 
Sum of /I and ^ together* 

— The note for Suhtraftion. Sc)-4 — • h fignifies the 
Diflference between a ^nd i, 

X The Note for Multiplication. . ^ /» X ^ or tf ^ fig- 
nifies a viuhtpUed t^ ^. . . * 
, : : The Note for equality of Prpportion. SojliSn 
*it : ^ iignifies.tha,t jl bears the fame Prpportion to S\ 
that a bears to ^. 

yv- The N6te of continued Proportion. So A^S^C 
•f^ fignifies' that ^ .b^ts the fame Proportion to]^ 
that S bears to C 

q The nbte for a Square. So CSq fignifies the 
Square of the Line CS. 

c The Note for a Cube. So C vB c fignifies the 
Cube of (he Lio^ C J9- 
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The Elements of Euclid. 



BOOK I. 



Definitions. 

I point is a Mark in Magnitude, which ]s 
1 [fuppoled to be] indivifible. 
I That is, which canaot be divided fit 
I much as in Thought. A Point is the be- 
I ginning, as it were, of all Magnitude, 
as Unity is of Number. 
3.. A Line is a Magnitude whidi hath Length onl}', 
and wants all Breadth ; forafmuch aa it is underflood to 
be produced from the flowing of a Point. 
;. Points are the Terms of a Line. 
4. A right Line, is that which lies evenly betwixt its tit. i 
Tem.. ° JSI- 

Or as Archimedes : A right Line is the lead of all 
thofe which have the famcTerms} or, is the Aiartell of 
ah thole which can be drawn betwixt two Points. .. 

Or as 'PlatQ hath it : A right Line is that \yhofe Ex- . 
tiemes hide all the reft ; [that is, when the Eye i» 
placed in a Continuation of the Line.} 

ThcSenfe is the fame in all. Thelnftrumcntwherebjf 
right Lines are delcribed, is [called] a Rule ; which whe- 
ther it be ftrait or not you may knon' by this Tryal. 

Dclcribe a Line according to.thcRute ^ then tumiiw 

the Rule fo, that that which before was the Right-hana ~ 

End miynow become the Left-hand End, apply it t^ain 

to the Line betbre delcribed t if it doth now entirely 

* B fell 
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fall in with the Line, the Rule is ftrait ^ if not, thel^ule 
|(» «MH fkfM. Tlie Reft^liefeof depemb oq Axiom X3< 
; c . A Sur&ce is a Magnitude which hatfa only Lengj 
una Breadth. 

fa hath two Dimenfions therefore : And is uodej 
to be jproducM by the flowing of a Line. 

6. Lines are the Extremes of a Surface. 

.7.. A Plane, or a plain Surface, is that which liei even* 
ly betwixt its extreme Lines. 

Or SLstiero^ that, to all the Parts whereof a right Line 
may be accommodated* 

For it is produced from the Motion of a right Line. 
-Or, A plain Surface 4s that whofe Extremes any of 
them hide all the reft, [the Eye being placed in a Con- 
tinuation of the Surface.] 

Or, It is the leaft of all Surfaces which have the lame 
Terms. The Senfe is the fame in all. 

Euclid h»th net here defined a Body or Solid, becaufc 
he was not yet about to treat concerning it. But left any 
one ihould want the Definition theseof, take it here thus i 
A Body is a Magnitude long, broad and deep. A Body 
tfaere&H-e hatfa three Dimenfions, a Surface twp^ a line 
one, a Point none. 

S. A plain Angle 18 the mutual Indinatipn to each 
other of two Lines, which touch one another in a 
Plain; but fo as not to. make one Line. 
^^* 2, 4.. Therefore the two Lines AB, C A, touching one ano- 
ther in A, but So as n(K to make one Line, conftiiute 
an Angle. r ^ 

9. The Sides or Legs of an Angle are the Lines which 
make the Angle. 

; la The Vertex or Top of an Angle is the Point (A) 
in which the Legs do meet and tooch one another. 

Notey that a fingie Angle is defigoed by one Letter put 
at ihe Top : When there are more at one Point, they are 
defigned by three ]l«etters, the niiddlemoft of wbacbde* 
notes the Top of the Angle ; and numy times alio by one 
^jcner interpoi'd betwixt the Sides near the Top. So in 
Bg. 5. the Angle ma^e by the Lines BA, C A, is defign- 
ed either by three Letter* BAG, or by one only O. 

i I. Angles are called Equal, if when the Tops of them 
are laid upon one anorher, the Sides of one agree widi 
the Sides of the other. But unto^his it is not required 
that the Sides Ihould be of an equal Length. • 

i J a; They 
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12. Tht^ ^c caHcd Un^^oal when the Tbp and^onfc 
Si4e agreeing, the otfeer rfoth * not agree; and that is 
4iiied the Greater, whofe Side falls without. ~ So the 
JKiigle B A E rs greater tbaii the Angle BAG. /Bg. $1 
• An Angle is not diminifti'd or increas'd by the Dimi- 
nution or Augmentation of the Sides that include it 

13. A right- Hn'd Angle is that Vk^hich right Line's con-rtg.i^i^ 
fiitnte^ a curvl-Hnear, which crooked Lines; amixione^ 

)hat whirh a fight Line and a crooked ope make. 

14. When the right Line [CA] ftanding: upon' the Kg. 5. 
Right one [B F] leans unto neither Parr, and therefore 
makes the Angles on both Side's equal, CAB=iCAF, 
both of the equal Angles are called Right ones r But the 
right Line C A which flands upoQ the other, is galled ^ 
perpendicular Line, or barely a Perpendicular^ 

A right Angle may ailfo be defined thus. Fifg.d; 

A right Angle is that (B A C) co which on the Other 
Side an equal, one arifetb (CAf) if you produce o^ 
draw forth a Side, a$ (B A). 

Two Rules fo joined . as to contain a right Angle, 
tnake an Inftrument, which is called a Square, ^vthaga-^ 
ras was the Inventbr of it, ^LS.Vitruvim affirmetfi, tj. 2. 
/. p. So great is the Ufe anil I^orce of a rij^t Angle in ' 
framing, Meafuring, and Stningdining all Things, that 
nothing almoft can be done without it. The ftodf of a 
Square is made thus : Apply the Side of it, A E to the 
right Line AF, and defcribe the right Line G A along 
the other Side. Then turning the Square towards B, 
if on both &desit agrees to the right Lines C A, AB, 
you may know that it is true and exafl. Hie Reafon 
nereof appears from the 14th Definition it felf. 
. 15. The Angle BAG, which is greater than the right %7i 
ov^ FAG, is called ali obtufe Angle. 

16. The Angle (L A C) which is lefs than the right % 8j" 
Apglc n? A C) is called an Acute one. 
/~I7. A plain Figure is a plain Surface, boundisd on 
every, Side, with one or more Lines. 

1%. A Circle is a plain Surface contained within theFi^.^; 
Compafs of one Line called the Circumference 5. from 
Which Line all the right Lin»es that can be drawn unto 
one certain Point, within the contained Space (A), are 
;cduaL 

ij>. That Point is c^^lled the Center. 

B 4 aa Tho 
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^>g*9* ^°* '^^^ Diameter is a right Line (B A) drawn thro' 

the Center^ and on both Sides terminated at the Circuin* 
ference ^ and confequently it divides the Circle into two 
equal Farts, (as is abundantly manifeft from the exad A- 
greement of two Semicircles when laid one upon another.) 
21. The Semi'dian^eter or Radius is the right Line 
. A F drawn from the Center to the Circumference. 

22- A Semi circle is aTigure (BLC) which is con-. 
taiii'd by^ the Diameter B C, and half the Circumfe- * 
reoceCBLC.) 

Mathematicians are wont to divide theQrcumferenco 
into ^6o equal Parts (which they call Degrees) the Se- 
mi circuoiference into i8o, the Quadrant or Quarter in- 
to po. 

23. A Bk'ight-lin*d Figure is a plain Surface bounded 
on every Side with right Lines. 

Fig. 10. 24. A Triangle is a plain Surface contained by Three 

right Lines, 

This is the firft and mofl fimple of all Right-lin d Fi- 
gures, and that into which they are all refolv'di. ' 

F<g:. 10. 25. An Equilateral Triangle is that which hath all the 

Sides equal. 

%. 11,12. ^^' An Tfofceks or equicrural Triangle is that which 
liath only two Sides equal. 

%i3. a 7* A Scaknum is that which hath Three unequal. 

Sides. 

Ttg.i%. 28. A right-angled Triangle is that which hath one 

Angle right. 

%. ". ^ 2p. An obtufe-angled Triangle is that which hath one 
bbtufe Angle. 

%. 10, II. 30. An acute-angled Triangle is that which hath 
. three acute Angles. 

J»^. »4>i5. 31. Amongft quadrilateral Figures, the ReSangle is 
that which hath Four right, and confequently equal An- 
gles J whether the Sides be equal or not. 

Ttg. ij. ^a . ^ Square is that which hath equal Sides, andjs 

Right-angled, and confequently Equi-angled. 

Every Square is a Redangle 5 but every ReSangle is 
not a Square.. 

%. i^. 33. A Rhombus is a quadrilateral or four-fided Fi- 

gure, which is equilateral, but not equiangled. 

^'i- »7- 94. A Rhomboides is that which hath the oppofite 

Sides and Angles equal, but is neither Equilateral, nor 

Equiangled. _ 

35. A 
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35, A Farallelogratn is a quadrilateral Figure, which ^f* ^^r ^r 
hath each Two of its oppofite Sides (A B, FC, and BP/^' '^• 
AC) parallel to each other. Now what jparallel Lines 
are, will be fhewed in the following .Definition. 

Every Re^la^gle and Square is a Farallelogratn ^ but 
eVery Parallelogram is not a Re3angle or a ^uare. 
. 36. Right Lines are Parallel or Equi-diftant, whichji^. ij. 
beinjg in the fabe Plane, and drawn out on both Sides; ^ 
infinitely, are diftant from one another by ^equal Inter* 
vals. 

, Thelnteryalsrare faid to be. equal, in refpeft of the 
Ferpendiculari Wherefore if ;^all the , Perpendiculars 
(QJl) ufljo one of the two Parallels (A B), Ihall be 
equal, ttie right Lines (AB, CF) are faid 10 be Pa-; 
rallel. 

Parallels areproduc'd, if the right Line (L Q^) which 
ia.pefrpendicuhir to the rishtLine (AB) be moyed a- 
long (A B) always perpendicularly ^ for then its Extre-. 
mity L defc'tibes the Parallel C F^ , , 

37. The Diameter or Diagonal of a Parallelogram, Kj. 17. 
and every Quadrilatecil, is a right Line (A^) drawn 
thro' the oppofite Angles; . . 

38* Plain Figures cpntain'd by more Sides than Four, 
arc called Many-fided or Many-angled, and hy.a.6reek. 
Word Volyg072es\ 

39. The external Angle of. a right-lin'd Figure, is%(9* 
that which arifeth without the Figure when the Side ia 
. produc'd. Such are F B C, G C A , H A B. Every Fi- 

§Mre therefore hath fo many extj?rnal Angles as it faiatbi 
ides, and internal Angles, : 

Populates. 

A Foflulate is that which is manifeft in it felf, that it' 
""• may eafily be done, or conceiv'd to be done. It is 
required therefore to be granted that we may, 
' I. From any Point given draw a right Line unto any 
other Point given. 

2. Draw forth a finite right Line in Length fiUl fiir* 
then 

^. From any Center at any Interval defcribe a Circle.. 

B 3 Axioms* 
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Axims. ' 

AN Axiom is a 1:Wth mahifeft of it fclf, ' 
I. Thofe things \xrliich are equal tothefamcthing^ 
are eqaalalfo amongft ri^cmfclYcs. And that which Is 
grearer or leffer than o<i0 of the BquaU, is alfo gr^atec 
or lefs than the other of them. 

1, If to Equals you add Equals, the Wbtriet wiH * lb 
cqjaal. 

^. IF from. Equals yod take away Equahf, the' K^^t 
to^ihders ^ili b^ equal. / * - / ' ; 

4.. If to tJftpquais YOU $d^' Equals, the Wholes 'vfeft 

. 5.. If^from Unequak you take away Equals, theH.d-« 
jfcainders will be un^^quai. . 

6: "^itzt things ard^ach' of theki half of the faibft 
Quantity; are equal '^inongft thcmfel^esj atid what 
things are. double, or , treble,, or quadruple of the lattc, 
• ' are ^Qu^l ^itJongft rTienxKlves, 

^7. what things rf6 niuhi^lly agree wrth^ohe another, 
'^ ure equal. , • -^ t 

'8. |frigl>t Lines be equal, they will mutually agree 
With oiire> Another j and the f^me thing -is true of, An- 
gles. . , , 

g. Ilie whole Is greater jhan its pdrt. 
p: All jight^ Angles 9re equal ^mortgll themftlves. 
i I. Parallel Lines have- a common Perpendicular: 
That is, the right Line whkh is perpendicular *to one bP 
theni, is perpendicular alfo to the other. 
fig.ii. I a. The two perpendicular Lines (LO, Q^I) inter- 

cept equal Parts of the Parallels. 

13. Two right Lines do not comprehend a Space 5 for 
untott^is there are required three at the leaft. 

x^. Two right Lia^s cannot have one common Sggt. 
inent; Tor that they cwt one another only in a Point* 

Of.Pfopbfitiens fome propofe fomething to b^ dooe,' 
aftd are called Problems 3 in others we -proceed no ifur-::^ 
thjer t[iaii hare Goi^tecriglation, which tnerefore afe oa- 
»pied Tneprems. 
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PROPOSITIONS. 

'T^ H E reeruif te Q«a^tion» 2Xt ftund ui the Matgmi 
^ When rvopelirioiiii are cited, the firft Ntiidber dd"^ 
figns tKe Pfopofitioa ^ tbeLettftrbwkh tbieNttmberMk 
lowing, fignifies the Book. A^' when) you meeM ' wkb 
{per 5./. 3.) you muft rea^ it thus, (by the 5th Propofi- 
fition of the 3d Bdok.) The Figure is always to be 
fought amongfl the Figures of that Book in which we 
are then converfant. The feft pf the Citations are eafy 
to beunderflood. 

The primary Afieftions of Triangles and Parallelo- 

frams are delivered in this Book. The more famous 
'i?opofitions are, i2,35>37>4i',44>45>47. 
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PROPOSITION I. Problem. %,,. 

Pon a given Right Line {A S) to make an 'Equi- 
lateral triangle. 



From the Centre A, with the Interval (A B) (^T ^^'[%) Ter Po- 
fcribe the Circle F C B : and from the Centre B with the JM. 5. 
fame Interval B A defcribe the Cirde ACL, couing 
the former in the Point C, from W^ch Point draw. th0 
right Lines C A, C'B. 

I fay, that the Triangle ACB now haade, is Equflktb- 
ral. For the right Line A C is equal to the right (i) (h) Ttf 
Line A B, feeing they are Semi-diameter^ of the fame^^* *^' 
Circle F C B. And again, the right Line B C is equal to 
the fame right Line B A, feeing they are both Seqii- 
diameters of theCircle L C A. Thei:efere A C, B C ii^e 
(c) equal betwist' themfelves* And therefore all the (OPtfr 
Sides of the Triangle are equal. Therefore the Triangle "^"^ '• 
(^d) ACB is both Equilateral) and made upon, the Ad; p«r 
given Line AB5 which waa the thing to be done.W-^y. 

Corollary. Hence *we may meafure an inaccejtibte^ig>77* 
Line^ as AS. For fupfofe any Equilateral Triangle ^ 
wbatjoever., S ^ E afUied to, theu^oint S alof^ the 
'line S^A^ \EcoMg ^prm the ^oint S alon^ the* Line 
St Ei mark at ma^^Toims^as you corn/enientfy can in 

B A ti$ 
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the Line S C. "Then remcnje the Triangle S2)E along 
the Line S C, from one flace to another of that lAne^ 
until hy taking aim along the fide of the Triangle £2> 
cr CFi you fie the inacceffible Voint A in a Continua^ 
tion of that Line. T'hus the Triangle SAC is as well 
Equilateral as S2)E. If therefore youfhall now mea- 
JUre the accejjible Line S C, you have the Meafure of 
the inacceffible AS. Q^E. F. 

' PRO P./n. Problem. 

• ; 

J%-»4. ^^Tj^Rom a given Point A to draw a ri^t Line 
r ^J«^/ to one given E F, 

« 

Take with ^ F^^r of Cotnpafles the Interval £ F» and 
transfer it from A to D» the right Line A D will be 
equ^l to the given £ F. 

PROP. m. Problem. 

m 

Fii.»4, rri^F'O unequal fight Lines being given^ from the 
1 greater of them G H to cut off GI equal to 
the lefs EF. 

Take with a Pair of Compaffes the Interval of the 
lefier given Line £F, and transfer it unto the greater 
l^pin G to I. • 

PROP. IV. Theorem. 

» 

%*^- T^ in 1^0 trian^es {X^ Z) one fide of the one (BA) 
X tf^ ^^^^ lo one fide FL of the other ^ and another 
fide (C A) of the one equal to another fide (IL) of the 
other, and the Angles {A and L) made b^ thofe fides 
be alfo equal \ then the Safes (BCy F I) are likewiji 
equaly as alfo the Angles at the Bafes (5, F, and C, I) 
which are oppofiteto eguc^l ft4c5p and. confequently the 
whole Triangles are equal. > 

« 

For if we fuppofe the Triangle ZJ to be laid upon the 
Triangle X, the Sfdes Lf , L| \yill perfeaiy agree an^ 

' ' fell 
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fall in together with the Sides that are equal to them, 
AB, AC) and this in fuch fort (r) that the three Points ^c) Ter 
(1j^ F, I) fhall &11 upon the three Points, (A, B, C).^'^-«- 
Therefore the whole Safe F I will alio fall upon the 
whole Bafe B C. But then the Angles F, B, and like- 
wife thofe I, C) and the whole Triangles will noiutually 
(^congruere) agree* to each other. All therefore by 
Axiom 7th are equal. ^. E. 2). Which was the Thing 
to be demonftrated. / 

CoroU. (i.) Hence we may alfo in another way mea'Ttg. yt. 
Jure the Line AS^ alt ho otherwife itnpraSicahle by rea- 
Jbn offome Objlacle^ as a River ^ &c. between the Extre- . . 

mities thereof. For from any *Point whatfoever^ as the 
^oint C, let the Angle ACS be obferved^ and then let 
the Lines AC^ SC be meafured : and in any aueffihle 
^ lane let there be meafured about the Angle F^ which 
is equal to the Angle (7, two Lines F2) and F£, tvhicb 
are equal to the Lines AC and S C refpeSively. And 
then there will be the acceffible Line 2)jE equal to the 
inaccej/ible A^' QiE.L 

CoroII. (2.) Hence alfo^ thofe who play at SilliardsTtg.p. 
'voith Ivory Sails may learn bow by the Reflexion of 
their own to hit and remove their Adverfaries Sail. 
For let S be the Sail to be firiken, A that which is to 

( fir ike ity and CSD the ReSilinear Vlain. Let the Line 
SJE be ferfendicular to the Line C2), and7)B be 
equal to 2)S. If the Sail A beftricken and carried 
along the right Side AFE unto the Toint Fy it will 
there be Jb refleQed that after the Reflexion it will tend . . 
tinto S. For in the Triojzgles SFU), EFD^ the Side 

' F2) is common to bothy and the Side ^S is equal to 
the Side D E ; and the Angles at 2) are equals as being 
right ones. 7*he whole Triamles therefore are equal : 

: and therefore the Angle S F^% which is equal to the 
Angle DFE, is * equal to AFC, the Af%le AFC ber*^^^s>li^ 
ing vertically oppojite to 2)FE. Wherefore^ feeing the 
Angle AFC is the Angle of Incidence^ which in fuch 
cafes is equal- to th^ Angle of Reflexion, it is manifefi 
that SFu), which, hath been proved equal to AFC, is 
the Angle of the Reflexion of the Sail A^ and that 
the Sail tending towards E is in the fPoint FJb re- 
ne£ied as to hit the ^all ^, Q;,E, D, 

ffholiutff 
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Scbotium or Ohfervation. 

BY much the fenii^ v^ay of Rcafoning whereby tbk 
4A PiK^pofitien has been demonftrated^ the fenovr- 
ing Tbeorcm, which we fhall have occafion to ttfo by 
and by, may be demonArated alfo. * 
H^. 25. If in Two Triangles X, Z, the Sides. B C and FT fltaH 

be equal, and the Angles adjacent to thcfe Two Sides 
equal alfo, viz. B and C equal to F and I ^ all the other 
Thfngs, and the whole Triangles themfelye* will be eqtiaL 
Forr the Side F I laid upon the Side B C will agree, ot 
(*) ^*f thorowJy concide with it {a): And then bccaufe th« 
-^'•8. Angles B and C are equal to thofe Pand f, when ttte 
(b) J^ aide F I i« laid upon the Side BC : Yt (^) will fell cxiia- 
Axi. zi ly upon B A, and I L upon C A. Therefore the Point L 
will fall upon the Pomt A (for if it falj without A, the 
Side« F L, I L would not fall upon the Sides B A, G A). 
Therefore all Things ^re equal by Axiom 7 th. 

PROP. V. Theorem. 

lig*'^ 'TN an Tfofcehs or Equicrural Triangle^ the Angles 
J^ at theBafi {A^ C) are equal. 

Xet the Triangle ABC be'underftood to be twice put, 

\^t in ap inverted Foftuxe i;^^. Becaufe therefoc^ in 

the TwQ Triangles* A BG, cl^a^ the S^de AB is by the 

, Suppofition equal to the Side c hy and tha Side C 6 to the 

' Sicie ahy and the Angle B to the Angle h*^ the Angle A 

(c;p«r4.f.i.airo at theBafe will (<;) be equal to the Angle c. Q*^E. EL 

For as for the Angles G and (^/they are the fame, 

- - * 

Corollary. 

THEREFORE an Equilateral Triangle i* aifo 
^ Equiangulair* . . 

PROP; VL Theorem. 

J%.a^. TF. in a Tfian^e- (AB C) fHwo Angles (A and-C) 

Jt he equals th& Sides (AB\ B C) which are oppo^ 

Jtte to thofe Angles are equal djo. 

Let 
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Let the Triangle A B C be fuppofed t:o be twic^ put, 
^ut in an inverlb fitir^tion, clay becaufe therefore in 
the Triangles A B C> i? ^ ^9 one Side A'C^is equal to one . 
Side {ce() and the Angle A is equal to the Angle d^ and 
the Angle C equal to the Angled, all the other Tning$ 
(}xall be likewile C/^} equals and confequently AB fhall ra)P<riUiL 
be equal .to th^ Side ,c h. J?. E. 2)^ For gs for ^Hp Xinc^ ^'•^- > 
C B aqd i^ ^ they are the (aqac. 

• • - • " 

Y*RBiLJ&FORE an Eqnianglcd Triangle, i^ ^ 
•*• Equilateral. 

Coroll. (2.) Hence, by the means of tbq Shadow of the fig. Sa. 
Sun, we ma^ meafure the Height of it Tow^t, or any ele- 
vated ^oint. For when the Sun is elevated 45 fDegreei 
ahdve the. Horizon, the Shadow which the 2ower cafts 
towards the Horizon -will he exaBly equal to its Height. 



FoTyhy reafon that the Af^eACS i^ half^ right Anfle, 
thejfigle SACa(fo* wtU ie half a right onej ahajb, "^PerConL 
hy the force of the *^fent "Propofitioa, m line ^fl/y^^3*- 



wfiti^ equal to the Line BC. ^Hthe Zim SC therefore 
hing found by meajuring; there is found at- the Jkme 
tifn^ tjbe Line AS^ tbefl^ight of the Tower above the 
J^rizin^ . 

Cor6ll. f^.yT^ejltme Tubing dlfo ihay be found withr 
,9ftt the Sun by the means of an Afironomical ^adrant. 
For where the Angle of Elevation is half-right, ther^ 
the Height of the To^jcer 4h0ve fhe 0fisrvet^s Eye is >- 
qual to the difiance of thefamEye,JI\rofn that Tart tf '- ^ ' 
the Tower which is opfofite to it. The difiance there- 
fore of the Mye from the Tower being given by meafn- 
ring, there is giDen at the fame time the Height of 
the. Tower, Q^ E, I. 

The Vllth PropofiHon in Euclid i$ for the fake of thf 
Vlllth/ which withput it will here be demonfirated. . 

PROP. Vm. Theorem. 

IF Two Triangles (X^Z) have all their Sides equal Ttg.ij.. 
among fi ibemfehes refpe^ively (A C eqUal to EF \ 
CiB4a FI\ AB to Ely) they wili aljii ia^e oH 
the Angles which are oppoftte to equal Sides^ equal : 
^ e^uai to Pi AtoE y'BhI.) 

Voir 
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For fuppofe the Skfe A B laid upon its Equal E I^ 
if then the Point C falls upon F, the Triangles will in 
the Whole agree or coincide, and confequently all the 
Angles will be equal. But the Point C will fall upon the 
Point F. For, ' 

Tig.ii. From the Centre A let a Circle he defer the d mth the 
Semidiameter E F ^ and from the Centre I let another 
Circle he defcrihed ixith the Semidiameter IF} the 
^oint C hy reafon of the Equality of the Sides of hoth 
triangles, nvill he, in the Circumference of hoth Circles^ 
snd confequently in the ^oint J5, the common Inter- 
s feSion of hoth thcfe Circttmferences. Q^ E. D. 

PROP. rX. Problem. 

lFi£.i$. f I \p Bife5f or Divide into two equal Parts a .given 
. Jl right'liffd Angle ^ as I AL. 

From the Sides of the Angle take with a Fair of Com-' 
' pafles two equal Lines, AS, AC^ then from theCen* 
" tres B and C defcribe two equal Circles cutting one ano- 
ther in F ; which done draw the Line F A. This bife£ts 
the Angle. 

For draw the Lines B F, C F 5 the Triangles FAB, 
F AC are to each other Equilateral 5 for the jSides AB, 
AC are by the Confiru£lion equal, as in like manner ar^ 
, the Sides BF, CF, they being Semidiameters of eqiiar * 
Circles 5 and AF is common to. both Triangles. There- 
(d;p«r8J.i.'fore the Angles B A F, C A F {d) are equal. Therefore 
the givep Angle I AL is bifefted. Qj £. jF. 

' Corollar'j. 

XJENCE we learn how an Angle may be divided 
^■■^ into 4, 8, i(^, 5^c. equal Angles, viz^ by bifcfting 



each Fart a£[ain. 



t>' 



Scholium, 



VrO one hath hitherto taught the way of dividing Aa- 

•^^ »gles into all equal Parts whatfoevcr with a Pair of 

Compares, and a Kule. 
lig. 30. y^j. jj^^y yQ^ diyj je ^oy gjyen A^glc nvechanically into 

apy equal Parts whatfoever, if from |heTop of the Angle as 

tho 
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the Centre you defcribe an Arch between the Legs of 
the Angle, and divide that Arch into as many equal 
Farts as you require $ for right Lines let down from A 
thro' the Points of the Divifion, will cut the Angle into 
fo many equal Farts. 



ii 
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PROP. X. Problem. 
bife5i a finite given Line (A B,) 



lig. 31. 



Upcin the given AB make an Equilateral (a) Trian- (z)Ferii.lu 
gle AGB. Bifea its Angle G (i) with the right Line^/^'^JP'*- 
G C. The fame /hall bifea the given Line A B. ' 

For in the Triangles X, Z, the Side CG is con^mon 5 
and by the Conflruaion G B, G A are equal, and the ^ 
Angles contained between them AGC» BGC, ' 
are likewife equal. Therefore the Bafes AC, BC (f) (c)rer^lu 
are equal. The given Line therefore A B is bifeaed. 
Q:E.F. 

But for Praaice it is fuf&cient from the Centers A and 
B to defcribe two equal Circles, cutting one another 
in G ind L, and fo to draw the right Line G L. ' 



\ 



F 



PROP. XL Problem. 

ROM a given Point (J) in a given right Line^g- ^i* 
(L I) to raife^ a Perpendicular. ' 



With a Pair of Compaffes take the equal Lines AC, 
AF. From thp Centre C and F defcribe two Ciitcles, 
cutring one another in B. The Line which is drawn 
from B to A will be the Perpendicular required. 

For let the right Lines C B, F B be drawn. The 
Triangles X and Z are equilateral ' to one another. 
Therefore the Angles CAB, FAB are equal Y^JW^*'''-'-*- 
Therefore BA is {V) perpendicular to the Line(LI.)(^2^'' ^' 

In Praaice this and the next are eafily performed by 
the help of a Square. 



PROP. 
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PROP- XII. Prohknk 



^i' 33- TT* RO M a ^iven Pcint {A) which is without an in* 
X? fi^^^^ ^^g^^ ^^^^ (^^ ^ ^) ^^ ^^^ f^^^ ^ Terpen- 



dicular to that Line. 



From the Centre A defcribe a Circle which may cut 
the given LO in C and I. Bifeft the right Line CI 
(c)Pmo.li.(^) with the right Line A B, This A B is the Perpen- 
dicular required. ' 

For let there be drawn AC, A I, Becaufe t)y the 
Conftru^ion X and 2 are equilateral to one another; 
rd)P«f8.l.i.Tbcrefere the Angles (d) CBA, I B A, arcr cijuaL 
pJfX Therefore, A B is \e) Perpendicular, ^ E. F. 
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': PROP. XIII. Theorem. 

« 

THE right Line (B A) fianding upon, the ' 
Line (C F) either makes two right Anglei 
Angles equal to two right ones. 



• 



For if B A fland upon it perpendicularly, then by 
Definition 14 the two Angles B A C, B A F will be 
right ones. And if BA ftand obliquely, let there be 

ff)P«'ii.?,i.rais*d (/) the Perpendicular AL. Where becaufe the 
unequal Angles C A B, FAB poflefs the fame Place 
which the two right ones C AL, LA I' do, and agree 

(g) ler Axu to thcm, they are equal (^) to them. ^ E. 2). 

Corollaries. 

i.'T N the r4me manner it wilt be demonflrated, if 
> '^ mote fight Lines thftid one fland upoa the fame 
r^ht Line, ^at «he Aisles thereby made are eq<»al to 
two right ones, 

^£' 37* ^ ^* Two right Linea ^utti% one aoodicci m^e the 
Angles equal to four right ones. 

%. 3^. 3* ^^' ^^^ Angles which are about one Point, make 

Angles equal to four right ones. It appears from Corol- 
lary*. 

4.Th« 
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4. The jfti\gl6 CAP being known, you at the iknaf jig. 37. 
tim^ know its Compliment unto two right Angles B A.K 
For Example, Let the Angle CAP be of 70 Degrees^ 
(he Angle BAP will be of no Degrees, for thole 
tWQ Numbers added together make iSg Degrees^ which 
i# the Meagre of two right Angles. ' 

- * 

PROP. XIV. Theorem. ^ 

IF two right Lines (XR^ Z R) at the fame Point ^^^^ is. 
of a fi^tLine'^R make the Jingles on both Sides. 
{XR ^ ZR^) eqml to tw^ right 4n^s 5 the Lines 
iJCR^ j6R) make one right Line. . ^. . 

If you deny it, let X R, BR. make one right Line. 
Therefore the Angles XRQL> (i?- B W will make two Ca;peri3.rr 
right Angles. Which thing is (b} abfurd 5 feeing by the WfWr» 
Hypothecs X R Q^, Z R Q^do make two right Angles. "**'*'• ^• 

PROP. XV. Tbcor«n. 

IF two right Lines {BC^FL) £ut one another inA^iig.17. 
the Angles opfoftte at the top (A) are equals viz. 
LAB to CAF, andBAF toLAC. 

For becaule fi A flands upon the . right Line L F,^ the 
Angles LAB, FAB are (jo) equal to two right ones i(c)Itrtyx* 
And becaufe F A ftands upon the right Line B C, the 
Angles P A C,I^ A Bare alfo equal ("i) to two righted) By the 
ones. Therefore the two Angles together {e) L A B, lamc Prop. 
F A B are equal to thofe two together C A F, F A B. W^*'««-»i 
Taking away tfaer eibre the ooirlmon Angle F A 6» th^re 
remaiios (7) L A B equal to C A F. In the fame v^^xMft C^)Per«jp\3; 
BAF, L A C are Aiewed to be equal. , ' ^ 

Coroll. From thefe two ^ropojitions fiue gather in Ca^ 
tapricks^ that\$ Ray of Lights, as refieSed in an Angle 
eqtud to the Angle of Inciieiice^ taketb tihejbortefi w^ 
Of dlL ,0'. p When the Angles a JBC^ AEF are f-%81: 
yti4/, the Lines AEntdES taken together.^ are porter 
than any Lines tvhatfiever, as AF and FS taken toge* 
ther. For from the 9om B lo$ the ferpen^jDutaot 

Bine 
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Line SCielet down 5 and let S 2> and 7) Che iyual: 
Xet the Lines alfo EC and FC be dratson. tiow tn the 
Triangles SJE2) and DEC, feeing the Side 2>JS is 
common to both^ and the Side S2) and 2) C are equal by 
the HypothefiSt as is alfo in the like manner S2)E equal 

Tlifj^l i.fo the Angle dDE*, the Triangles Jball be * equal in 
all other things^ and S E Jball be equal to CE, and the 
Angle SET^ to the Angle HEC: (where becaufe the 
Angle DEC is equal to [»J52), that «] AEF. the 
Lines AE^ EC are proved to make one right Line.) 
And in the fame manner the Line S F will be proved 
equal to F C. Seeing therefore the Lines S E and E A 
taken together^ are eqttal to the Line CAy and the 
Lines S F, FA taken together are equal to the Lines 
CF9 FA taken together 5 // is manifejt that CA^ which 

fTefio.luis one Side of the Triangle ACFi, is lefs than the fwo 
Sides CFi FA taken together. CLE. D. 

PROP. XVI, XVII. 

THESE txvo Propofitions are contain d in PrO" * 
pofition 325 and are not here made ufe of till . 
then. 



PROP. XVIII, Theorem. 

Fi^^St. \ ^ ^'^^y T^T^iMgle the Angle (A) which is oppofed 
X to the greats Side (B 0) is the greater ; and that 
(B) which is oppofite to the leffer Side {A 0) is the 
lejfer Angle. 



if It were 10, there might withm the Angle B be made 
an Angle A B F by the right Line B F ^ which Angle 
Ihoulii be equal to A. But then by the dth of this Book 
B F> A F fhall be equal 5 and if you acid to both O P, 
then B F, F O (hall be equal to A O. But A O by the 
Hypothefis is lefs than B O. Therefore B F, FO fhall 
be leis than B O, which contradi^ the Definitipo .of a 

z right 
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right Line, which is the ihortefl of all betwixt twp 
Points. Therefore the Angle A is neither lefs than B, 
nor equal to it. Therefore it is greater. ^ £ 2). 

PROP. XIX. Theorem. 

IN the Triangle AOB the Side (B 0) which it op- fig. 3«. 
pofed to the greater Angle (A) is the greater ; And 
that (A O) which is oppofed to the lejfer Angle -S, is the 
lejfer.^ r. 

^Thi$ Pippofition is the Converfe.of the former. B O 
is not le& than ,A Q, for if it w.c^e, the Angle (A) by 
the i8tb WQuid.be lefs than B^ wh^cii is contrary to the 
I^yjpothefis. . JSor can B O. be equal tp A O, for in tWs 
Cafe by the ijth, the Angles A and B would bp equal. 
9ut this Bquality of thofe Angles is contrary to the Hy- 
pothefis. Thereibre B O is g^e^ter than A O. ^ Et SD. 

Cor oil. Hefice we gather th^t a^ Globe or Sail p^rfeSi- %. H^ • 
ly poli/hed cannot reft in an horizontal ^lane ,p0rfeSly 
folifbed^ but ^here it touches the Earth. For let the 
Line AS bean horizontal TJane^ C the EartVs Centre^ 
C A the Semidiameter of the Earthy perpendicular to 
the Tangent AS. The Globe placed at S, yecauje cf 
its Gravity y and the Declivity^ the Tlane^ wilt de- 
/bend towards A. For in the Triangle CAjB the per^ 
fendicular Line C A, which isoppofitetothe acute Angle 
jS SC^ is lefs than the LineS C which is oppofed to the 
right Angle S AC'^ andfo there is from S to A afer- 
' fetualUefcent^ in which the Globe cannot reft. And 
in the like manner we prove the 7)efcent of Fluids^ an4. 
. their Offtformation into ajpberical Surface. 



I' 
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PROP. XX. Theorem. 

N tttfx Triangle^ any two Sides of it taken together^ 
are greater than the remaining Side. 

This with Archimedes is as it were an Axiom 5 for- 
afmuch as it is immediately manifeft out of his Defini* 
tionr of n right Line ^ which fee above amongft the De* 
finitions, 

C PROP, 

# 
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Tig. 39. 



PROP. XXL Theorem. 

TF from the Ends of one Side A By two right Lines 
be drawHj and joined together within the Triangle 
(as the Lines AOy B0)\ thefe are l^s than the Sides 
of the Triangle (A C^ BC)^ but they comprehend a great' 
er Angle (A OB). 

For as for the firfl Fart of the Fropofitioo, Draw out 
M'TenoM. A O unto F : AC, C F are (^) greater than A F. There- 
fore the common Line F B being added, A C, B C are 
greater than A F, F B. Again, O F, B F are greater 
(b) By the (]5) than O B. Therefore the common A O being ai- 
^^' ded, A F, B F are greater than AD, BO. Therefore 
AC, C B are much greater than A O, OB. 

The fecond Part of this Propofition will be demon- 
flrated in the feemid Conrilary of the firft Part of Pror 
pofition 32. And in the mean while ^e fhall make no 
ufe of it. 

PROP: XXII. Problem. 

ffg.40. '' I i wake a Triangle of three given right Lines 
X. (BO, LBy LO) (of which any two muji be 
greater than the third.) ' 

Let B L one of the given Lines be taken, and 6 one 
of its Extremities being taken for the Centre, with the 
Interval of the other given Line B O defcribe an Arch. 

Then the other Extremity L being taken for the Cep- 
tre, with the Interval of the third given Line L O de- 
fcribe an Arch, cutting the former in 0$ which being 
done, and the right Lines B O, L O being drawn, I fay 
that that is done which was to be done. 

The Demondration is manifefl from the Conftruc- 
tion. 



PROP, 
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f>ROP XXIII.. Problem. 

i 

' < 

7* a given Poitit in a right Line {as B) to make ^ir« ^o* 
an Ahgle equal to a given one (A). 



•/• 



Firft of all let C F be drawn at a venture, cutting the 
Sides of the given Angle A. Then in the given tight 
Line from B take B L equaljo A F. Then from tho 
Centre B defcribe a Circle with the Interval A C 5 after- 
wards another from the Centre L with the Interval FC^ 
which may cut the former in O. Then from O unto B 
and L having drawn right Lines, the Angle L B O Will 
be equal to tlie given one A. 

For by the Conflru6lion the Triangles are Equilateral 
to one another. Theirefore by the 8th of this Book the 
Angles B and A are equaL . 



Scholii 



turn. 



T T feems meet for the Sake of beginners to propound 
-'' fome. things here which are neceflirry for Fraflice a- 
bout Angles. 

The Meafure 6f an Angle is the' Arch of a Circld, ^'i- ^u 
which is defcribed from A, the Top of the Angle as the 
Centre. Therefore look how many Degrees the Arch 
B C which is intercepted between the Legs of the Angle 
B A C fhall contain, of fo many Degrees the Angle 
B A C /hall be faid to be* And 10 becaufe B F a quar^ 
ter of the Circumference, contains 90 Degrees, and mea* 
fures the right Angle B A F, a right Angle fhall be faid 
to be of 90 Degrees. In like manner, becaufe half the 
Circumference, which is divided into 180 Degrees, mea^ 
fures two right Angles, and the whole Circumference, 
which'.is divided iritb 3^0 Degrees, meafures four right 
Angles^ two right Angles fhall be faid to make 180 Dc'^ 
grees, and four, ^60 Degrees. Thefe things being pre-* 
mifed, the Fra)£lice about Angles Is as follows. 
^ I. At ^ a given Point in a right Line .to make an Fi^*4^< 
Angle equal tb the giveh one A. 
- From A. the Top of the given Angle as the Centre 
defctibe betwixt the Sides the Arch C F. Then from B 
* . C 2 the 
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the given Point as the Centre defcribe with the fame 
Interval the Arch LZ^ from which take off jL O equal 
toCF. Thro' B and O draw a right Line j LBO 
Ihall tie e^ual to the given A* 

Fil^.4.3. 2. To examine the Degrees of the given Anple O P 

Q. This is done very eafily by any Semicircle or 
Frotrador, which is divided into iSo Decrees. For put 
the Centre of the Semicircle upon P the Top of the 
Angle^ and the Radius of the Semicircle P L upon the 
Side of the Angle F Q^^ and the Arch L O which is 
intercepted betwixt the Legs of the Angle will ihew of 
how many Degrees the given Angle is. 

9* To frame an Angle containing a given Number of 
Degrees, as 42. 

^V?*43* Draw the right Line XQ^, in which mark the Point 

P, Upon F put the Centre of the Semicircle, and its 
Semidiameter P L upon F Q^ From L number 42 De* 
grees, that is, until you come to O. A right Line 
drawn from P thro' O, will give the Angle O PL of 42 
Degrees. 

PROP. XXIV, and XXV. Theorems. 

» 
• 

%-44- ^Ftv}o triangles (SACj BAF) jhall have two 
JL Sides (B Ay A C) equal to two (B A, A F) each 
to each J and if one of the Triangles hath the Ai^le (B 
A F) contained by thdfe Sides greater than the other 
(B A C) ; it Jhall have the Baje B F greater than the 
Bafe(BC.) 

And agaitty If it hath the Bafe greater y it fball have 
the Angle greater. 

From the Centre A defcribe a Circle which pafletb 
thro' C, it /hall pafs alfo thro' F, becaufe A C, A F are 
fuppofed to be equal. Therefore B F ihall fall betwixt 
the Points A and C. Then join C F. The Angle B C 
. F 5 is creater than the Angle A C F ; that is, by. the 
5th ot this Book, than the Angle AFC, and coofe** 

^ttently much greater than the Angle B F C. There* 
ire in the Triangle B C F, (<i) B F which is oppofite to 

the 
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tbe greater Angle B C F is greater than B C wbch is 
oppofite JO the leffer Angle B F C. , 

2,. A$ for the Second Tart of the Fropo£tion this is 
manifeft from the firft Fart. 

PROP- XXVI. Theorem. 

IF two Triangles (XandZ) haw vm Angles equal^*g'*s* 
to twOj 0ne Angle of the one equal to one Angle 
of the other ( B to F and C to /), and (we Side of 
ene Equal to one of the other^ whether it be that 
nvhich is tetwixt the equal Angles (as BC=^P I) or 
a Side which is oppifed to one of the equal Angles {as 
'AC^=^LI)y all the other Parts Jball be equal j 

For firft, let the Sides (B C, F I) which are betwiit 
the equal Angles be fuppoied equal : In this Cafe all 
the other Farts are equal ^ as ha;;h been already demonf- 
trat^d in the Scholium of Propofition 4. 

Again, fuppble the Sides A C, L I which are op* 
poied to the equal Angles to be equal. ' Here becaufe 
the Apgljes (B, C) are by the Hypothefis equal to (F, 1) . 
the otbej; Angles, alfo (A, L) mall be equal by Coroll. 
9, Prop. 32. which Propofition depends not upon this. 
Therefore by the firfl Part of this all the other Parts 
are equaL 

Coroll. Kence alfo^ followif^ Thales, we may mea- Tig. 84. 
JUre inacceffible Tiijiances. eg. Let A"T> he an in- 
acceffihle Line^ to which at -the ^oint A let there be 
ereEled the Perpendicular A C. Ltt there be made 
the Angle (ACS) equal to the Angle (A C 2)) the ac- 
ceffihle Line A S Jball he equal to ,the inacceffible A 2>. 



PROP. XXVIL Theorem. 

F the right Line G Ojhail cut two right Lines which ^g- ♦/• 
are parallel (A B^ C F) ; 1 . 1'he alternate ApgUs 
{K L O, QO Ly likewife BLO, CO L) ,JhalHe .^qual. 
t.Xhe^o^etfial Angle' G L B,fiall be equal to the int^- 
mtone on.thJame Side (that h; Yo i OE: ) ai Jikewtfe 
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GLR equal to LOG. 3 . The tivo internal ones on the 
fame Side (ALO^ CO L)' as taken together^ Jhall be 
^(jual to two right ones^ *as likewife the two (B LO^ 
jFO L) equal to two right ones. , 

^i- 4^- The firft Part is thus proved. From O and L draw 

the Perpendiculars O R, L Q. Thcfe arc perpendicu- 

•i>«M*.u.j.^j. ^Q ^j^^ *^^^ Parallels, A B, C F^ and by Definition 

(z}FerAxto. j(j^ equal betwixt themfelves, they Ihall therefore (tf) 

'^' intercept equal Parts of the Parallels, and R L fhall be 

equal to Q^O. Therefore the Triangles X and Z are 

(b)Pcr8./.i. equilateral to one another. Therefore (h) the alternate 
Angles R L O, Q^O L which are oppofite to the equal 
Sides R O, Q^L are equal. Which is the firfk Thing. 
Fipm whence it is likewife mai^ifefl that the Alternates 
B L O, COL are equal. For becaufe as well B L O* 

(c)Tens.li. A Ji as C Q L, F O L are equal (c) to two right 
pnes : therefore B t O, A L O together, are equal to 
C O L, F O L. Therefore' taking away the jEquals 
R L O, F O L, the remaining ones B I^ O, COL Ihall 
be likewife equal. 

Part fecond. The Angle G L B is equal to that 

(d)TerisXi. which IS vertically oppofite KhO (d)'y But R L O by 
the .firft Part of this i?ropofition is equal to L O F, 
^Therefore GLB the ejeternal Angle is equal to the in- 
ternal remote one which is on the fame Side, L O F. 
Part third. A L O by the firft Part is equal to L O F. 
But LOF wiih COL make Angles equal to two right 
ones. Therefore A LO with COL doth the fame, 

%. «y. Coroll. Hence in Imitation c/ Eratoftbenes w^ fe^r« 

to meafure the Comfafs of the Earth. For bf ohferved 
that on the 2Jay of the Summer Soljlice^ the Sun was 
ferpendicnlarly over Siene, a City of Egypt 5 and he 
fotind hy the means of a Stile ferpendicularly ereSled^ 
that on the fame Day the Sun ivas diftant from the ver- 
tical Toint of Alexandria,. <3f City of Egypt, fituate al-^ 
mofi under the fame Meridian 'with the other ^ feven 
ibegreeSy ivith one ph Vart of a Degree j and he knew 
that thefe two Cities, were ahout 5000 Furlongs diftant 
from each other. From thefe 7'hings hy the Help of this 
Tropojitim he determined the Compafs of the Earth. 
Let A he Sicne^ and S be Alexandria, where the Gno- 
tnon $ C is ereSled perpendicular to the Horizon. Let 
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2> f* 4«^ EG he the Solar Rays parallel to one another 
as to Senfe. 2) A a Ray ferpendictUar to the Horizon 
of Siene 5 and' EG a Ray Ohlique to the Horizon if 
Alexandria, tf«// 'ushich fajjing hy the Tiff of the Qnth 
mon makes ixith it the Angle G C F^ tjohicb is of 7I iDe- 
grees. Now feei?^ the Angle GCFis equal to the alter- 
nate one AFSi and the meafure of it is the Arch AS * 
of 7f Degrees 5 he found the Comfafs of the Earth iy 
this Analogy*^ as 7| Degrees are to 5000 Furlongs-^ fo 
the 'whole Circumference^ 'which is of jdo Decrees ^, is 
in a grofs Number to z 50000, the Compafs of the Edrtb 
in the fame Meafure, ^E.I. 

PROP, XXVIIL Theorem. 

T F ^ right Line (G O) cutting two right Lines (A 5, % +7- 

C F) makes the alternate Angles (ALOy tO F) 
equal ; the Lines (A -B, FC) are parallel* 

If you deny it, let X L Z pafGng thro* the Point L 
be parallel to C F. Therefore X L O W is equal to W By^^thc 
the alternate F O L, which cannot be, feeing by the '*^^'°^* 
Hypoihefis A L O is equal to F O L, 

PROP. XXIX>. Theorem. 

TF a right Line G O cutting two right Lines {A B% ^l* ♦Z* ^ 

C F) Jball make the external Angh (G L B) equai^' 
to the internal oppofite one (Z, O F), or Jhall make the 
two imernal Angks on the fame Side (A LO^ COL) 
equal to two right Angles ; (A B, OF) are parallel 
Lines, 

By the i ^ th of this Book G L B is equal tp A X O, 
which is vertically Qppofire to it.. But by the Hypothe- 
fis G L B is eq^al to L Q F. Thercfcre alfo A L O is 
cqu^l to its Wtfcmatfe one J- O F. .-Therefore (V) A B- W ^. ^ 
CF' are parallel; . Z^'**^' 

Again, COL .with F O L makes Angles equal to two 
right ones: 'Buf bythe Hypotfaefis COL with A L O 
makes in all two right Angles alfo. Therefore A L 0» 
JPOL the alternate Angles are equal. Therefore, a* 
gain, (t;> A B, C F are parallel {t) By the 

C4 Coroll,^'^<»»8[- 
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' . Coroll. Frcm the fecond Tart of this '^r^^^tion H 
^f^cars that every ReSangk is a ^araUelogram. - 

PROP. XXX. Theorem. 

VZ'^^ TFtwo right Lines (AB, C P) he parallel to the 
j| fame right Line (D N) they are parallel ietivixt 
th^mfelves, . 

It is manifeft in it felf, and from the foregoing Propo- 
fitions. For if all be cut by the right Line G O, the 
U) Ter ty, external Angle G L B is equal (a) to the internal oppo- 
'. »• . fite one L D N. Now L D K is an external Angle in 
(k) Py Che refpeS of D O F, and therefore (i) equal to it. There- 
fame fpre alfo G L B is equ^l to L O F, Therefore A B, 
(c) By the Q F j^) are parallel. 

>orcgobg. 

I 

PROP. XXXI. Problem. 

__ __ f 

%• 4«» rr' Hro^ a given Pmt (A) to draw a Parallel to a 
• JL , • gi'V^^ ^i^ht JUne (C F) . 

From the Point A let there be drawn at random A L, 
cutting the given F C. At the Point A let there be 

/d) p^ ^j, naade ^he Angle (d) LAS equal to the Angle A L F. 

#• >. The Line A $ will be parallel to C F, as is manifeft 

from the z8tb, the alternate Angles S A L, A L F be- 
ing eq^^al. 

- As lor the Pra^ice. > Draw A L, and from the Cen- 
tC9 h defcribe at^Arch I Q^; and from the Centre A 
with the fanie Interval defcribe the Arch OX5 from 
which having taken oflf O B equal to I Q^; the right 
Line dr^wn thro' A and B will be the Parallel fought. 
The D^Qnftraxi()n;4eponds.up0n thezpfht, !• l* 

^g*^9* • Qr- Other wif^,tbu«f E?om a certa.ijn Centre P. defcribe 

^ * a Circle which may p^fs throV th^ given l^oint A, and 

may cut the given Line G F fn Q^apd O. Take the 
Arch O N equal to Q^ A. The right Line A N Ihall 
jbe the ParaJJelioiight, , 

; The Dempi^ratlon. tereof depends < ?i|>on )^^ L j^ 
ap4 'tl>e aiSth of f his^ " •,,,,;. 
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P R O p. XXXIL Theorem, 

PA R T I. 

IN every Triangle ar^ one of the external Angl^slRgk st. 
(as FB C) is equal to the two internal remote ones 
(AandC.) 

Thro' the Point B draw (4) B L parallel to A C Be-(a)P«r.siv^ 
caufe F A cuts the two Parallels B L, AC, the exter-'' ^ 
nai Angle F B L (hall be equal to the iotemal one A 
ib). And becaufe the Line B C cuts the fame Parallels^) ^^^ t;* 
(B £,, A C) J the Angle L B C Ihall be (c) equal to its^^j' ^^ jj^ 
alternate one C. Therefore the whole Angle FBCiame. 
fhall be equal to A and C both together. ^J3.2). 

Corollaries^ 

I /T^ H £ external Angle F B C is greater than either Fi^. ^u 
"*■ of the internal oppofit'e ones A or G. 

2. Of the Angles (U and A OB) having the fameFi^. 3^. . 
Bafe, A O B which &lls within, is the greater. 

For let A O b0 produced unto F, A O B bv this ft<h 
pofijtion is greater than O F B ^ and Ukewife O F B is by 
this greater than C Therefore A O B is much great* 
er than C. ^ 

3 . If from one Point A there falls two right Lines lig. $$- 
upon B C ^ one of them A O obTiquely, the other A F 
perpendicularly ^ this laft ihall fall on the Side of the 
acute Angle A O B. For let it fall, if it may be^ on 
the Side of the obtufe Angle A O C, as fov Inftance ip 
Q, In this Cafe the acute Angle AO B /hall be exter- 
nal in refpeft of A Q^B, and confequently fiiall be greatr 
er than tbe right one» by CorolL i. which is abfurd. . . 



•» • ■ 



PRO*. 

r 



« I • t 



1 

"iH EuclidV Elements. Lib. 1 

PROP. XXXII.- Theorem. 

i 

•PARTIL 

• -"•*' T iST every TriaJt^le the three Angles taken t^ether are 
equal to two right ones^ and. therefore make iSo 
Degrees. 

m 5»i. Dmw foi?th one Sicfe A B unto R The external An- 

w^l ^ • gle P B'C is equal {a) ro th^ twd irtterrial oppofitextoei, 
firft Part of^ ^^j ^ But F B C With ABC make (*) Angles c- 

(b}Pcri3*7.i. qual to two right ones. Therefore the two A and C 

with the fame C B A make Angles equal to two right 

ones. j^. jB. fZ). ' • . 

JP%- S'i* Or thus. Draw the Line H M pstrallel to A C,- the 

U)^S^\l'i' alternate Angles as well O and A, as N and C (0 are 
£ro^.il.lu^^}^^\' But O, d, N make Anfiies (i) equal to two 

right ones. Therefore alfo A, C, Q^are equal to two 

right ones. \^« E. 2). 

. : . Corollaries m 

4.'T^ H E three Angles of any one Triangle taken to- 
' ^ gether are equal to the three Angles of any other 
Triangle taken together. 

5. If in a Triangle one Angle be right (or obtufe) the 
reft are acute. 

6. If in a Triangle one Angle be right, the two other 
Angles together make one right Angle. 

'■'• 7, In every Triangle, the Angle which is right, is 
«qtial to the other two taken togethet". 
- 8. When you know of how many Degrees one An^e 
of a Triangle hy you know at the.fahie time how many 
Degrees the twa other Angles as taken together do make 
up. And fo on the contrary, when you know how ma- 
ny Degrees two Angles of a Triangle taken together do 
make up, or what is the Sum of them, you know at the 
feme time of how many Degrees the third Angle is. 
/ 9. When two Angles of one Triangle either feveral- 
}y PI tpgc^her are equal, or two Angles of another Tri- 
angle, the third Angle of one Triangle is alfo equal to 
the third of the other. 

xo. When 
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xo. When two Triangles have one equal Angle, the 
Sum alfo of the reft of the Angles are equal. 

II. When in an Jfofceles^ the Angle contained by the 
equal Sides is a right one, the two other are each of 
them half-right Angles. And the Angles of an Ifofieles 
which are at the Bafe are always acute. 

tz. In. an equilateral Triangle, each Angle is two 
thirds of a right Angle. For it is one third ot two right 
ones, therefore it is two thirds of one right one. 

13. Hence a right Angle (B A C) is eafily divided in-% 54- 
to three equal Farts 5 if upon A C be made the equilate- 
ral Triangle Z 5 for feeing F A C is two thirds of one 
right one, B A F fhall be one third of a right one. 

14. The Perpendicular A F is the Ihortefl of all Lines l%-5T. 
which can be drawn from the Point (A) unto fome right 

' Liine. For feeing the Angle F is a right one, A O P 
ihall by Corollary the 5th be an acute one. Therefore 
(^a) A F is fhorter than any other, as A O. (a)P«ri9J.i, 

1 5. Only one Perpendicular can fall froni one Point 
unto one right Line. This is manifeft out of the fore- 
going Corollary. 

id. Hence alfo we learn to determine the ^arallaxiig.ne. 
of the Stars y or ihe difference of their true and af fa- 
rent Tlace. Let A he the Centre of the Earthy S the 
d^tac^ of the Ohferver upon the Surface of the fame. Let 
{DSC he the Angle of the Star C according to Ohfef- 
vation^ or the vifible Angular fDiftance thereof from the 
vertical ^oint 5 when in the mean while ^ACis the 
true af^ular Diflance. Now the external Angle ^SC 
which is given from Obfervation is equal to the Angles 
SAC and SCAtdken together -, and confipientfy the 
Angle SCAis the difference of the Armies fDSC and 
{DAC. If tberefcre we JbaU from Aftronomicai Tahles 
feek the Angle fDACj or what at that time ofOhJerva- 
.tion is the true. angular tDifiance of the Star from the 
^vertical Pointy when, the Angle fDSC is at the fltme 
time known by means of the ^iadrant^ the 2)ifference 
of thofe Angles SCAy which we call the Parallax, will 
likewife be known. ^ E. L 

- . Scholium* 

XIY the Teflimony oi J^udemus ad antient Geoitoetri* 
^ cian, Pythagoras was Ihe Inventor .of this Projjofr 

tioD. 
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don, wi|icli indeed is a Theorem moft excellent itt it 
felfy mofl fruitful in its ConfeAaries, and of ufe iti fttt 
Farti of the Matbema ticks. Ariftotle very ^eqtkeiltly 
makes mention of it, who alio puts it for an Example 
of the moft perfed Delnonftration*/ But like as Irbm 
this Fropofition we have already learned, how i&ahf 
right Anglos' the Angles of a Triangle are equivalent to 5 
ib by the help of the fame, it will in the three fbllowib^ 
Fropofitions be manifeft, how many rij^ht Angles the 
Angles of any redilinear Figure whatfoever, whei^her 
internal or external, do make. 



T%eorem i. 



1%. 5^. 



IN. every quadrangular Figure the four Angles toge- 
ther make four right ones. 

For if thro* the oppofite Angles you draw the right 
Line B F, this will cut the Quadrangle into twP Trian- 
gles, without forming any new Angles, wbofe Angles 
(a}P«r5i.l.i.together do {a) make four right Angles. 
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ALL the Angles together of every right-linM Figure 
-^ make twice fo many right ones, abating four, as are 
the fides of the Figure. 

%*T7« ' From any Feint A within the Figure let there be 
drawn unto the Angles of the Figure right Lines, which 
A^all cut the Figure into (o niany Triangles as it hath 
Sides, and make no more Angles but thoie of the Cen- 
tre. Wherefore when each, of the Triangles contains two 

n>) ler 3». right Angles (ij, they mufl altogether contain twice fo 
.many right Angles as there are Sides; Now the Angles 

ic) C)r»7/. s.about the Foint A, (c) do make four right Angles, 

^'^- '3-'. '-.Therefore if from the Angles o£ all the Triangles you 
take away the new Angles which are about A, the re- 
jmaining Angles which indeed, do alone cpnftitute the 
Angles of the Figure, will, mako twice fo many right 
Angles, excepting four, as are the Sides of the Figure. 

Hence it appears that all Right-lin'd Figures of the 
fame Species, or Number of ' Sides and Angles, have 
-the Som'Jof their Angles e^uah l^^Vthin| is^ wbrt^ 
iiif ibdmiratipn^ ' * ,.:,-" 
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"T^YktSrHB&ct it thus & Doable thb Denomiiiator of the 
pigufc \ and ftcaxk the Produ£l take away four 5 the ILe^ 
maiiider is the Kuinber of the right Angles, which the 
internal Angles of the Figure do make: 

Theorem ?• . 

A ^iL the external Angles of any right-ltnM Figure |^^.^f^ 
-f^ wbatfoiever taken together do make up 'four right 

Angles. 

For each of the internal Angles of the Figure does 
(//) with its refpe^ive external one make two right Ao^fd) Pcri;« 
^es. Therefore all the internal ones, together with'all '• «•.. ^^ * 
the external ones, do make up twice fo many right An** 
gi^ as are the Sides of the Figure. Now by the Pre- 
cedent, the internal ones, together with four right An- 
gles added to thena, make twice fo many right Angles 
as are th^ Sides of the Figure. Therefore the exterhal ^ 
Angles are equal to feulf right ones, 

. Wonderful truly is this Property of right-lih'd Fi^ 
gures ; from whence it fellows alfe, that ail the right-^ 
liA^d Figures of any Species whatfoever have the Sums 
of their* external Angles equal. And therefore the threes 
external Angles of a Triangle are equal to the thou&nd 
external Angles of a thoufand-fided Figure. Whicb- 
dbfervation is altogether worthy of Admiration. 

PROP. XXXIII. TKeorem. 

IF two right Lines^ uhkh ar^ equal and parallel, as lig. S9* 
(^ B, C F) be joined by two others (ACy £F); 
thefi alfo will be equal and parallel. 

Let A F cut the Parallels A B, C F. In the Triangles 

QjR, the alternate Angles B A F, CFA {a) will beWP«r*7f 

equal. Now the Side A B is fuppofed equal to the Side ' 

CF, andAF is common to both Triangles. Therefore 

(*) the Bafes BF, AC are equal. (Which is the &cfk(h)Ttt^.x. 

Fart.^ And alfo the Angles at the Bafes AFB, FAC 

are equal ^ fo that A F falling upon the right Lines AC, 

andBF, makes the alternate Angles AFB, FAC e- 

ijual. . Therefore A C, B F are alfo (c) parallel. Which (c) Per t«. 

is the other Part. * «• <• 

4 
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*«^ «a« Q)iolL iSsifff ^ «?f teArn to meafure as loell the Heights 

of MounUums ahow the Horizon ^as their horizontal 
Lines*. Let -AS € he the Side^ofa JMountain^jo which 
apfly a grea>t Square^ or fame Inflrument equivalent 
thereto ADS. "then Jhall AtD he equal to HS^ and 
2)S equal to AH I'ben coming unto the lower ^art 
which is from the Voint S unto the Voint C, pra£life as 
y hefore, * S9 Jhall ES he equal toCF, and EC he' equal 
t$ S F, Which done^ the Sides parallel to^the HorizSrti 
A2)j S Ey &c. added together will give the hori^ 
ft^ontal Line GC-y and the perpendicular Sides JfflD, 
JgC, Slc added together will give the Height AG. 

ihg.j^. : CoroU. (z.j Hence alfo we learn to ejiimate the C^m-^ 
pqfition of Motions.. Let a SUdy placed at A he driven 
in the fame Moment of l*ime hy the Force AC accord^, 
ing tQ the ^ireSion of the Line A C, and hy the Feirce 
AS according to the 2)ire6Hott of the Line AS. Frtmi^ 
I the Conjun^ion of thefe two Forces it will deferihe 
the 2)iagonal A F. For in this Line of its Motion 
fsfiither of the Fors^^s is changed : For the B^ody at F 
is. equally difiant from both the Lines ofSDireiNon ACf 
-^^9 ^^ if i^ b^^ heen driveti by either of the Forces 
fiparately 5 which thing can he faid of no other ^ointm 
And this Corollary doth fo fully agree with Agronomical 
Oftd other M^^hanical Thdei2omena^ that it is juftty- 
reckoned hy the Famous SiK Ifaac Newton, as a 
Foundation of his Geometrical Vhilofophy. 

PROP. XXXIV. Theorem. 

•^£'S9* T^ ^^^ Parallelogram the oppojite Sides and AH* 
* ^es are equals and it is cut into tujo equal Parts 
by^ the Diameter. 

(t)ferDef. Bccaufc A B, C F are (a) parallel, anJ A F fells up- 
3/^ * on them, the alternate Angles BAF, CFA are (^) 
p> Fer a;, equal. Likewife becaufe A C, B F (c') are parallel, and 
(t]'pgrj>ef upon them, fe^lls the Line A F, the Alternates CAP, 
3jr. B F A (d) are equal. Therefore the whole Angle BAG 

rdJPeri;. jg equal to the whole Angle B F C. In the fame manner 

B and C are fhewed to be equal. Which was the firft 

Tart^ 

Now 



Nowbecaufeit hath been already fhew'd that the 
Triangles Qj R, which have one common Side AF, 
have alio the Angles adjacent to the common Side equal, 
BAFtoCFAi and CAF, toBFA; the Sides like- -r- : 
wife jfhall be equal, ABtoFC, andBFtoACj and 
thus the whole Triangles are equal. Which was tho* 
fecond Part. 
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Scholium* 

ipArtly from this.Theorem, aftd partly from a Defini^ ' 

•*- tion to be premised to the fecond- Bopk> the mca* ,. ' 
iuring of a right«angled I^arallelogram is e^ly deduced. ' "* 
Tho Area thereof being produced by the Multipllcatioii^^^^* 
of the two contiguous Siaes AF, AC on^ by another' 
JB.G. Let AF be a Line of 8, AC a Line of 4. Jeer^' 
Multiply 8^ by 4, there arifes 31 Square Feet fpr thie» 
Area of the? KeSangle. . . ' ' 

But the Area of a Square is had from the .Multipl^Kj. eu 
pation of the Side F I by it felf $ as if F I be of 5 Feet, 
multiply 5 in it felf» there will ariie 25; fq^are Feet fot 
tjbe Area of the Square. : 

The !De|»onflratiop i$ nianifefl (torn this Propofitioiit 
if parallel Lines b^ drawn thro* the JDivifion$ of the; 
Sides. . t 

Corollary^ Henc^ Surveyors do eafily divide th^ ^rea^Fig. 2i. 
of a Field njohen it is a Parallelogram, For let A S 
C2)he pe Varallekgram Fietd; J2) the 2)iameter or. 
iDiagOf^alLineofthefamej the middle ^oint ixhereof 
is marked F. JVbatJbeyer right Line as MG^ faffeth 
thro^ the Q^oint F, it divides the Field into equal ^arts 
EACG, £S2)G. For the Iriamle AS^ is equal 
to the Triangle AC2), and * the Triangle AEF equal*^^^^-^^* 
to the Triangle GFiD. If therefore to the Trapezium 
EST)Fy inflead of the Triangle AE F, youjball add 
the Triangle which is equal to it G FT)^ you will not 
change the Area 3 hut the Trapezium ES T) G will he 
equal to the Triangle AS 2) or to half the Varallelo-' 
gram^ and confeguently equal to the Trapezium AE 
GC Q.E.I. 

I V 
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' PROP. XXXV, XXXVI. Theorems. 

*' ^** T T^ Arallehgrams upon the fame or equal Safes (A -B) 
JL ^^d between the fame Parallels (CQj AX) are 
equal 

($)IerPif. BecaufeAL, BQ^(a) are parallel, and CCLcuts 

H)?iri7. *^^°*» ^^^ external Angle CL A fhall {b) be equal to 

JL I. ' the internal one F QB. Then becaufe as well C JF as 

£0Perj4.. LQ^areeaual ((?) to the fame AB, CF is equal td 

(d) Per 34^ I'Qi Add then FL to both, the whole Linet CL, 

1 1. FQ_arc equal. Moreo¥er AL, BQ^are equal (i^). 

It)rir4^ 1 1. Therefore the Triangles C L A, F QB (e) are eoual. 

Therefore taking away the common Triangle P O L^ 

the Planes F O A C, Q^B O L remain equal : Tb each 

6f «^hich Trap6Ktums add the Triangle A O B, the whole 

Parallelograms A C F B, A L Q.B beconie equal. 

^his Propofition will be made univerfal, Vrop, r. /. 6. 
Beginners may here obferve, that, altho of two Paral- 
lelograms which are between the fame Parallels infi* 
mtely produced, and upon the fame Bafe, one of them 
be extended unto an infinite Length, it fiill remains but 
. equal to the other, by the Force of the prefent Demon^ 
•^ . firation. 

HFrom hence it foUcwSf that t^wo Cities in Magnitude 
equals nm fa much differ in Ctmfafs^ that the Circum-- 
ference of one may exceed that of the other an hnndred 
or a thoufand Times. If for Inflanccy one he of a 
filttare Figure or ReHangular ; hut the other a Taral- 
klogram^ ietmxt the fame Parallels indeed mth the 
former^ hut very ohbng. 

Moreovery it hence follows^ that Figures rf equal Com* 
faji round may contain Area^s vaftly different, i 

Scholium. 

%• ^2* 17 R O M this Theorem we may learn «(^ meaiiice any 
^ Parallelogram. For the Area of it is produced (bm 
the perpendicular Altitude Q^X, or C A multiplied in* 
to the Bafe A B. 

For 



For th6 Arta of the Reflangle C B, Which is equal to 
that of tbe :-'Piirallclogram fi, L, is made (a) by Jl C* W By th» 
multiplying; AB. Therefore, Q?^. ,^^,^ 

;:P R O P. kxXVII, XXXVIIL Theorem* 

' . ^.-v. -• • .-. • . . 

TRianglcs^ {A CByA L B) upon the fame or equaWg^ ^3- 
Bafes XA B)y and . between the fame Paralkb . 
QCI^AZ) aree^uaL. • , 

rDraw tfaeXities B:L, BL parallel to the Sides AC, 
A li. The \ParkBefograms ' A C F B; A L I B (^ are (b) By the 
equal. But Ae given iViangles are halves of tho<e Pa-*or^|owg- 
rallclograins (c). Therefoto the gi ten Triangles (d} are j.',^/ "^ ^^ 

equal. »^ (d)£erAjtt9. 

This Propofition m\\ betoadc univerfal, ^rcf.\. 1.6 fi^ 
I/et Beginners' marjc the fiime Thing here concerning 
Triangles, %hich we bid them to note in the foregoing ^ 
Propoltion concerning Parallelograms. 

' CorolK (1) Hence Sutveytit$ eafily divide tie Area f^^.h^ 
of a triangular Field. Let AS C be the Fields and let 
the Safe S G he hifiBed in^. The Triangles AS 2), 
J 2) C ufOfi the eqUal Safes S T> and 1D C, and having 
a ammon Tip Ay or being befiibeeh the fame Tdr allelic 
are equaL Q^E.F. c . ' ' . 

[CoroU. Ci'D Hence tjoe aljb gatb/r^ nvitb the famous 
Sir Ifaac * Newton, that the Ared's ^hidh all Scdies 
nxihatfoever that revolve roundabout an imnwveahleCentfe^ 
tovsards *uehfcb they are intpeird^ do defiribe^ are both 
in immoveable Q^ lanes , and are proportional to the * 

times of 2)ejbription. For let the Tinte be divided intOTig, 90. 
eaual i^artSy and in the fir ft equal yp art offUme^ let 
the Sody by the imprefi*d Foree Mefirihe the right Line 
AS. The'fmeSoiy in the feicond^art of 2'ime, if 
nothif^ bindredi - would g& for'Tvard firait unto c, de^- 
fcribjng the Lir.e So equal to AS yfo that the Area*s 
made by Lines dratonjrom the Centra A'SS^ S-fc (eJM^er^ji 
ivould be equal. Sut 'wheti the Sody cofnes lintO^S^ let*' *' 
the Force a£i mth one fingh lmpulfey\but a great- one^ 
and make . the Sody to defieS ^from S <?, and to go for- 

'wards in the Xight^Lini SC ^ i.e. let' t^e centripetal 

Force be in ihat ^ lace to the Force before 'imPUts*d\ ai 
Cj; or Sg is to S c i in this Cafe the Sody will 

'• D , defcribe 
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(i^ftr. {0) defcrihe the SXagomiaC. Lea ther0^, Hdr^wn 

*^33. parsllel toSS the right JUm Cc meeting SC in C 

la the fecend Tart of l^tme campleated, tbe.Sodjy v)iU 

he found in the Toint C in the fame Tlane ivith the 

firfi Triangle SJS. Join SC. The Area made by a 

Ray dramonfrom the Centre^ that is the Triatigte SvC^ 

/b;p<r57. mil he equal to (k) SSc^ and cdnfequently to the fir fi^ 

\\fmA»9 ^^^^ ^^^ M' ^y ^^^fi^f^ Argument the Sody 
t! ' in the third equal Tart of Time would ^ its prefent 
Force reach from C unto d^ fo that the ifine CdfhouUf^ 
be eaual to the Line Sc or AS. Sut if the centri- 
fffalForce^ whether it be greater or lej^^f^^oes agttin 
dOi ufon it in tbeToint Cy in th^ ^nd/^fphe third. 
Tart ifTime^ & npUl be found fomewher^ intheLini^^ 
!Ddi farallel to SQy and therefore as brfifre^fu^^j^i^- 
the fat d Force to be equaj or unequal to what it vfi^, 
b^qrci if will be f<mn4 ^: k^ve defiribed - the ^is^onAl 
CSb^ and will befotfndi in the Tmt j^$ 4^ a Ray be^ 
ing drawn from ibe-. Ce^^$ :the^lfria9^lt ^fDC nW*' 
be equal to that SdCai^jid. C9i^fufin^^.4r0, the pthersi 
SCISi S4B^ which are. ^ual we to^ the other ^ . In 
like manner ^ if the tentrifeial Force a& JUcceffively /> 
the Tpints 2X, Et F^ and be. the caujb that, the Sohin-, 
thefiveral Tarts of time refpeSiveiy d^rihes the)^i^ 
g<mkk% 0.Ef JE Fy &Cn she. Area's n^w mad^ as ^ifore . 
will be in the fame Tlain^ and Triut^lmwiU be d^ 
fcribed equal to the former: Triangles*.. 'Therefore in 
equal Times equajl At'C^.s a^ff def^ibfdfnan immofvea^ 
bkTlane 5 <9^^ Jit the Sum rf the Area's SA2XSy 
SAFS will be amongfi themjelves as thit Tintes wherein 
* they were defer ibed. Now let tM Number cf the 
Triangks be increl^d^ and th^ir Widenefs diinin\fhed 
infinitely \ both thst lafi^ Terimeter of them AS C3) ER . 
wiil be a Curve Line^ ^nd.^the Area's defiribed in one 
and th^ fdme immoveable Tlane will in this Cafe aifi 
befrofortimal tathe Time^ as well as before* Q^^E. Dj 



^ ' 
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Qual Triat^les (A'CB^^FB) upon the hAre 
__ iir> an eqml BafeX^p) and\on the fame oide^ 
are betvken the fame^ PiniaMs^ (A^M^ ^ 






I' ' y-r ' It 



i 



if JM dteiYt it, let C L be parallel to A B, an^ Ifet B ti 
be drawn, Then A L B is equal to A C B {a). But(a7 B7 the 
by the Hypotliefis A P B is eqaal to A C B. Therefore ^^'•s^^^g- 
ALB am A PB are equal^ i.e, a Part U equal to the 
whole. Which cannot be.. Therefore, 6?r, 

[Cofol. (i.) Hence aljb^ 'soith the famous Sit lh,zc 
Kewton, ixie gather^ that alt Sodies ivbicb are moved 
in Cupue Lines i and defer the Area^s about fome Centre 
fref^rtional to the T^mes^ are perpetually urged and 
fr^'d hy a Force mplting tvwards the Centre: For 
teca^e of the Equality of the triangles SCV^ ScS 
defcrihed upon the fame Safe SS^ the Joints C and e 
Jball he in a Line Cc which 'is parallel to thi Safe 5 
Mnd Jb the Figure Sc Cgfhall be a Varallelp^am i 
the Sidei thereof Sc and Sg are * the Lines of the^VtfC^lk 
fDire£lions tf ibe Forces; and SC is the iJiiagoML^-ff^^y 
ftbe Sody therefore is urged unto C by the Force Sgy ' 
nvhich tends unto S the. Centre: And Jb in all tb^ ' 
Joints, C, 2?, E, F. Q. E. D. 

Corel. Y2.^ Seeing therefore' in the Mctioni^ th&'frh 
mary Planet s^ the AretCs made by Rays^or right Lines 
dra'vm from them unto the Sun, are always pt^pdr* 
tional to the T^htes^ as all Aflronomers know^ tbeTPla^ 
nets are urged by a perpetual Force^ which, tend^t^^b^ 
Son. And ibe fame thing is equally true of'ihffcr. . 
condary Planets mth refped to their ifimaryMH^ 



PROP. Xit. Theoreto, 



<\ 
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IF a *Iria^le {AFB) be in th^fami PamUeh ^ithTtsi€ii 
a PafaUehgram {A V) and hpve the faini of m * ; ; 
equal Bafe (AB) it is half of- the Parallel^amr " 

DrawGB. The Triangles A FB, ACB are (b)(h)Tef^fi 
equal. But ACB is half of the Parallelogram AL3>;L''' . 
(c). Therefore A FBalfei^brflof A L. ^i.^vlV*'^*' 



Scholium. 



* »> • » • ' f' 



< 
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'CRom Ais Prtiperfftion, with thrSAollum of Prdp. jlf'.^^lS 
^ we learn that the Area of whatfoever Triangle, as 
Ai\B|f is produced from half the Altitude PI multi* 
plied into the Bafe A B, or half the Bafe multiplied 

Da into 
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into the Altitude, Wherefore one Side of A Triangle 

being known, an4 the Height, that is, the Parpendi4 

cukr which falls upon the known Side from the oppofite 

Angled the Meafure of the Triangle is given. As if 

the Bafe AB be of an loo Feet, the Height F I, 85^ 

multiply half the Bafe 50 by 85, and you have the Area 

of the Triangle AFB=54^5o Feet Square. Further; 

the Altitude of a Triangle, when the Area of it is in 

dtl Points acceffible, may be known mechanically a< well 

as the Sides. But if the Area of it. cannot be gone 

over, the Height may be found Geometrically by 1% 

and 13. lik 1. as we fhall there /hew. . . 

"" In a reftangl^ Triangle, the Height is the fame with 

either of the Sides ^bout the right Angle. . Half of thi« 

therefore multiplied into the other Side adjacent to the 

right Angle, will give the Area of the Triangle. 

P R O P- XUI: Problem. 

* 

rtg.€^. tTpa iitike a Paralklogram' with an Angle equal to 
I ' a given one(0)\ and equal to agi'pen "Triangle 

Bifea the Bafe A B in F. Thro* C draw CX pa- 
MJPer^i. rallel C^) to AB. Make the Angle B AL equal to the 
VbVper .. ^tv^n bne O (*). DraW F I pafallel (c) to A L. A L 
). i. IF Ihall be that which was fought for. 

(c) J^er^u Pq^ let F C be drawn. The Parallelogram A I hath 
an Angle L A F equal to the given one Q, and is equal 
to the 'given Triangle A Cfi j fince, as well the Tri- 
'WP^sS. ^Q ACB (d) as the Pardlelogtam A IC^; ii double 
'' '• to th^ fapae Triangle.AC F. 



(e) By the 
tbregoing^ 



Corollary* 



lf£.'€6. T? HE Triangle A G B being given* a Rcaangle equal 

4- to it is had, if there be drawn a Line parallel to the 

Side A B, and A B being bifefted in F, the Perpendicu- 

lar B Q be ereded. For the Reftangle under F B and 

. Q^B mil be equal to.the^Triangle A Q ^. 



u 



. : : PRQP.^ 

• ' . ' - ■• ' t 



• •• 



iily. I. -Ea chiD*s Ekwtfnfs. 3^ 



PROP. XLIII. Theorem. 



.1 



are about the 



iN a Rarattelogram (as BL) theCompl 
O L) of tbofe Parallelograms ^hkh a\ 
Pmmeter (^RF, CS) are equal." 

t 

If thro' any Point of the Diameter A Q. as die Point 
. O, C F be drawn parallel to the Side^ B, and B. S 
parallel to the^Side aQj the whole Parallelogram BL 
IS divided itito four Parallelograms, whereof two are 
ab^ut the Diameter RF, CiS, the other two BO, OL 
are the CompletiiQnts of thefe unto the whole Paralle- 
Iboram BL. 



"l 




OSQ^ Therefore if from ih'e Equals (<?; ABQ,C0p«'^.3 
A LQj you take away Eqiials, on this Side ARQi 



OCQ, on that AFQ, OSQ^j then fiO and 6l^ 

Ihall remain equal. ^.jB.4).' 



■ »» t 



PROP. XLI V. Problem. 



S4 4 » 



UPON a given right Line (O S) to con/iitute drtg.€%. 
Parallelogram, in a given Angle (Xy) which Pa^ 
rallelogram Jhall be equal to a given Triangle (V). 

Make a Parallelogram (d) RC equal to the given V,fd) p«r 41. 
having its Angle ROC equal to the given one X, '•'• * 
and join the Side RO direftly to the given Line OS, fo 
as to make one right Line therewith. Then thro' S 
draw SQ^(^; parallel to OC, which SQ^let BC meet je)p«r3i. 
when it is produced unto Q^ Then let a right Line'.i- 
drawn thro' Q^ and O meet B R produced unto A. 
Which done, thro* A draw AL parallel to OS, which 
A L let CO and Q^S meet when it is produced unto 
F and L 5 the Parallelogram O L is that which was 
required. 

For OL (/) is equal to RC, tha^ is, bytheConftruc-ffjBythe 
tion, to the given Triangle V, and is at the given ^^regoing, 

D 3 Line, 
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^•Jr*i/. Line OS; and {d) the Angle FOS is equal to tbe 
'^ Ang'c ROC; that u, by (he CoDftniftioh, equal CO 

theeiven AogleX. 
SchoJium. "Tbii fropofition contains a certain Qeoma- 
. fricdt ^Hvifim. For in the vulgar Aritbmeticai IMvf- 
i?W», thff Number to ie divided may jufify he cmfidera^ 
fig. pi- ai ieii^ a certain ReBangli. e. g. Let the Re^vgitr 
■ jiS comprehending ix fquare Feet, he to hf divi~ 
. a_/B.eBangle_is to he fotiffdequal-to 
f^^'re^Feet, one <^. 'Oiikofi ^dgsj^atl p^ 
HOT ^hepce j't'cotmsja he enquired of 
V Side foxight Jbail eot^ft. y "which ^ide 
'd a certain ^otient of. ibi's.Divi/ioft. 
is perforated Geometrically after tbii 
I Tair of Compa0s take the Zine S 2> 
tlftsoo ^t, find draw the ^iflgmfil 7)MF. T'he 
' . ^i^? 'jf'^i's that ^h>«h is fought for. For the Complt- 
^Bitn.iji.^itiT'E'G dndElC^re'*-eau!ll; audia thuReSiangle 
B'G one Side EH ts equal to the Zine S 3? whieb ;f 
iif 3. Feet J and the Side £1 is eqml to AF. , 
' l^iskiad {f iiivijioft is m/jW Application, hecaufi^ 
the reSlangular Space :^^ if Applied /o the Line S*> 
or EH: and hence it comes, that SMvi/ion is often 
named Application j refpeB being had to the 'PraSiiee 
ef the old Geometricians, who alivays taade more ufe of 
Geometrical ConJlru£Iion, which requires ' only a RuU 
anda pair of Compass, than of Arithmetical Cffmputor 
tfoa, vhich is performed by Number. 

PROP.XLV. Problem, 

pp,fs- 1 "IPOt^ a given tine (JSD taidiu a given Angle 
xJi, (H) to make a Parallelogram equtfl to a given 
RjtEiilinewr Fi^f (CBA)- 

ReC>Ivo the given Reftilinear into the Triaoglef 
A, B, C, by drawing the right Line* F I., F I. 

Upon the given Line I cL'n '*•« 8''«" *??^« '*™^^ 
M^erfi. (b) the Parallelogram IV equal to tho Triangle A. 
'■ '■ Then the right Line IR being . produced infinitely to- 

ro Bv th* *"''* ^i '»?'"' '^^ """S^* ^"* -^^ '" *^° Angle VR E 
kw. • (c) make the P«aJielPgraa> K 2^ cgl*! t? d>« Trit 



• • 



li^. R £ uc L ID V &im»its. 39 

•pgle B. Again, upon the Line S Z with the Angle 
ZSP make the ParallelccrjiQi .S Q ^ual to the Tri- 
angle C. This 'done, I lay fl^G is 'tnefarallelogram 
fought for. , , , , 

For (jd) tfi6 At%lfc Z V R is equal tb its ailternate I ?iy . W J^-^ *>• 
But C*) Q^V R and I R V are equal to two right Angles, ly'^ ^ 
Therefore alfp Q^V R and Z V R are equal to two right mms. 
«nQSi The»e^ce< ^ Q¥ mid 2jV 'ikll direOly & as to • itr 14.;.!. 
4&ake<O00 aright line. Afierdte^fiune mihtte^ I might 
Aew «hac:Qj&iaiAl ZG mateiAse right line. There- 
4R3ie the wh^lM^JV^^ is; on^ right l^c^ arid' is klTo 
iparaSUA t^jQC; ieeitig by ihb JGm&nifiion QV rii p^- 
^tQel !to I*. »bwXG^aJfc<Oia parallel to ibM^^i^ 
<tAng XG'is pimUel to SZ, and S£ to RV» aMRV '*'* 
«o IQ. •• ' '•• ./<) ••''. ••• ' 

IG there6»te<^) is a Parallelogi^asn 3 but that it is (d)lef4ef.. 
fuch an one as was required, is manifeft firom chc.Coi»- ^S* 
itmcciom ^ ^ 

[CoroU. Shnce is icfily found the JS^Mfi wIm;^ 
greater reElilinear Figure txceeds a lejfer : To wit^ if 
unto the fame right Line I^be applied parallelograms 
reJpeElively equal to the tn»o right4in*d Figures. For 
that ^Parallelogram by which the greater Reailinear ex- 
ceeds the lejfer^ mil give the d^erence of them* Q. E, I.3 

Scholium. 

WE will Jiere add a Problem that will be ufefiil for 
the Pfadice of Fropofinon XIV. 1.2. 
' A quadrangular Figure B F being given, to describe ^^* 7^* 
an equal Refibngle. 

Re&lve it into Triangles by the right Litie AC* 
Frmn the oppefite Angles let down the Peirpendictttars 
BO, FI. BHba ACin 8. From « ered the Peroeo- 
dicular 8L^ equal to the two BO, FI put tbgemar. 
The Re^Hngle comprehended under L6 aad 8 C is e-^ 
qual to the given B F. The J}^^m&wSm «I^ars out 
m Pfopofitiw XLL . » 
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P R O P. ;3tL VJ. ; Vr^tii^ . , : 

^y- 7^' in RpM if stve», right Urn (d.J^l to''elefcribe a 
JP Square. ',,''",*'. 

^ Ere£l two F^rpendi^ukts equal to tbc givoo A B5 itQ 
rt) By the "^^^^ -^^ B -l^i then joiftGE. I fay the Thing is dono. 
conitrJ^ion ^^^ feeing the two Angles A and B are C^) right onet, 
rb)P«r2p. ACaiid B^ fhaUC^) be. parallel^ but they are alfo 
(c) By the ^'^^ equal. Therefore C E and: A B aue Qi) $)arallel an4 
cbnftmaion^ual. : Therefore the. Figure is Paralleibgr^m' and E^ui* 
Vd}Per33. latecal. But all the Angles alfo are eight ofi(ts (for )ee^ 
(a) Pet 94. ^"8 A and B are right Angles, the oppofite ones (O'K 
j^ I. and C are right alfb.) Therefore th^ figure A £ is a 

Square. v .: • 

[/« the fame manner you may eafily defcribe a Re£lr 

angle which hath the tnm unequal Sides giv^nJ) 

' '. ' ' • , , . 

PROP. XLVII. Theoreoi, 

%• 74. T N everyright-angled Triangle (as ABC) the Square 
JL of the Side (A C) which is oppofite to the right Angle^ 
is equal to the tudo Squares together of the two other 
, Sides (AB,CB:) 

r . ' . ., 

Let IC and BF be.drawnj and BE parallel to AF, 
Now if to the right apd therefore equal Angles I AB, 
FAC, there be added the common Angle BAG, th.e 
•Wholes I AC and FAB (hall be equal But in the 
Triangles I AG, FA Bi the Sides which contain thofc 
(f) Tir'Def. Mual Angles are-:equai;(/) amongft themfelves, to wit, 
suture. . lAi CA, to B A, AF, each to each. .Therefore the 
(g;P€r 4.7.1. Triangles I AC, FAB C^) arc equal. Which becaofe 
* ^hey ftand upon the fame Bafes I A, F A with the Pa- 

rallelograms A B L I and Z A F £, and between the fanie 
Parallels I A, L B C, andAF, EZB, they are halves 
'|H)P«r4.i. ^)&; of thofe Parallelograms. Therefore the Parallel©- 
■ '• grams A B L I, Z A F E, as being Doubles of Equals^^ 

are equal betwixt themfolves. By the fame reaionlng 
^ ^ if right Lines AX, BR were drawn, it might be ihewn 

I that 



that tbe .Pardll^^^gfams-^E C, B JC ^cc eamd. i Tbere^ 
fm^ tJ;ie>v^hoJ6^A&.i»^^4ualito l^juid^BJE togedi^i*.. 
\ JElfZ). /.'•:•' !,: 

it jwa%i U&Qjni fer granted that Xt B G^ is parallel to J A, -^ 
in Older A to yrhick I^Blaoid BC maft bejooe'idght Linew 
Kow that they are' fo is manifeft from the 14th, iee-t 
ing the Angles L B A and CB A are both right ones by 
|he Hypothefis. 

Scholium^ - 






rr*HIS Theorem (which 5>rj^ ii.ihji^^ Euclid tjt" 
^ ' ten(|s. Unto all HSe or fimilar Figures^ ircommonly 
.x^ali'd ^^Pythagmc ;Tbeorem^ : feoia ^j^Mgoras thd 
^yenior of it 5 - w]io,r. a& is attefled by . ^\felus^ Vitrur 
'^uy^zxA Qtberr, o£CbrM Sacrifices to theMuSes, as fap^ 
.|K>flng himfcflf to have been helped by them m fo e^fo 
.';Scfllenia,n InFentionj: in which thing he l/hewVl him^ ,-.,■ i' 
i'^if t.o .he ignorant of God, the Lord of Sciences, the 
^trwe and only Autl^or of iiU Wifdom 5 or certainly irhe 
Jinew lym,,:he glorified him not as God. There is fret 
quent.ai^d notable Ufi of this Theoretn thro' all: tkb 
Mathematicks; and in particular at <^ens a way onto 
the Knowledge of incommenfurable Magnitudes, a 
main Secret of Geometrical Philofophy, 

That the Side of a Square is incommenfurable to the 
Diameter, is a thing much celebrated amongft the old 
^%Ubliphers, Ariftotk aiid ^lato efpedally 5 infomuch 
^thar y/xiro would fay,' that he who knows not this is not 
a Man; but a Beaft. Now the Knowledge of this MyC-. 
tery feems to have taken its Rife out of this 47th Pro-, 
pontion. For feeing ih the Square AE the Angle A is%-7»- 
^ tight Angle, the Square of the Diameter C B fliall be 
equal to both the Squares of the Sides, AB, AC, and 
therefore double to one of them. Wherefore feeing the 
Square of CB is 2, and the Sauare of the Side AB is i 
or Unity, the Diameter CB mall be the fquare Rooit 
of 2, and the Side ABthe fquare Root of^Unity, or 
Unity it felf 5 the Ratio of which Quantities (as it will ^ 
be demonflrated in its Place) cannot be explicated in 
Numbers, and therefore they are incpmmenmrable* 

And by this one Argument alone, if all others were 
wanting, it might evidently be made out, that Geome* 
^trical Magnitudes cannot be made up of a^definite Num- 
ber 



4? 



tier 4^r Poititvs: fbsJOtherivUa noiicti«riittM-be iticMiiMft*^ 
intahle $ • firUntmh^at aPotaptiwbuUl be the' cwiittw 
Meafure of all. • ^ i -'^ 

To tbefe-Thoig^ (iife^i^l&bjoin three PnAldnw wiAch 
are deduced jQiitvdf the preTebc Hoj^odtiott, an4kte of 






Problem i. 






%73- 



IF any Number of Squares are given, to make one 
.!< equal tbtheih- all together.'.' . •»• , oiri'p 

Let therci ibe^itbree or flftoite'Sduiiffes gwmi^^^hGTc 
Sides aie AB^ BG^jCE. Make* the r^t <Ang(b l^'fi^ 
^. having indefinite 4Sides> and ^umo.tiple Sides of ktraii^- 

fer AB aod'BG, 4aiid then join AC ' Tbe Square 4if 
A C ihall be eqiikl to the Square^riof 'Afi, and^B© t<f- 
fa)P<r47, gether f #> Then triuMfer ACfiJomS^ttiitb jS;^andC£ 
^>- the third given Side ^ansfer from 'B '^atito *B> -atid^ joth 

S X 5 the Square of £ X fiiall bo tsqutfl to th^ ^uareo 
of £B (or EQ^tid BX to^thc^j^-iiiat is, eqtial tb 
fko three given §q«tares, whofeSid^ aw'AS, BGi <}£^; 
And fo on as long as you pieaie. 
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3%. 74- ^ WO unequal right Lilies being ^ven (A B; BC) tx> 
r* deterinine ihat Squat^ whereby the Sq^^^^A^^ 
greater (AB) exceeds the Square of , the lefs.fBQ}. :. 
i^rom the Centre B with the Interval AB dei^ri^ ji* 
CiiK^le. Then from C ece£l a F^p^ndicular C£, cut* 
ting the Circumference in £. The Square of G^ isthQ 
£xce6 or Difference which is fought lor. 

For let B£ be drawn. ' The Iqnare of BE» ^t }s» 
(b) Per 47. of AB, is equal to the Squares (h) of BC^and CB t%T 
• '• gether. Therefore, ^c. 

Problem 3- 

•^'i:•7^ A^^ *^^ ^^^^^ ^^ ^ right-angled Triangle being 
•"• known^ to find the third, 

][^et the Sides containing tlie il^t Angle be A Pi AC/ 






the one of 6 Feet the other of 8. Yod are to find of 
how many Feet the Side CB, wfaich ,h ep^fitc to the 
right Angle, is. To do which, multiply 6 and 8 each of 
them by. it Mi. From vhi'^h Multiplica>ibji. there wijl 
airifefbr the Squares of thole two Sides $£ and (S'4i t^ 
Sutn of whicn la ioo. The fquare Root of ,i,oo, 
which is 10, gives the Feet of ttie SideBC, whole 
Quantity was Ibught, This Demonstration offers it 
felf in and &om this 47th proppfitton, Iot the Suo) of 
' tf^e Sgd^resBA ao^CA >s equal to tfac Square of 
B'C:"T^'erefcre the Root bf the^^Iii^of thenS » eqii0 
^'the^Root or Side ^ e. " ■ "; 

■ Theriiet the Sides^ AB, B be i 
Feet,"tb^ Other of to, ywu are now 1 
^be Square of the Side AB wh^^ 
Sqi'a'r^ oftfae SideBC=ioo. - T 

fffifll'be the Square (JfithieSidcAC. ' .'■ -V 

fbji '6f (14, which i^ S.'gives the P& . ■ 

',llCotpllarjr. Prom befict we derive W*.**. 

^dbtes of Sinei, Tatigetiti, and See 
jtaffie'^'Jer.j^C the Semdiameter i 

jbb,oao yam, and the Angle S Aii of 30 Df^r^fi.- ' \ ,; 
Secaufe the Cberd of Suhenfi of Sa S>egyees * is eqiM* J"" 0^' 
to AC the Semidiameter j S^ the Sine of go degrees /-/^i^^' 
Jbell he equal to half the Semidiameter, or i AC} andnti. JW(. 
therefore ^all contain $0,000 Tarts. Sut now in thei.^-i- 
right-angled Triangle AfDS, the Square of AS is 
eoual to the Squares of A^ and S23. Wherefore let 
the Semidiameter A S he fquared ^hy multiplying 
100,000 iy 100,000^ and from, that Square JuhtraS 
the Square of S 2). The Retaainder Jball he the 
Square of A 2), or of the Cofine equal to it S-F ; out 
of which extraii the J^uare Root, and you will have 
the Line S For A2). Then hy this following Analogy, 
AS: S2)::A£: CE, or AD-. SD:: AC. C£, 
will he bad the 'tangent C E. And then lajlly, if the 
Square of AC he added to the Square of CE, the Root 
of the Sum heim extraSed will he the Secant AE, 
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PROP. XL,V^{I;.'^fieorem.- "' \ 

Tig. ■}€• T F in a Triangle the Square of imeaf the Sides (A Sy 
be e^ualto the two Squares if'tii' other Si3«s' {^ C» 
'SC) taken together; the Angle ()ii^B) •which iy two 
other Sides contfiiny, is a ri^htyAiigtfi: : ; , 

„, If nqt, thp A?glc ACB wilp>f!.! greater or icfiVtBaij 

J\right Angij* J .In, either of ,w.WcIi Cafta (a^it w'iU'fcc 
eAionflratea, 'Prop, n, ij' l.'tt jn^ch Proppfitions cl<?- 
]pend not on this) tne Square of A B will not be e^ual 
Xotbe Sqpares of AC, BC together; which is contrafjr 
to the HyjiotKcfis. ,: : , 

, ^ Or thus. Draw'FC perpendicular to AC, ande^ii^I 
(a)rD'4-7.l."- to C B, and join A P. The Square of A F is (a) equal 
'^^^l^ to 'the Squares of PC. C A together, that is, ri>tothe 
"^^°";Squaresof BG, GA; that is. by tlie' Hypothe^, totho 
!S^uai;eof AB. Therefore i\ic right Lines A F, AB 
arc qmal. Becaufe therefor^ th&Tjiangles are mutdafc 
fOrcS-ii'.Iy equilateral, theAnalcs at Q.(c). are equal. 'There-' 
(j> Jri^fcre they arc both right AngLes (^d). J^E.2}. 
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THI S Book. k\ fmall indeed in. Bulk, butgreat> 
in the Excellence and Ufefulnefs of its Toeo^ 
rems. Young Beginners will not, I know 
what I fay, he at 6x11 able. to coni,plebe6d ft ^ 
but, being further advanced, they will, from their own i 
Experiences find that it is moft certainly trstt. . 
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A Right-angled Parallelogram (as A £), (which is wont H^.^o. /. i. 
'^^ fimply, and without any Addition, to be call'd a 
Reflangle) is faid to be contain*d under the two Lines 
(A C, A P) which 4^terQiine the Magnitude of it : 

For the pt\e pfth^m. AC determines the Height, the 
ofhisr A F the Breadth 'of it. NoW if the Side A C b<^ 
underfloQid to be carried perpendicularly along the whole, 
A;F, br A.F alon^ AG, by that Motion the Reflangle. 
or ifal Arei will be prcfduc*d. Wherefore a R^ftangle is 
tightly faid- to be* prdduced from the drfiwlng of two 
Lilies irito one another, oi* the* Multiplication of the'm^ 
one by the other. Wtlen tbexefbce you have thefe 
Word^,^ £th,e R^a^ngle under (or of)AC, CB] or for%i.i.i. 
Brerity's fake, [thfe Rbftangle A C B] there is meant; 
th^ Reftangle whicVls xontain'd under A C and CB,; 
multiply "d one' into tlie wher. Irt like n^anner, when, 
we fay Ae Reftangk otider AB,BC,:6fth^ Reftangle' 
AfrC, there is defigti'd the Reftangle comainM under, 
the Right iltaiics A Band B C, mtiltipl/d by ope another. 

More- 
..'I * 



^ EucLiD^s Elements. Lib. II. 

Moreover, of Reflangles (bme ate Oblong, ibme are 
Square. The Oblong Reftangie 1$ that which hath its 
contiguous Sidea unequal, or which is contained under 
two unequal right Lines. The fqiiare Refbnjp^c^ thad 
which 18 contained under two equal right Lines. 

P I^ Q ?,Q p I T I O N I. TCeorwtt.: : 
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JFi. 1. 1 1. JF there be two right Lines (A By A C), one where- 
of is divided into as many. Parts as you will (A Ey 
EFy FC); the-HeEiangle edmpr/sj'd under thofe two 
{A By AC) is equal to all the ReBangles together^ 
which are contain d under the undivided Line (A By 
mi the fevinaP^ris of the divided Line (A P, M ^ 

FC). ..•:.' '.' ' *i 

». - • . . ^V%M 

Make AB per^efndicular to A O, thrt)* B ^raw the 
inifinite Line B R t>arallel to A C. From B, P^<X ^re^ 
the Perpendkiitos EI, FL, CQ] ' BC will be ^ He- 
ftangle under A B and A C ^ aim is equal to the. Re- 




Scholium. 
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'T* H B teii fifft Theorems of ihi&^ook are ttuc aljof in 
-'- Kumbers, If they as Lines be divi^d into l^arrsr 
The numericai'R.e£Ung)es are p0od^ced from theMidUf- 
plication* o( two Numbers, ai^d the numerical Squares 
m>m the Multiplication of the fafae Kumber^y.yt ieif. , 
ILet the nnawided Numhr he p, and the di^xtded one 
12 . iTfe ^eSangte ivbicb is from 9 hultiflyifs^ pca=ifo8 
^7/ he e^ual to' the three jBLeBangles^ ly ii^and 
45, which Are produced from 9 multtptied i^j, '4W4 
arid J, re/peffively andfeparate^\rOr let the Nfmhn 
4,i% he as 'it were a MultiPpcdnd divided into 4po, 
and 30 and 1 ^ and the Number, i^^ an undivided MuItk 
tiflier^ S" X 4J^==j45tf will i^ equal ito 8 x 4c5ps?8 
3200 -f- 8 >c^b=44o 4* 8 ^. *^^r ^f^d Jronr .i^i$> 
^ropojition tberefere the^SJemn/irmqn cf MV^^^ 
no» ti to U dmif d^i 



t 

J 

PROP. II. Theorem.' 

• • -' • » It - • 

TF the right line (AB) be cut any vihive (as in<i),iig.u 

' tKuO ReBangtes uttiier the %vhote'(AJ3) and the 
Parts (ACy C B) are equal to the Square cf'tfie' 
wbdie Line {A'B.) 

IRr AD is the Sqnlnre of the whole ^ and AH^ CiD*ij- '7^ 
are ReBanglei ttnder tbeWhole A Sy and the Tarts AC^ 

CS. ■ 

Zet thelfumbet%,he divided into 5 and 3 5 w. 

:Sfqiiare of the Whole Sx'8fi=d4, is equal to the ReSatJgler 
8x3=44, +8x5— 40.] 

PROP. III. TMreov; 

• ^ . . . 

LE'f a right Line {as AB) be cut any where (at^i-^* 
for Infiance in C) ; the ReBaugle contained under 
the whole A By and either of tSe Parts (B C) is equal to 
the ReB angle under the Parts (A C,. CB) together with 
the Square of the faid Part (BC) 

[For AF is the Re6tamle under the whole Line ASy ^'i* ^ 
and the ^art A C 5 and CF is the ReSangle 'under the 
^tts \as AE rs the Square of the 'Pari AC. 

* tn Numbers. Let the Number 7 be : divided into the 
^'arts yand ^. ^he ReBangle of 7x3=^21 is equal 
t6( the ReSangle of ^Xj^^^ii^ t(%ether ntfith the Square 
2X5==p. In like manner 7x4=48, is equal to ih^ 
ReSavj^le 'iX4?=:ii^ the Square 4x4=5:15.] 

PROP. IV. Theorem. ■ 

* 

LET a, right Line, (as FL) be cut any where^ (asi^g'^ 
in O): The Square of the whole Jh all be equal 
to the Squares of the Parts (FO, L) and to turn 
RtBangles contain d under the Parts (FQ, OL)* , 

Tl*r FfD is the Square of the 'vphqJe 5 and CG dndTtg. 1$. 
Clthe Squares of tbH^arts j andCF^CfO^ two Re- 
danglef tdiderihe ^nrm '' ■ ^ • - • 

In 
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/« Ntimhers. Let the Numher lo he divided into 
two ^arts 7 and ^, The SqudrH of 10X10=100 is 
equal to the Squares of the ^arts 7 x 7 =49, and 
3x3=3:9,, and to the two BjEtangles 7X5=3321^' anJt 
7X3=:2i. And on tbisJPropqfition defends the, Ex^ 
traSion of the Square Root. 
^g'^9' CorolL ( I.) Hence it is manifeft^ that the ^^rdlle- 

^ Icgrams about the Diameter of a Square^ (0 /, HK) 
are Squares. 

(%.), As likewije that the (Diameter of every Square 
hfeSs the Angles of it. ^ 

(i.) And that the Square of half of a Line ii a 
fourth (Part of the Square of the whole Line. For if^ 
that Cafe the ReBangles and Squares end in four eqUat 
Squares."] 

PROP. V. Theorem. 

^IS' irp a right Line (asJ^X) be cut equally in (R), and 
i JL unequally in (S)y the ReElangle contain d under '^ the 

upequal Parts (Q^S, SX) taken together with the 
Square of the intermediate Part (R S) Jhall be eqnal^ 
to the Square of the half {Q^R)- 

Ttg.zQ. \\JFpr ^H is the Re^angle under t]^ unequal ^artSi 
and L G th Square of the intermediate ^art^ and RIP. 
the ^Square ofhaU' the Line 5 and therefore^ hecaufe 
the Rectangle ^£ is equal to the ReBangle SF^ and. 
the reft of the Space is common to both^ the ^ro^fition 
is manifeft. / ; , . 

Let the Number .8 be divided equally^ that is^ into 
4 and 4, ^ftd tmequally into 5 and 3 . The Rectangle of 
5x3=15 together with the Square ixi=i fhall be 
equal to the Square 4X4=xid.] ^ 

P R O P. VI. Theorem! 

Ttg.c. i^jp ^ right Une (AS) be divided into two equal' 

X P^ts in (O, and to it a certain right Line (BF)' 

be adjoin d\ th^ ReSlangle contain d under the.wifQle 

. compound Line (AF) and the adjoined one (BFX takeft 

together with the Square of half the Line {CB^ finlt 

be 



/ 
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be equal to the Squarie of (C F) which is contpbundiA of 
half the Line A By and the adjoin d one. 



0. 



{For AN is the Re Wangle under tl^e whole compound Fig. zu 
Line and tb^ adjoined one j and KG the Square of half i 
th^Line AS 5 and CE the Squarp of tht Line corn- 
founded of half the Line AS, "and that 'which *was 
jadded. Wherefore becaufe the ReElangle HE is equals 
*ib the Re Wangle AK^ and th^ reft of the Space is com^ 
mon to bothy AN and KG is equal to CE, Q^E. D.] 

[If the Number 6 be divided into the two equal Varts 
3 and 3 $ and to it be added the Number 2 5 T'be Re- ^ 
Qangle of 8x2=;id, taken together with the Square 
%yL7,^=^^yJhall be equal to the Square 5x5=25.]. 

Coroll. Hence y with Maurolycus, with vnefingle Ob- 
fervation we learn to meafure the 'Diameter of the 
Earth. Let the Altitude of the Mountain Ai> be Tig. %%. 
known^ and AS the Line touching the ^arth be known 
by meafuringk Let the Line 7)E be cut into two equal 
^arts in the Centre C, and to it be added the Line AD. 
Now b^caufe the ReJElangle under AEyAD^ together 
'with the Square of DC, is by this ^rofojition equ0l 
to the Square of AC, that is, equal to the * Squares* Per t^.U, 
of the Lines AS^SC -^ from hence it follows, thaf if 
you tdke away on- both /ides the Square of CD or CS^ 
the ReSangle which is under A E, AD is equal to 
the Square of A Si. T'herSfore let the known Square 
of AS be divided by the known Altitude of the Moun- 
tain A D, and the J^iotient will give the Line A EL 
From which fitbtraB the known Altitude of the Moun- 
tain ADs the remaining Line D E will be the Diamfi^ 
ter of the ]Sarth. Q^E.I. 

PR6P VII. Theorem. 

I _ 1 

F a right Line (A B) be cut any inhere (as in C)^ %• 7- 

the Square pf the whole Line (A B) taken, together 

mth the Square of either of the Segments (A C) 'is 

eqUal to two Rectangles contained under the whole (AB),' 

and that Segment (AC)^ together with the Square if 

the other Segment. {CB). 
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Jig, 23. [2%r JBff 15 the Square of the nxihole Line^ and AL 

the Square of the ^art AC. Sut the two ReSangles 
under the whole Line and that Tart^ Ely H Ly toge- 
ther with G S the Square of the other Vart^ pojjefs the 
fame Space that ES and the Square of AC doth, 
therefore they are equal tq ES and the Square of A Q^ 
\Let the Number 13 he divided into any two ^arts^ 
as 9 and 4. T*he Square 13x1 3^=: idp, together with 
that 9Xj>=8i, is equal to 15x9=117, and 13x9=117,* 
and the Square 4X4=:!^.] 

PROP. Vllt Theorem. 

s 

%• ^* TF ^ right Line (LF) be divided into two equal Parts 
in (I) J and to it a certain right Line be adjoined 
(FO) ; the Rectangle {LIO) which is contained under 
the half of the Line (L I), and the Line (10) that if 
compounded of half the nforefaid Une^ and the Line ad*' 
join d ; this Rectangle (I fay) taken fottr times ^ togej' 
ther with the Square of the adjoin d Line (FO)y jhall 
be equal to the Square of the whole comfound Line (LO.) 

Tig, 24. \For AL is the Square of the whole Compound^ coir 

taining four equal ReSlangles under L I and lO (to 
wit, 2)R^S^R0y and the fourth made up of LR 
, and ^H added together) and with thofe four Re- 
Bangles the Square HE. From whence the "Profofi- 
tion is manijefi.'] 

{Let the Slumber ii be divided into 6 and 6 5 and 
the Number 4 be added to it. I'he four ReSangles 
iox(r==24o and 4x4=1^ are equal to the Square 

V 

P R O p. IX. Theorem. 'i 

r/^.9- JF ^ right Line {A C) be divided equally in (B) and ^ 
unequally in (F), the Squares of the unequal Parts \ 
(AFyFC) will be double to the Squares of half the 
Line {A B\ and of the intermediate Part (B F) 

• 

Ti^. 2;. {Let SE be equal and perpendicular to S A. From 

hence the ConfiruHion hei^ made^ as the Figure Jhews^ 

the 
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the Lines AS, SE, S C wiU he eoual : As alfi the 
Lines EGy GJP wilt be equal The Angles AEC^ 
ASE^ CSE, EG^y^^FC, will be equal ^ and the 
Angles AEB;SEC^CA, C^F, E^G half right 
ones. From whence the Square of A E will he double 
to* the Square ofAS^ which is half of AC-y and the*Ter^y,u, 
Square of E^ double to the Square ofG^ or S F 
the intermediate Line, . Sut the Squares of AE end 
E^ are^ equal to the Square of A^ that is, to the f By the 
Squares of AF and F^ or FC the unequal Tarts.^^"^^- 
dE.D.] , 

\^Let the Number ^i be divided equally into i ^ and ^ 
j6, and unequally into %o and tx. The Square j^o x :;o 
=400 with the Square 12X12=144, are double, to the 
Squares of; idx i<J=z 5^ and 4X4:=id.] 



PRO P. X. Theorem. 
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F a right Line (FI) h divided into two equal^k.^^^ 
Parts in (L), and to it a certain right Line {as 
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JO) he adfoina ; the Square of the whale compound Line 
(FO)y taken together with the Square oftfje additional 
Line {10)-^ Jhall be double to the Squares^ v)hich are 
defcrihed upon the half Line (F L\ and (L 0) that 
which is compounded of half the Line (Ft) and the ad" 
ditional Line. 

[^For a ConflruElion being fuppofed not unlike to the Tig. le. 
former 5 the Square of FEy is double to the Square * of 
the half Line FL^ and the Square of EG is double 
to the * Square of E ^<^ LO^ which is compounded of 
the half Line and the additional one. But the Squares 
<fFE and EG are equal to the * Square FG j that 1*5, •J^«r 47.7.1? 
to the Square of FO the whole compound Line 5 taken 
together with the Square of OG or 01 the additional 
*Zine. Q^E.D. 

Let the Number 40 be divided into 20 and 20, and to 
it let there be added the Number 14. The Square 
54x54=2915, wi>)& the Square 14X14=195, are double 
to the Square of 20X20=400, taken together with 

34x34=1 1 5<^0l 

Ea JROP. 
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(b) By the 
Conftruc- 
tion. 

c) Per 47. 
I. 
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PROP. XI. Problem. 

TO cut the given right Line (AB) in (C) foy that 
the ReElangle {A B C) which is contained under 
the whole Line and one Part, Jhall be equal to the Square 
of the other Part {A C). * 

From A ereft a perpendicular A F equal to A B. 

Bifea: AF in X. Draw the. right Line. X B 5 from 

the Line FA produced, cut off X I equal to X B. Then 

cut off A C equal to A I. I fay the Thing is done. 

For let the Square BAFS be perfefted 5 and a Per- 

pendicular being drawn thro'C, let the Reftangle FI LO 

be perfcSed alio. Becaufe FA is bifefted in X, and to 

it is added A I 5 there /hall be 

the Reft. FI A * 

4" = r^) to the Square of X I 

Square of X A 

That is, = to tbe Square of X B (f) 

That is,, = to the Squares of A B ? -^ v 

AX^W 

Therefore let there be taken away on both Sides the 
Square of X A 5 there will remain 

Reftangle F 1 A or F L 5 
= A S the Square of the Line B A. 
Wherefore again, the common Rcftangle A O being 
taken away, 

A L will remain equal to C S. 
But A L is the Square of the Line A C, feeing by 
the Conftruftion A C and A I are' equal. And CS is 
the Reftangle ABC, forafmuch as BS is equal to AB. 
Therefore theReftangle A B C is equal to the Square of 
A C. Therefore we have cut the Line A B, as it was 
required^ . ^ 



Scholium. 

^ H E Ten fijrfi Propofitions of this Book arc true alfo 

•^ in Numbers : But thi^ Eleventh cannot be exempli- 

fy'd in Numbers ; for no Number can be fo divided, that 

.th$ Pro^udl of the whole joiultiplied by one Part ihall be 

equal 
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equal to the Square of the other. The Force of this 
Se£lion of a Line is wonderful, for which fee Trop, xon 
lib. 6. ^ ^ 



PROP. XII. Theorem- 

J AT an obtufe-angkd Triangle (ACB)^ the Square rtg.11. 

of the. Side (4B) oppojite to the cbtufe Angle (C)y 
exceeds the^ Squares of the other Sides CAC^ CB)y by 
the ReElangle (B C F) twice taken j which fame Re- 
ctangle is comprized under (B C)j one of the Stdes 
containing the pbttfe Angle, and the hine (CF) which 
is intercepted betwixt the Perpendicular (A F) ^nd the 
cbtufe Angle. 

The Square A B is equal to the Squares of A I^?y^N , , _ 

But the Square of B F is equal to the Squares of F C, 
C B, with the Reftangie F C B twice taken (h). There- (b)P«r4.J.2. 
fore if you fubflitute thefe for the Square of BF 5 then 
the Square of A B is equal to A F Sqiliare 

iP C Square 
C B Square 
and Reflangle'BCF twice. 
But the Squares of AF, FC are (c) equal to theWJ?«'4-7. 
Square of A C. Wherefore this being fubftituted for '• '• 
them, ' I 

A B Square/ is equal to A C Square- 

G B Squarej 
+ Reaang. BCF twice.. 

PROP. XIII. Theorem. • 

IN any Triangle whatfoever (as ACS) the Square Tig. i^yi^. 

of the Side (A B) oppojite to an acUte Angle (C) is 
exceeded by the Scares oj the other Sides, (A C, C B) 
by the ReEiangle (BCF) twice taken; which fame 
ReEiangle is contain d under (B C) one of the Sides 
comprehending the acute Angle (C) ; and the Line (FC) 
which is intercepted betzvixt the perpendicular (A F) 

E 3 let 
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let fall upon the Side (B C)jxom its oppejhe Angle (A)^ 
and the acute Angle (C). 

ra;jp«r4.1.2. The Square of B C is equal to (^) the Reftan. B F C*^ 

(twice, C 
4- F C Square^ 
4" P B Squared 
fb;p«f47. jj^nd AC Square is equal to (*) CF Square? 

•'• +FASquareS 

Wherefore the two SBC Squ. ? are equal to Reft. HFC 
together cACSqu.S (twice 

iB F Square 
2 F C Square 
-|" A F Square. 
But the ReSangle B F C twice, together with the 
rc;PCT' 3. J*2. Square of FC twice, is ((?) equal to the Reftanglc 
BCF^ twice. Therefore this being fi^bftituted tor 
them, 

B C Squ. 7 are equal to the Reftang. B C F twice 
4- ACSqu.i + B F Square | 

4- A F Square. 

rJ;Per47. But the Squares of A F, BF are equal to (^) the 
^•i* Square of AB« Therefore this being .fubflituted for 

them, 

B C Squ.? are equal to the Rectangle B C F twice? 
+ ACSqu.S +ABSau. > 

That is, B O Square + A C Square do exceed A B 
, Square by the Re^angle B C F twice taken. 

Corollary, 

tig. IS- T^HE Propofition is true, altho' the Perpendicular 
-*• Valleth without the Triangle. And the Demonftra- 
tion is almott rhe fame. • , 

(O ^it 12. \^More briefly thus. ACq= (0 AS g + CSq + 
^^' 2 CS F. Add on both Sides CS q, then ACq +CSq 

0)Pers,1.2.=:ASq+zCSq + zCSF=^(f)ASq4'^SCF. 

(J;. E.D.J • 
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Scholium. 

URom this Propofiiion and the 47 th of the former 
**- Book, we have the Meafure of any Triangle what- 
ibever, Whofe three Sides are known, altho the Area, 
be altogether inaccrffible. For by the help of thefe 
Theorems, the Perpendicular is known, albeit the Im- , 
pediments of the Place fhould not permit us to mark it 
out. But note. That the Perpendicular, multiplied by 
half the Side^on which it fails, producetb the Area of 
the Triangle, as appears out of the Scholium of Fropo- 
pofition 41. lib. i. 

Let there be any Triangle (as ABC) haiving its Sides F/^.ijor 14,. 
known : It is required to give the Perpendicular A F, 
which falls from the given Angle A upon the oppofite 
SideCB. 

Take the Square of the Side A B oppofite to the acute 
Angle C, out of the Sum of the Squares of A C^ and ^ 

BC. By the ijith, the Remainder fhall be the R,e- 
flangleBCF twice taken. Divide half of the Re- 
mainder, that is, the Refiangle BCF, by the known 
Sjde B C J thence will arife t^e right Line C F. Take 
tne Square of the right Line C F out of the Square of 
A C. The Remainder will give (a) the Square of A F, ^f :^^^;J- 
'whofe fquare Root will give the Perpendicular A F. ^y, i x. 

This thing alfb tiiay b^ obtained out of Propofition 12. 
But the 13th fufficetn, forafmuch as in every Triangle 
t;he Perpendicular let fall from feme one of the Angles 
unto the oppofite Side, falls within the Triangle. 



PROP. XIV. Problem. , i 

i 

T\HE right-4ind Figure (QJIZ), being giveUy fo%i^. 
• make a Square equal to it. 

Make (^) a Reftangular Parallelogram CI equal torb^Pfr^/. 
the Reftilinear, QXZ5 the Sides of which Parallelo-'- ^• 
gram, if they fhail be equal, you have already made 
the ^Square which was requirea 5 if they be unequal, 
dcaw forth the greater Side I A unto L, until A L mall 
be equal to A C, Then bifedl I L in Z 5 from which 

£ 4 as 
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as from a Centre, thro' I and L defcribe a Circle, and 
let C A Jbe produced till it meets the Circumference in 
B. The Square of the right Line A B is equal to the 
given Reft angle QX Z. 

For let the right Line ZB be drawn 5 becaufe IL is 
cijt equally in Z and unequally in A 5 the 

fa;P^^.f.2. • I ^ A c^., k ^f® equal (^) to J&L Squ. that isi 

rb;Bythe -+-Z<A0qu.3 

Cooftruai- equal to (/>) ZB Square 5 that is, 

on. equal to (c) Z A Square 

IV. +AB Square. 

Taking away therefore on both Sides the common 
, ZAy, there remains 

Reel. I A L equal to AB^ 5 that is, 
Becaufe AC and AL are equal, the Reft. CI equal 
to A B Square, and confequently A B Square equal to 
Cd) By the the Reftilinear (i) QX Z . 

Conftru6ii- 



oa. 



Scholium. 



J^l/CZI^^B Conflruftion of this Problem requires 
•^ that the given Reftilinear be reduc'd unto a Reftan- 
gle, by yro/.45. /. i. Which Reduftlon being operofe 
enough, the Problem perhaps will piore readily be dif- 
patch'd after this manner. 

Let the given Reftiiinear be refolv'd into as many 
Quadrangles (X Z) as it can. Then to each Quadrangle 
(e) Ter Scho. (ej make an .equal Reftangle. If there remain,, as here 
f)Ve;Lh:i h^PPen^ one Triangle ^a^ to it alfo r/; make a 
)o^4.2./.i. Reftangle equal. Then, to .each Rectangle by this 14. 
1. 2. make an equal Square , and lattly, to allr thefe 
(g)P(^ProJ. iSquares let one equal one be made (g). This will be 

I Schl^fi equal to the given Reftilinear QX Z. 
47. '. I . ^ 
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BOOK III. 



TH F fundamental Properties of the moft perfeS * 
amongfl plain Figures are demonftrated in this 
Book. The Ufefulnefs of the Book is mani- 
fed by this one Thing alone, that it treats of a 
Circle, that abundant Source of admirable Things thro* 
the whole Mathematicks. The more famous Theoremt 
are i6y zo, 21, 22, 31, 32, 35, ^6. 

Definitions. 

i.npHQfe Circles are equal whofe Diameters or Semi- 
•*" diameters are equal. 

2. A right Line (F B) is faid to touch a Circle, whenF;^. 20./. 3. 
it doth To meet it in the Point (B), that albeit it be pro- 
duced it doth not cut it. . 

3. Circles are faid to touch one another, when they jvv ,j^ ,^ 
do fo meet that they do not cut each other. 

4. In a Circle the right Lines (BC, FL) are faid toK^. iS. 
be eqiri-diftant from the Centre (A), when the Perpen- 
diculars which are let fall upon them from the Centre 

(A O, A I) are equal. 

5. Segments or Portions of a Circle are the Parts into Fi^. 37. 
which the right Line (CE^ which cuts the Circle, doth 
divide it. 

6. An Angle in a Segment is that (BQ^C) which isF^.33. 
confain'd under the right Lines, which are dtawn unto 

one Point of the Circumference (QJ. frbqfi the Ends of 
thfe Segment, (B, C). 

7. The Angle (C QJ8) is faid to fland upon the Cir-H^. jj. 
cumference (BOC), as being oppofite to it. 

8. A Se- 
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%. !«• 8. 'A Seftor is that Part of a Circle which is contained 

by two Semidiameters, (as A B, A F) and an Arch • ("as 
B F or B C F) intercepted betwixt the Semidiameters. 

PROPOS,ITION I. .Problem. 
Jig. I- /. z.nr^O find the Centre of a given Cinki 

Let the right Line (B C) be drawn in the Circle at 
random, which bifeft in Q, Thro' (J^draw the Per- 
pendicular L F, which bifeft in A. A /hall be the 
Centre.^ 

If you deny it 5 let the Centre be O, which is with- 
out the right Line FL (for in FL it cannot be, foraf- 
much as this Line is divided every where unequally but 
in A): and let there be drawn BO, QO, CO. Be- 
caufe therefore you fuppofe O to be the Centre, BO, 
CO, muft be equal ^ and the Triangles BOQ, COQj 
tnuft be equilateral to each other 5 feeing by the Con- 
flruftion B Q.and CC^are equal, and QC) is common. 




Corollary* 

'PRom what hath been demonftrated it appears, that 
-*• if the right Line (L F) cuts another rlgnt Line BC 
. into two equal Parts and perpendicul^ly, the Centre is 
in that Line that cuts the other. 
^g* 2* The Centre of a Circle is very eafily foun d by a Square 5 

the top of it ((J^) being applied to the Circumference : 
for if the right Line DE joining the Points D and E in 
which the Sides of the Square cut the Circumference, 
be bifeaed in A, (A) ihall be the Centre. The De- 
monftration whereof depends, on Trof. ji. /. 5. 
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P R O P. II. Theorem. 

IF in the Circumference of a Circle there be taken fWQ %, »• 
Points (B and C) the right Line which is drawn 
thro' them Jails entirely within the Circle. 

Zict there be taken in ,the Line B C any Point what- 
foever, as O, and from the Center A, be drawn A B» 
A O, A C. Becaufe A B, A C are equal, the Angles al-^ 
fo B and C are (a) equal. Becaufe therefore AO C is {z^Ters.lu 
(i) greater than the internal one B, it fhall be greater fW Per CbwZ. 
alfo than C.^ In the Triangle therefore O A C, the Side If^^ 3^- 
A C fubtending the greater Angle AOC, is (<;) greater (jJPeri^ 
than the Side A O fubtending the lefier Angle C. See- 1 r. 
ing therefore A C reaches no farther than from the Cen- 
tre to the Circumference, A O fhall not reach fo far. 
Therefore the Point O /hall fall within the Circle. The 
fame thing may be fhe^'d of any other Point of the 
Xine BC. Therefore BC falls wholly within the 
Circle. 

The Propofition is alfo manifeft from the very No« 
tion of a right Line and a Circle. 

Coroll. Hence it follows^ that a right Line touching a 
Circle y touchetb it in one Jtngle ^oint only. For if it 
touched the Circumference in two Joints ^ it would be a 
right Line drawn thro^ tw$ Joints of th.e Circle^ and 
confequently would fall within the Circle^ contrary to 
the definition of a I'angent. And hy the like Reafon^ ^ 
ing (in faffing from Planes to Soltds) tt might be prov*d^ 
that every ^lane touchetb a Sj^here only in one Toint. 

PROP. IIL Theorem. 

IF in a Chcle a ri^ht Line (BL) drawn thro* thelig. j. 
Centre bifetis another (CF) not drawn thrv^ the Ven* 
trCy it will cut it perpendicularly. And if it Cut it per^ 
pendicularlyy it will bifeEi it^ 

Part I. From the Centre (A) let there be drawn AC, 
AF. The Triangles X, and Z are equilateral to eaA 

other. 
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other. For C O, F O are by the Hypothefis equaJ, and 

A C, A F are fo, becaufe drawn from the C entre j while 

AO is common to both. Therefore the Angles A O C, 

fa)Pflr8,l.i. A OF are Xa) equal. Therefore right {h) ones. Which 

ih)Perief. ^as the firft Part. 

'** ' '* Part 2. Becaufe by the Hypothefis A OQ A O F are 

fc) Ter 47. equal Angles 5 A C Square fnaU {c) be equal to the 
•'* Squares of A O, OC together 5 and A P Square equal 

to the Squares of A O, O F together. Sccang ttercibre 
* the Squares of A,C, A F are equal j the Squares of A O, 
OC together wiU.bp alfo equal to the Squares of A O, 
OF together. Wherefore- taking .away the commoit 
Square A O, the Squares of O (% O F remain equal. 
And therefore the right Lines: DC, OF are equal. 
Which was the other Part. 

Coroll. (i.) Htnce in every equilateral Tria9?gle^ and 
in that alfo 'xhich is only an Ifofceles, a Line "jobiah 
falliifgfrcm the 7*op of the Angle^ hiJeSi the Safe^ is 
ferpendicnlar to it. And on the contrary^ a Line which 
falling from the T'op of the Angle is perpendicular to the 
Safe, doth t.fe£l it. 

(2.) IIe77ce it fcllou'Sy that half cf the Chord of every 
Arch^ is the right Sine of half the Arch. 

PROP. IV. Theorem. ^ 

^^•4> T' X "^ ^^ ^ Circle two rjght Lines (B C, FLymt drawn 
J^ both of them thro* the Centre j cut each other-, they 
cannot hifeEl each the other* 

It;r,S' For if one of them L F pafleth thrp' the Centre, it is 

manifeft that it fhall not be bifefted by B C which doth 

not pais thro' the Centre. 
11^.4. If neither of them pafles thro' the Centre, from the 

Centre A draw A O. If now B C, PL were both bifec- 
(d) By the ted in O, the Angles AO C, AOL would (//) be right . 
foiegolng. Angles, and conkquently equal 5 the Whole to a Part, 

which is abfurd. 

P R O P. V, VI. Theorems. 

^^v^> 7. ^^ Ircles ctttting each other^ or inwardly touching one 

V^ the, other i have not the fame Centre* 

For 
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For if it were.otherwife, the right \LiiVe*' A % A C F, 
drawn frotn tfhc common Centre.A, would be €^ual ^ and 
A C would be equal to A-F a Part to the whole, be- 
caufe they are both equal to A B- Which is abfurd. 

'' ' ' ' . ■ .. 

PRO P. VII. • Theorem. 

i F in a Circle there be taken any Point hefides theCen-^^g- 8, 
-■■ tre (A)^ as the Point (C), and divers Hght •Lines' 
fall from thence unto the Circumference (as C By CL^ 
CO.CF), 

1. (CB) which pojfeth thro^ the Centre mil Be the 
greatefl. ^ 

2 . T'he remaining Part of the Diameter (C F) willie 
the leaft, 

3. Of the refl that will be the greater ^^ which is 
nearer to the greatefl. 

4. And no more than two' equal Lines can he drawn 
from the faid Point (C) which is different front- the Cen-- 
tre^ unto the Circimference* ' * 

Part I. Let A L be drawn from the Centre A* Be- 
caufe AL, AB are equal, the comtoon Lin^ AC being 
added to each ; AC an^ AL together are equal to CB. 
But A L -f- A C are greater than L C {a) Therefore C B (a) Per 20; 
is greater than LC. In the fame manner BC will be** '• 
fhew'd to be greater than any other. 

Parr 2. Frojm the Centre A draw AO. AO Cvhat is 
A F) is lefs. than AC, CO {h). Therefore taking away cb; By the 
the common Line AC, CO remains greater than CF/anie. 
In the fame manner CF is prov'd to be left than CO, 
or any other. 

Part 5. In the Triangles COAj CLA, the Sides LA^ 
AC, are equal to OA, AC, each to- each. , Bat the 
Atigle L A C is grearei- than, the Angle O A G. There- 
fore (c) the Bafe L C is greater than the Bafe OC. W Per 34. 
- Part 4. This is m^nifelt ftom what goesijefcre. For • '' 
if there could be three drawn equal, GO,CI, CQ^, . 
there. would be two on the fame Side e^ual': Which is 
contrary to Part 5* '. ; ' ^ 
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Coroll. Sy the like reafoning Theodofiut gathered^ 
that of the Archer of great Circles drawn ufan the Sur- 
face of a Sphercyfrom any Voint diverfefrtm the *Pole 
of a certain Circle^ unto that Circle^ thegreatefi is that 
nvhich fajfeth thro* the ¥ole of that Circle^ the leajl^ 
that which is drawn unto the offojtte Voint 5 a72d of the 
refti that is the greater which ts neareft to the great eft 5 
as aljb that no more than two equal Arches can be dranvn 
from that Voint unto the Circle. And in the like manner 
may the Reader reafon of himfelf on feme other of the 
^rofofitions of this Book 5 it being very eajy to fafi 
from Planes to Solids in thefe Argumentations. 

PR O P. VIIL Theorem. 

i%.9, 10. TT p from a Point (A) taken without a Circle ^ there ifcc 
X drawn unto the Circle the right Lines (A B^ AC, 
AF)or(AO,AQj AR); - 

1 . Of thofe which fall upon the concave Circumfe* 
renccy the greiaefl is (A B) which pajfes thro the Cen- 
tre (Z). 

2. Of the refty that is the greater^ which is nearer to 
tht greatefi (A B). 

3. Of thofe which fall without the Circle ^ or upon the 
convex Periphery^ the leafl is (AO) which being pfo- 
duced^woulJ pafs thro* the Centre Z. 

4. Of the reft, that which is nearer to the leafi is lefs 
than that which is farther off. 

5. No more than two equal Lilies can be drawn unto 
thi Circumference from the fame Point (A)y whether they 
fall within the Circle^ or only without^ 

ji^. Part I. From the Centre Z draw Z C 5 becaufe Z 6, Z B 

* are equals the common A Z being added to each, A Z 

(t) ferxo. + Z»C are equal to AB. But A Z + Z<C are {a^ 

'* I* greater than A C. Therefore A B is greater than A C. 

In like manner A B will be /hewed to be greater than 

Any other whatfoeven 

rart2. DrawZF. In the Triangles A Z C, A Z F, 
the Sides AZ» ZC, are equal to AZ» ZF each to 

each; 
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eachf but the Angle AZC.is greater than AZF, 
therefore the Bafe A C (^) will be greater than the WTerz^u. 
BafeAF. ^. ^ . 

. Part 5, Draw ZQ. The two Lines AQ, QZ arer/^,o., 
greater than A Z (c)^ Taking away thereforcthe Equals W^*''^©-^!* 
Z O, ZQ, thiD^ remains AQ^ greater than AO. In 
the lame manner A O is prov'd iefs than any other. 

Part 4, Draw 2R. The right Lines A CL, QZ ard 
Iefs th^n AR, RZ (//); therefore the Equals, ZQ^, ZR(d}P«ni./.t. 
being taken away, A R remains greater than A Q. 

Part 5. This is manifefl from the four foregoing. 

PROP. IX. Theorem. 

IF from fome Point ivithin a Circle (as A) more Tig, i^- 
than two equal right Litres can be drawn unto the 
Circumference ; that Point is the Centre. 

This is manifeft from Part 4. of Propofition 7. 

PROP. X. Theorem. 
Ircles cut each other in fwo Points only. f^. ti. 
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For let them cut, if it may be, in more (B, C, F.) 
From A the Centre of the Circle L Q^, let there be 
drawn to the Points B, C, F, the Lines AB, AC, AF : 
thefe will be equal. Beckufe therefore from the Point A 
within the Circle OS, there are drawn three equal 
Lines A B, A C, A 1^ unto its Circumference, A muft 
alfo be the Centre (a;) of the Circle OS. Therefore (a) B7 the 
the Circles L(X» OS, which cut one another, have the^'^^^*"^' 
fame Centre. Which contradicts Proportion 5. 

PROP. XI. Theorem. 



^ 



IF two Circles touch • each ether inwardly^ a right ^'^^"^ 
Line drawn thro^ their Centres (A and I) fajfes 
thr^ the foint of Contact (/?}•• 

If you deny it, let the Centos hare, if it may be, 
that Situation that a right Line pafling thro^ them (hall 

a fall 
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fall without the Contact B» cutting the Circles in O 

and L. Let the Centers be A and Cf and join A B, 

CB. Becaufe therefore CB, CO are equal, the com- 

moii A C being added to each of them, AC -f- C B 

Ja; -Bet 20. fljaii be equal to A O. But A C, C B ire (^) greater 

(b) By the ^han AB, that is, than AL (Jf). Therefore alio AO 

Definition oY is greater than A L, a Fart than the Whole. Which is 

• Circle, abfurd. 

PR OP. XII. Theorem. 

H^. »4- TT iP Circles touch one another on the out-fide^ a right 
j^ Line which joins the Centers muft fafs thro^ the 
Point of ContaSl- 

If it be denied, let the Centers be fo placM, as for 

Inftance in A and B, that the Line pailing thro' them. 

fhall not pafs thro' the Contact S, but cut the Circles 

in O and Q^ Let the Points A S, and B S, be joined. 

(c) Per 20. Then AS, BS together will (0 ^^ greater than A B. 

J. J- But A S is {d) equal to A O, and B S equal to B Q^ 

y fiction of Therefore AO and BQ^ together will be greater than 

a circle. A B, a part than the whole. Which canno^ be. 

[Coroll. A right Line dra'wn from the Centre c^one 
cfthe Circles thro* the Toint ofContaEt^ mllfafs 'thro* 
theCefttre of the;, other.'] 

PROP. XIIL Theorem. 

Fi£-is,Sc f^ Ircles touch hth one another y and aright Line^ in 
' * , V^ a Point oyily- 

Ttg. 1^. For let two Circles touch one ai&other inwardly in a 

Part of the Circumference L C, if it may be : Then a 

(e)Perii.i.t."g^^ ^^"^^ drawn thro' the Centers A and B will (^) 
* pais thro' the Point of Contaft, as in C. Let there be 
drawn alfo A L, B L. Becaufe therefore B L, B C are 
equal (for they are drawh from the Centre B unto the 
Circumference O L C) the common Line A B being ad- 
ded, A B, BL fhall be equal to A C. But A C is equal 
to A L, for they are both drawn from the Centre A un- 
to the Circumference LQ^C. Therefore AB, BL are 
equal to AL, contrary to Tro}. 2O1 /. i. 

I Then 
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Then let tjbe two Circles tqu^h one ^mother ori thc^'i- *^* 
outfide, in the Arch OL, if it may be. The right 
Line A P joining the Centers will pais thro' the Point 
of Cpntafl {a\ as in O for Inftance* ^ Let A L,' P Lj bc^a) itr la; ' 
^rawn. The two Sides of the Triangle A L, PL, will'- 3- j 

be equal to A O, P O, or the whole A P j contrary to . | 

^rop. 20. /. I. i 

Lafilv, let the right Line BF and the Circle touch ' 

each otner, if it may be, in fbme Part (C £) : Let there ^ 

be drawn unta the Centre the right Lines C A, £ A^ 
The Lines C A, £ A will then be equal : And there- 
fore the Triangle G A £ is an ^fofceles* Wherefore the 
Angles C and £ (h) are acute. And therefore a Perpen-fb) TerCml 
dicular let fall wttto B F ftom the Centre A, will fall be- "-^"ip- ^^. 
twixt E and C, (c) as for Inftapce in D. There willl'Jp^f;^^^;^ ' 
therefore both A C and A£ be equal to the Perpendi-j.ProjfiSa/ 
cular A P ; which is abfurd, add contrary to CorolL i^J- ^' 
/. J2. and^xo, ^rof, 47. L i* 
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Coroltary* 

/^Ircles whofe Center^ are in the fame right Line, andp?^. if. 
^ which cut it in the fame Point B, do touch one 
another in that Point only. 

This Propofition is manifeft from the yery Notion of 
the Lines which are compared togethen For neither 
can a right Line and the curve Circumference of a Circle, 
or the divers Curvatures of unequal Circumferences, or 
two Curvatures both convex, agree as to any Part of 
thethfelves. £ut they would agree, if they touched 
one another id fofne entire and proper Part. 

PROP. XlV. theorefti. 

I Na Circle equal ri^ht Lin^s (BCt L F) Are equaUrtg, iS. 
ly di ft ant from the Centre {A). And ivhat Lines are 
^fui'difiahtpem the Centre are equal. 

From the Centre (A) let there be drawn (AC, AF.) 
Likewife (A O, A I) at right Angles to B C, F L. Thus 
BC» PL (hall be bifefted {d) in atid I. W Per j. /. j; 

t See. 
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Seeing therefore the whole Lines BC, FL are fup- 
pofed equal) the halves alia O Q, I P muft be equal j 
and coniequently the Squares of thenl are alfb equal. 
Seeing therefore the Squares of A C, A F are equal, and 
the Square of AC is equal to O Cq and O A q, as alfb 

(a;?er47.^.i.the Square of A F is equal to, I F q, and I A q (^) : It 
. follows that the two Squares OC q, O A q are equal to 
the two Squares IFq, 1 Aq. Wherefore taking away^ 
the Squares of O C, I F (which before were fliew'd to 
be equal) the Sq^uare of O A remains equal to the Square ' 
of A I. Therefore the Perpendiculars OA, A I arc e- 

(b) jPori^. qua!. Therefore (h) BC, FL are equi-diftant from 

4«'-5- the* Centre. Which wa$ the firft Part. Then for the 
Gonverfe of itj 

If the Diftances O A, A I are fuppofed eaual, then* 
the Squares of the equal ri^t Ii.ines being taxen away^ 
by the fame flatiocinsitipn it will be fhew*d, that tbb 
remaining- Sq[u9res OC<]^ I Fa are equal, and confe- 
ouently that the right Lines Oo, I F are equal 5 which 

•Per 3. J. 3. teeiifig they are * halves of the right Lines BC, FL, 
thefe alfo muft be equal. Which was the fecond Fart. 

PROP. XV. Theorem. 

Ttg. i^. /^ F right Lines infcribed in a Cinte^ the p-eatefi is 
^ \LA ^*^ Diameter; an'ddfthe refty that is the great" 

ejf^ which is the nearejf to tipe Centre. 
» ... 

Let there be any Line, as R S, difiercnt from the Dia- 
meter FL. From the Centre d^raw AR, AS. Th^ 
two AR, AS, which are equal, to the Diameter, are 
(c)Pflr23. (r)greater than RS. Th'ei'efor'e, ^C. 
'• *• Then let B I be nearer to the Centre than X Z. From 

the Centre unto theni draw the Perpei)dicula«6 A C, A (T 
(d)Pfrief. A Q^fhall be greater (d) than A Cf. Take therefore A O 
4'- 5' equal to AC, and thro* O <^raw R*S. perpendicular to 
(e) Bjrthe A O, which {e) will be equal to BI5 and let A R, AS> 
ioregomg. ^ ^ ^^ j^^ j^j^y Becaufe therefore A is the Centre, 
the Sides AR, AS .fliall be equlal to AX,- A Z. But 
the Angle R A S is greater than the Aqgle. X A Z. 
Therefore the Bafe R S, that is, BI, is^ifeater than the. 

vi; 

PROP. 
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Kigbt Line. (If) which Mn^. drawn thr6 iJip%-»o* 

P(^ntC£^fr,^e; E^trm^ ofi£e piametjer(C B); 

' is petfendicular thereto, falleth all of it' without titft 

Ctrcie^ andtoithi^h it Jtf (B)^ NeUker iantbHe,^ 

i^^e Line- Be dyawntetwixt ir^ and\tk6€ircy mm the 

Poif» of emii0(B'), ht itpaUmtk&nle. 




«. t ■ . » '1 



' Jart. I, ti^t tliere be takeh iri-tlitf iiDe f ft F'^ny ^5iht' 
li, urito which fibm' th]^ 'fie'tttre^ A rfii^Ttlie Lin6 Al^-: 
Becaufe ih Triangle A B L,. the &ti^6 ABL is a rfght 
toe; by thd Hy pptfeefis, ALB ftiall'be icute (a). Thereof a) TerCmn, 
^re A L whicn is pppoiite %b tWgriJatef Angle RwiUV.^ 3»-'- »• 
^e greater th'anA'B'which is bt)p<Jme to'thelefler Angle 
1^(by BuVAB'r&cKe'th dnly^td the Circumference. WP^r 19. 
Therefore A L* ftiall reach beyond the Circuttiferencej^'*' 
ind confequehtlyi&ll without the Circle. ^JiThicb ^a^ 
tbe lirff Part: ... - 

, Part i^*, Bclo^il^ Bl^. if it ih'aV W,' Ifet A. B fall wholly 
withpUt the ;Qrgi^^^ Becaufe fBA is a right Angle bj^ 
die Hypothcfis,' R ft A will, beacut^, and therefore 
A ft is not jperpeiidicular toftBl.. Therefore let there! 
6e drawn m)m the Centre A toBft the ^ei'pendicula& 
AO* which (r). will fait towards R, knd cut the Circle WP^rOwH. 
in<J^ Therefore AB whicli is <Jt)p6fite to the greater ^•/'''^' 5*' 
Angle A O B, is greater thaii* AO; which is oppofite' to ' 
the lefler, to wit, the acute Angle O B A. But A B is 
equal to A Qj therefore A QL ^1^^ ^^ greater than A O, 
a rart than the Whole. 



CorollaVy* 

f.tf firiceit appeiri again, that the Cohtafl: of a right n^. 2«. 
-■•^ Llrt6 a^a a circular one, ii oi|iy in otit Pdlhrl 
2. if from* Cenrto takeri in tlie fatne right ILine infi-'% tj. 
liftely protrafted, there be deibib'd thro* B^ inflnitb" 
Circles, ii vreU lefli^ than the firflr B8C, m greater 5 

P a they 
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they fliall all touch the right Line I F in the fame one 
l^oint B. 

;. Grdes therefore growing into an Amplitude grea- 
ter than any given one, approach always, even unto In- 
finity, nearer and nearer to the Tangent, but are never 
join'd to it, otherwife than in one^migle Point of Con- 
taS 5 which thing altho' it be moll evident/ is yet truly 
admirable. 

J%- '7* 4. From thefe Things it is manifeft, that every geo^ 

metrical Line whatfoever is infinitely divifible. For let 
there be drawn fi-om fome Ppint of the Diameter unto the 
Tangent the right Line A Q^ Infinite Circles having 
Centres in the right Line, B A infinitely produced ^ touch 
the >right Line I F hyCdr'olL 2. of this, and one another 
by CofolLf. 13. in one and the lame Point fi j and coi> 
iequently are no where join*d either amongfi themfelves^ 
or with the right Line IF, but in the roint B only^ 
Therefore it is neceiTary that they divide the right Line 
A Q^into infinite Farts, that is^ into Parts exceeding any 
. Number affignable. . . • 

^^- ao- . 5. The Angle of Contineence or Contaa LB Q^, (that, 
to wit, which is contained under the Tangent and the 
Circumference) cannot be divided by ^ny right Line. 

^^' '7- 6, Neverthelefs by Circumferences touching the Line 

I F in the fame Point, it ^ay be divided' and dfm!ni(hed 
infinitely. And in this and the third Corollary lies hid 
the whole Myftery of ,Afyitiptote$, that is, of a right 
Line approaching, un^p apHyperbolk, together with it 
felf infinitely produced, unto a Diflance lels than any gi* 
ven one, yet never concurring with it. 



PR O P. -X VII. Problem. 



\ 



Tig* if. TT^ Rom a given Point (E) to draw a right Line which 
f Jhall touch a given Circle (0 Q^). 

From A the Centre of the given Circle let there be. 
drawn unto the Point B the risht Line A B, cutting the 
Periphery in O- From the Centre A defc'ribe thro* B 
another Circle B C, and fi^om O draw O C perpendicu- 
lar to A B, which may meet the ^ther Circle in C» 

Draw' 
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Draw C A meeting the Circle OQ^in L The right 
Line drawn from d onto I will touch the Circle O Qi 

For fince the Sides B A, I A/ are equal to the Sides 
C A) A O, and the Angle A contained betwixt the equal 
Sides in the Triangles I A B, O A C, is common to both;' 
the Angles A OC« A I B are alio {a) equal, mierefore (a) iVr 4 jl u 
A I B is a right Ahgle. For A O C is a right one by 
the Conftruaion. Therefore B I (*) touchetb the Circlen>) ^^ »^. 
in I. '•'• 



Scholium. 

T> Y the 31ft of this Book, from the given Point O, afig. a;.* 
■*-^ Line touching a given Circle (BiCL^ °**y ^^ ^^U 
drawn thus: 

Let the risht Line joining the given Point O and the 
Centre A be bifeaed in P. Then from the Centre P thro" 
A and O defcribe a Circle, meetmg the given one in B . 
The right Line O B will touch the Circle. 

For AB being join'd, the Angle ABO in the Semi- 
circle is a right one by ^rof. 31. Therefore by Trof. 
't<$. O B louche th the Circle B Q. 



I 



PROP. XVIII. Theorem. 

T* a right Line (C L) touch a Circky a right Line Fig, iS; 
,^ (A B) drawn from the Centre (A) unto the Point 
cf ContaSi (B) is perpendicular to the 7angent. 

If it be denied, let fome other right Line (As A F) be 
Ae Perpendicular from the Centre A. This- will cut the 
Circle in O. Becaufe therefore the Angle A F B is fup- 
pofed to be a right one, A B F (e?) muft be acute. . Thcrc-(c) T» cml 
fore A B (that is, A O) is greater than AF {d\ a Pwrt^^jW*/^'- 
than the Whole 5 which is abfurdt }. i. 



F S PROP. 
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PR Of. ^|X,- Thc0re<n. 

a^ • T JT /f iz«^ CjB C) ijotufj ibfi Circle^ and from the Poix^ 
Jt ,f^ Qontqii {4) ^^^ ^^ rifis'd{AI) ferpendicular 
$^ ths T/»^€int9 th Centre mil be in that Perpeifi4icui^* 

If you deny it, let the Centre be without A I in Z $ 

and irom it let there be drawn unto the Contaft tho 

(t) By the Line Z A. The Angle ZAC will be a right one (a)^ 

ioregoiog. and therefore etjual to the Angle I A C» which by the 

Hypotbefis is a right one 5 that is, the Part will be equal 

to the Whole, which ^ abfurd* 

PROP. %%. Thecvem.' 

T^l'l<^*l^Jir^HE, Angle at the Cenir^ (B4C) is double to 
3*- JL the Angle (B FC) inhich is at th Circumfirfincie^ 

viben tie/am Arch{B C) is the Bafeiofthe Angles. 

71^.50. Here are three Cafd$« la the firfl Cafb .the Si4^ 

B A, B F coincide. And then becaufe A F, A C drawn 
from the Centre are equal, there will be in the Triangle 

(b) Per 5.J.I.Z, the Angles F and C equal {b). But B A C is equal 

fc)P«r 32. to the two Angles F and C (c). Therefore B AC is 

>»• double of F. ^ 

31. Id die fecond Cafe B A, C A fall within B F, C F5 a»d 

then FAX being drawn, XABbytbe firfl Cafei^ 
double of X F B, and X A C double of X F C Thcre- 
' fore tjhe whoJe B A C is double of l]Jie wlxote B F C, 

r^. 3a. ; I» ^^^ '^'^^ ^^^^> B F cuts A C, ^d the Angle B A-C 
16 without rhe Triangle B F C. Here let F A L be drawp. 
By tlie (irfl: Ca£b the yAipXc L A C is (Rouble of the wholes 
L FjC, and ^ A ^ taken ^way is double of L F B tak^ 
away. Therefore the remapping Angle B A C is allp 
double of the remaining one B F^C, ^. E. fZ>. 

Tig.j^. [Corollary, Hence ive gather that he Sides of every 
Triangle are to each'other as the Sines of the Angles of^ 
fofite to thofe Sides reJpeQively. Let EFG be any Tri- 
angle'^ ahout ixJbicb let a iJincle he underftood to he cir- 

(d)lersJ^*ctimfiriyd (d)i and from the Centre of the Circle^ let 
there he let down the Perpendiculars . AS^ AC^ AD^ 

which 
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*ajhicb 'milt *HfeSr the Su'htenfes. Now as E F is to* ^^S'^'S- 
JEG.fo^ EF(tUt is, ES) to I EG (that is, EfD.) 
Sut ES is the Sine of the Angle f ^ JE, that is, oftffrCma.%. 
half the Angle EAF, thdt is, of the whole Angle^'^''^- 
JSGF*o}p'i^tei to the Side EF-^ and E2) is the Sine* ^^^o.l^- 
of the Angle EA5D, that is, of half the Angle EAG^^ 
that is, of the whole Angle EFGy which is opfofiteio 
the Side EG. "therefore EF is to EG, as the Sine of 
the Angle EGF, is to the Sine of the Angle EFG. 
Q.^.h. And from this one ^ropo^tion a great ^art 
^Trigonometry is deduced. Which 7%ing will le 
worth our Obfervation. 

CoroU. (%,) From the former Corollary we learn tort^.Bs.li: 
meafure the Dijlance of the Moon. For Agronomical 
Ohfervations giving us the Angle of the diurnal Taral- 
la^*SCA, we find out the 0ifiance of the Moon iy • Cmil i6. 
the following Proportion. As the Sine of the Angled* }^'^'^' 
ACS is to the Sine of the Angle ASC-y fo is the Semi- 
diameter of the Earth S Ay mto the Moon^s Diftance 
AC. Q.B.L 

Cordll. {%.) From the fecond Corollary we learn alfo to^ig. s^ 
meaJUre the 2>i fiance of the Sun. For there being given 
hy Afironomical Obfervations the Angle of the menfiru- 
al Parallax, (namely, that is)hich is nutde when the 
Moon appears frecifely bifeSled) or the Angle Z EO^ 
0nd together with this Angle the Mooris l>i fiance ZO-h 
we find the Di fiance of the Sun by this Analogy. As ' 
the Sine of the Angle ZEO^ is to the Sine of the Angle 
JBO Z 5 which Sine w the Radius : So is Z O, the Moon^s 
^)i fiance, unto ZE the 7)ifiance of tU Sun. Q: E. I.] 

PROP. XXI. Theorem. 

* 

THE Angles (Bj^C, BFC) which nt a Cireie¥igii: 
fland upon the fame Arch (BOQ'i w inhtch are 
in the fame Segment. (B Q_S C) are all equal among 
thvnfehes. 

Let firft the Segment BQ.S C be greater than a Se- 
fhicircle. From the Centre A draw AB. AC By 
the foregoing the Angle B A C at the Centre is double 
of each BQ.C, BFC. Therefore they lull, BQ.G, 
B F C, are equal (*). ^ -E. ». ^^-) '«' "^ 
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^^* 34-; Then let the Segment B Q C be equal to or lefs thap 

^Semicircle. In the Triai^es BQJ, CFI, becaufe 
the Angles vertically oppofite at I are equal {a)y tlio 
JY*' >f. s^^n of the reft, Q^and R, will be equal to the Sum pf 
^)PerCmll the (b) reft, F and O. Wherefore if from thefe equal 
io.f3i.f.i.3ujQ3 there be taken away the Angles R and O, whic^i 
by the firft Part are equal, as {landing upon the famp 
Arch QF, the Angles whigh remain Q^ F, muft be c* 
qual. ^E.D, 

Coroll. Hence 'voe gather in Qpticks that any Line 
S C af fears to the Eye f laced any where in the Circum- 
ference of the Circle^ hxhercof the Line is a Chords of 
the fame Magnitude j to tjoit^ hecaufe it appears every 
'^here Under an equal Angle S^C. 

[Schol. If of two eqtial Jnglesjlanding upon thefam^ 

^rchj one of them he at the Circumference^ the other 

aljb will he at the Circumference. 

%U.3»3^ V^^^ he denied^ S ^J^ fball either he equal to the 

Angle S IC on this Side the Circumference ^F\ or to 

the Angle SECj which is beyond the faidCircumfp- 

(c)FerC9rollrence. Sut the Angle SIC is (c) greater^ and the 

I.^ 32. /. I. jj^^i^ SEC(c) is lefs than the Angle S ^C. 2*herc- 

fore^ £?c.;j 

PROP. XXII. Theorem. 

^i' V* . T ^ ^^^ Quadrilateral infcribed in a Circle {A B 
X^ CP) the oppojite Angles make two right ones. 

r 

Let B F, C A be drawn, The Angle ABC with th^ 
(d)P«r5i.l.i, (i) two O and X make two right Angles. But O is 
{eyPftri I.J.3. equal to I (^), becaufe it (lands upon the fame Arch 
B G : And again X is equal to Z, becaufe it flands up- 
on the fame Arch AB. Therefore ABC taken toge- 
" ther with the two Angle? I and Z, that is, with thq 
ivhole oppofite Angle AFC, makes two right Angles. 
^ JB. fZ). 

[Corollary, (i.) Hence if one Side of a ^ladrilateralde^ 
fcribed in a Circle beproduc*dj the external Angle will be 
equal to the oppofite Angle qfthe ^adrilateral j for the 
Internal added to either of them makes two right Angles^ 
(2.) Likewife a Circle cannot be defcriPd abotit a 
Rhombus y becaufe its oppofite Angles either fall Jhort of 
' or exceed two right Angles. 
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(3.) Likemfe if in any Quadrilateral ASCF the 
epfofite AngU% F and S are equal to two right ones^ 
a Circle may he defer ihed about it. For (a) a Circle mill {^)^er 5.}.^ 
fafs thro^ any three Angles C^F^A^ and this fo that 
the ^ fourth he equal toS^ which cannot he^ unlefs ifieniJ.}: 
4oth indeed fafi thro' the Toint S\ . I'berefore it doth t P«r ScM. 

$HfS thro' it.'^ ir.aij.i. 

PR O P. XXIII, XXIV. Theorems. 

AR E not necejfary ; and they treat of Jimilar Seg^ 
mentSy which cannot rightly be defaid without 
Proportions. . ^ 

PROP. XXV. Problem. 
f I ^0 perfeB a given Arch (ABC). H^.j^. 

Let there be fubtend^d at random the two right 
Lfiiies A B, C B f which bife^l in I and L. Front I and 
L raife Perpendiculars meeting one another in O. This 
ihall be the Centre of that Circle whereof ABC is a 
Portion. 

For {b) the Centre is both in the Line I X, and in the (W ^»0^ 
Line LZ. Therefore it is in their common Point O. ^'''''J* 
^ The Pradice. From the Centre B taken in the Arch 
defcribe a Circle : and with the fame Interval from a- 
ther Centres in the Arch defcribe two other Circles, 
each of which cuts the former twice. Two right Lines 
drawn thro- the Interfedions,, and crofling each other in 
O, will give the C^ntr^. • 

P R O P XXVI, XXVIL Theorems. 

ITSr equal Circles equal right Unes (CE,FI)fubteni^*g^Z7' 

equal Arches; and if the Arches are equal j the 
Subtmfes are alfo equal* • 

Thefe Two Propofitions gre plainly Axioms, a^d 
peed no Pemonftration, ' . ) 

[Goroll... 
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F«•J^ [CoroU. (t.yifin 4 Circle ASC7) the Jrcb ^S 
he equal to the Arch iDC t AT) mil he parallel to SC 
Far AC heing dra'wn^ the Angles ACS^ CA2)^ as 
ftandiug on equal Arches^ ^11 he equal. Wherefore 

9 Pir^ J.i. J2)* itparaiM toSC. Q. E. D. 

Jig.f6. (4.) ^he right LtM EF ^ich is dravm firom the 
^oint Ay the middle ^oint of fome Archy and touchetb 
the Circle^ is parallel to the right Line 9 C, which 
fuhtends that Arch. For from the Centre 2) drofoo unto 
the Voint of ContaH A the right Line 2) A^ and join 
2)S,U)C. T'heSide 7) G is common^ and 7)S is 
equal to 2) C, and the Angle S2) A equal to the Angle 
CDiAj the Arch is SA^CA being fuppofed to be 0- 

• P€f 4. J. I. quM. Therefore the Angles Z) G S, 2) G Care equal *, 
ana confequently are right Angles. Sut the internal 

i^eriS.ls.j^gles GAS, GAF are alfo right Angl^ f. There-^ 

•lerzs.u.fpre SCy EF are parallel * Q. E.D-] 
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PROP. XXVIII, XXIX. Theorems. 

TF in equal CircleSf the Angles^ •whether at the Cen^ 
^ tres (bA CyFLl) or at the Circumference (B C, 
FSl) be equal.; the Arches alfo (BXC% FZI) oh 
ivhicb they ft and are equal ; and if the Arches be e^ 
fiuil, the Angleralfo are equal. 

Thefe two I'rdpo&iona alio are plainly Axioms, and 
seed no Demonftration. 

P R P p. XXX. Problem. 
»«-3P. npO bifeSl a given Arch (ABC) 

, Draw A C, which bifeft in O. From O draw the 
Perpendicular O B, meeting the Arch in B. I fey th^ 
thing is done. 

For let A B, BC be joinM. The Sides A O, OB are 
by the Conftruftion equal to CO, OB .5 and the Apgles ^ 
lit O rare equal, ^ as being right ones. Thcrefcre th^Ba- 
(4)?«P4.J.i.fe8 A R C B are equal \a). Theitfere the ArAcsf aH3 
(b)Pinai.(iJ; A B, B C are equal 

The 
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1%o P^£lk;^, FjtJtpp the Centers A and C delcribe 
;iprith an ^eual Interval, Arches cuttii:^ each other in the 
^piotcP aM I, ^ right Line ^rawii tbro'.tji^ Foima 
i^JUl liifea th? Arch ^ B (;i 

V PROP. KXXJ. Theorem. . 

*TrllH^£ Angie {:BCP) in aSemkircie^ U a right Tig, ^. 

%^ one; that'^in a Segment greater than a Semicircle^ 
is Jefs than a right one ; that in a Segment iefs than 
a Semicircle^ is greater than a right one^ 

, ^art i; From the Centre A draw A C, Becaufe A B 
and AC are equals the Angles O and B are.jbqual(/i^. ft) Paryj.!. 
For the fame Caufe the Angles I and F are equal. 
Therefore j:he AmIc BCF is equal to B and F toge- * 
' t.hcr. Seei^^ (^) tnerefbre the three together make two^b) Per ji,, 
jright Angles, BCF which is half of two right Angles^ * '* ' 
4$ one righx Angle. 

Part 2. Let the Segment L OB C be greater than a Fig. 41. 
Semicircle, and in it let there be the Angle C O ]!«,. and 
let L B the Diameter of the Circle be drawn; The An- 
gle C O L is Iefs than that B O L, which by Part i. is a 
right one. Therefore, f^c. 

Fart \. Let the Segment L O X be Iefs than the Se- fig. 41: 
micircle LOB, and XOL be the Ai^gle in it. This 
will be greater than B O L which is a right one. There- 
lore, ^c. 

QoroUary. Hence *voe may make a ^ roof of the Inftrth fig, 40. 
ment called a Square^ whether it he exaSlly ReSan* 
gular or not. For in what Circle Jbever the Top of the 
Jqmre is laid upon C, or any Voint of the Circumfe- 
rence whatfoever^ if the Sides of it do faji thro* the 
Joints of the SOiameter S and JF, the 4^gle is a right 
one 5 otherwife not, 

(a.) Uf the Sides of a Square te hel4 continufttv 
Upon the joints S and F, in the mean while that th^ 
Jingle is moved rounds firft on one Sidjs^ then on thfi 
other ^ the Top of the Angle C will defcrihe a Circum- 
ferenee of a Circle^ whofe Diameter is the Line SF*'] 

(3.) &nce we learn to raife a Perpendicular at the 
End cf a Unje. Let SC he the Line^ C the ^oinf 
gfventfrom whence a VerpendtQular is fo hf rats' 4. \ 

From 
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From any Voint tJiiihatfoeverA^ as the Centre^ let a Ctrcle 
he defcribe^ tiffing thrti' the Toint C, and cutting SC 
in any Toint, as S. If tbd^ 2)iameter S F he draixm^ 
it is fnanifefl that the Line CF is the ^erfendrcHlaf 
required. Q. E. F, 

^.57- (4.) {Hence it is manifeft^ that Circles touching one 
another inwardly^ do cut all Lines^ as AD propor- 
tionahjy ^ or fo^ that AE the Suhtenfe of the lejjer^ is 
to A^ the Suhtenfe of the greater Circle ^ as AC the 
Diameter of the lejfer^ is to AS the Diameter of the 
greater. For there heing drawn the Subtenjes EC^ 
S D, the Triaf^les EAC, DAS are equiangled. 
For the Angle A is common, and ACE^ ADS are 
right ones, as being Angles in a Semicircle j and there- 

(i)TefCproifore A EC, AS0 (a) are equal. The Triangles there- 

9'hl^'^^fore arefmilar, by the fourth ^rofofition of the Sixth 
Sook, and At: AS : : AE:: AD. (^.E. D. 

%-4o. (5.) -?» ^ right-angled Triangle SCF, if the Hyfo- 
tenufe SFhe hifeSed in Ay the right Line AC cuts the 
Triangle into two equicrural ones ACS, ACF, andfi 
a Circle defcrihed Jrom the Centre A thro' S muftpafs 
thro' C, the top of the right Angle J} 

PROP. XXXIL Theorem. 

'%-4*»«- '\F a right Line (C F) touch a Circle^ and another 

(AB) which is drawn from the Point of ContaSt 

(A) cut it, the Angle made by the T'angent and the 

cutting Line, is equal to the Angle which is made in 

she alternate or opfofite Segment. 

That is, the Angl^ CAB will be equal to the Angle 
L, which is made in the Segment A L B 5 and the An^ 
gle F AB will be equal to the Angle O, which is made 
in the Segment A O B. For, 
3Ri-4»« Firft, let the Line A B pafs thro' the Centre* Here 

by ^rop. 18. CAB is a rightAngle : And by ^rop. jr." 
L is alfo a right one. Therefore CAB and L are 
equal. , 

li^.4j. Then let the Line AB not pafs thro' the Centre, 

Let the Line AQ^therefore be drawn thro' the Centre, 
. and BO be join'd. Becaufe the Angle in the Semi- 

f5;^*'5'- circle ATBQ.W is a right one, B<1A taken together 

with 
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wiuk B A (i. will make one right Angle {a). But C A (^)f» ja- 
is alfp hy tPre?/, 18.' of tBls.Book a right Angle. There- ^ '• 
fore B QA with B A Q^are equal' to C A Q^ The com^ 
knon Ahglp . therefojpe B A Q^ being taken away,, there, 
remains BQA, wtich is equal to L(*y equal to C AB.f^^^'^ti 
Hiereifore L and CAB are equal : Wliich" is the $rft'' ^* 
Part vto be proved. 

Then FAB and CAB make two right Angles C0»(*^^^*'«3» 
and in the Quadrilateral BOAL, the oppdfites L and ' '* 
O make two right Angles {d). Therefore the two F ABjW^t^aa. 
CAB are equal to the two O iand L. Therefore there *^' 
being taken away on one Side CAB, on the other!/, 
which have already been /hew'd to be equal, there re^ 
mains FAB equal to O. Which was the other Fart to 
be proved. 

PRO P. XXXIII. Problem. 

yVm a given Line (BC) to make a Segmemrtg.^ 
I of a Circle^ in mHch the jingle jball be equal. . . ^, 
to anj^AngU given* 

Firft let there be an acute Angle given A BP, from 
B draw BL perpendicular to A B : And at C» the Ex- 
tremity of the LineBC, make B CI equal toCBL' 
/by 23. /.I.) wh6ib Sides Ihall cut BL in I. From the 
Centre I delcribe a Circle: thro' B : This Circle will alfo 
pais thro' C (foiafmuch as, becaufe of the Equality of 
the Angles at B and C, the Sides likewife C I, B I are . 
(by<(v/. I.) equal) and the Segment BQC ihall con- 
tain an Angle equal to the given one A BF. 
^ For becaufe. A B is perpendicular to the Diameter ^ 

BL, AB will touch the Circle;. which BC cuts (O-f*^'*-!*. 
Therefore the Angle in the Segmont B QC is equal {f) '/h ^^^j^ 
to the Angle A B F. fowgobg. 

' But if the Angle given be obtufe as R B C, do as be* 
fere, and CO B will be th& Segment required. 

PR O P. XXXIV. Problem. 

FBjum a given Circle to take awaji aSegmem cowftg^s^: 
taining an Angle equal to a given one. 

2 Unto 
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Unto the t)iatneter of riie eiicie f A drw the Pte^ 

W Per 23. pendicular B A L. Theti (^) let A* C be d/aWn, nrhlcli 

, 1. 1. may make the Angle BAG emial to tftatHraict n ^iveu; 

This Line A C ih^ll' cut off the Segtrient A QC, whbTri 

Angle i^ equal to thtl given onb : As is niflAdifdV fk^itt 

PROP. XXXV.i ThooreH*. 
J%.4^»4y> j F /» a Circk tvM^ rtghif^ Uim (C Ly RF) ettt oh^ 

of wie^ is equal t6 the ReEidii^le' ^ (BO P), t0der Afi 
Segments of tHr othir: For^ 

If they interfefl ^ach other in A the Centre of the 

Circle, tnethingis manifeft. * ' ' 

K^.^J. If one of them CL paffeth thro' the Centre A, ani 

:: . Bircas the 6th^ BF which* dotli- not bafe thro'^ tUb 

(b) T»^.ly Centre 5 if (i'Xciit^ iV per^ehjicu'lavty^e atid lb the S^iarfb 

of FO is the fame with the ReftangJe-FO B; Lot A B 

be drawn. Becaufe CL is bife^led in A and otherwife 

dt\^i^^in O. 

»#ihbe^ Aut, : • 



-f-AO qi 

-> .!;7i' thatci^i tolA^PtfL 

lhi« iif le^l to A^Gh^ ' 

'• I* TlieMfore^tlM kfommiDO Square AO l^etn^ taken\a.waq^7 

there will renvain.' d ■ : .*. 

Reftl eOL eq^rfl'rofFGt^. ihiA Is, ^ 
- ' ^ to*thtli6a;B<MB;>i -. ? y 

jr,;^ 45t. T)li6n if ohe^.^ theri^. Li«» C t' p«U&4i thttD^ tftif 

' Centre, and cuts the other BF unequally ittO, let a» 
rigfilt'Lite dr^wn from tW €enfte'^ A ^ B>P ihta two 
equal Parts^itt I'./ Irt thislGifeiA i BiwUUbe)a;rirfit M^'- 
(e)P«'3./.3.gle {e). Now becaufe CL is bifefted in A, and other- 
wife in O, it will be thuj, 
(f)P«r/./ 2. Reft C O L > will be equal to A L q (f) that is, to 

+ AO:q.$ ' A B q. that is, to 

Alq. 



I 
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But A Oq is equal to O I q. + A I q. 0). There- J-j^Jg ^ 

fore, fame/ 

Reft. COL^ equal tq AIq.7 

+ oiq> -fBlq.S 

4- A I q.i . 
Therefore the coninson Sq^iare. A I being: taken. ajvay, . 
ttefe remain*, 

Re^COI? =BIq. 

+ OIq.S 
But BI Square i^ equal to the Rectangle FOB, togb- • > 

ther with 01 Square: ((;) becaufe F B is bifcfted in I,(c) Per ^U, 
and otherwife cut in O. Therefore, > 

Reft. COL? are equal to Refa. FOB? 
+ OIq.$ . 4-OIq,$ 

. Therefore the common Olq. being' taken away, 
there remains, 

Reft. COL. = Reftw FOB. 
But lafllv, If neither of the Linp« CL, FB paflbsr/^.+J. 
thro' the (jentre : T?hrp* their common' Bnterfeftion _ . 
let there be drawn the right Line X Z, which pafies 
thro' the Centre; By; what hath been- jiifl- now de* 
snoiift^ated; both the Re6langle COL, and that FOB,, 
are equal to the ^eftangle Z O X. Thieirefere^^ C O L, 
FOB are equal bet wij^t themfelves /<:^,. . - (d)P«j<jtf. 

{Or the ^rofo/ition may he demenfirkted^ more eajily h, 
and mherfally thus : 7mn J€ andST). Here te-^'r* 
caufi of the Equality <f the Afiglei GEA SE^ al^' 
l^eifjg Vertically ofpofite (c) 5 and of the jingles C andMB^PWfi 

S as being upon, the fame Arch Ai> f ; r*^ ^^^^^'^^ f plrn^JLi 
C E At S EjU are equiangled ("per Corol* 9. p. 9a. 1. 1.) '^ '* '* 
. Therefore "^ C E : EA : : E S : E2). 7^herefore*Tef^.h6, 
CExEtD is equal to EAxES ("per 16. 16.) 

PROP; XXXVI. Theoreth. 

\FffrQm (B) a Poim given ivrfhout a Qrcle there ieTtgi^s^y 

drawn unto the Circle two right. Lines ^ one (B F)^^' 
touching it, the other (B C) cutting it ; tbi ReSiangk 
{CBOt) nxihich is comprehended under the whole cuttings 
Lira {CSy and the Part ,(-80) v>hick lies betwixt. 

the 
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f Atf /^<>/;* ("5) and the Circle^ is equal to the Square of 
the Tangent (B F.) 

I. If the cutting Line B C pafles thro' the Centre A, 

join A F. This, with the Line F B, will make a right 

/t)P<f i9. Angle (^a). And therefore becaufe CO is bifeftcd in A, 

M* and to it is added O B 5 it will be thus. 

(i>,Ttr6.l** . Reft- CBO? will be equal to A Bq. (^h) that is, 

toAFq.o 

'. «• Therefore the equal Squares A O q. A Fq. i)eing ta-* 

k^n away on both Sides, there remains, 

Rea. CBO, = BFq. 
Ilg.jo,5i. 2. But then if CBdoth not pafs thro' the Centre, 
let there be drawn A B, A F, A O, and A L, and let 
AL bifeft OC in L. The Angle ALO is therefore a 
vj) Per 3.1.3. right one one (d)* Likewife A F B is a right Angle (e^. 
c) Fer 18. j^^^ bfccaufe C O is brfefted in L, and to it is added 
^* O B, it will be thus, 

(f) TersM. Reft. C B O ? =L B q. (/) 

-|-L0q.3 
Let there be added on both Sides AL Square, and 
then 

Reft. C B O^ equal to L B q. 
4-LOq.V 4"ALq. 

4-ALq.3 
fe)P^4-7. But the. Squares of LO, AL are equal (g) to the 
1. 1. Square of A O, or A F ^ and the Squares of L B, A L 

(h) By the are equal to the Square of A B (^h). Therefore, 
ftmc. Reft. C B O i =5A B q, that is, (0 



I 



toBFq.? 



+ AFq. 

Therefore .the common Square, that of AF being t^ 
ken away, there remains 

Reft. CBO equal to the Square otB R ^ £. 29* 
Fig'S9^ L^r more eafily and univerjhlly thus : fDra^ AS 
and S C. Now hecaufe of the JSquality of the Aisles 
••Par 52J.3. j^ ^^^ 2) S C, * and for that the Angle 2) is common 
iTerOfrol^.to both 5 the Triangles S2)C^A2)S are equiai^ledjf. 
f.32. li. j^j therefore {by 4. lib. 6.) AD: DS :: S2) : fZ)C 
(k) Fet 16. Wherefore the ReSangk (k)A!Dx2)C is equal to the. 
'• '• Reeioffgle 2)Sx!DS or 2)Sq. Q, E. D.J 

CorolL 



^ 
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Corotlartes. * 

I. IF from the fame Point B without the Circte, sUJ%./«. 

'*' many cutting Lines, B C, as you will, be drawn, all 
the Redangles, C BO, are equal amengft thethfdtes. 
• For each ot them is equal to thie Square of the Tan- 
gent BJE.- 

2. Thofe right Lines, which- from the fame Fottit 
touch the Circle are equal. For each of their Squarea 
is . equal to the fame Kedangle« 

t?. It is atfo clear^ that from the fame ^oinf S takeH 

'ixHthQut ilk Circle J there can only two Linei Sp^SS 

he drawn^ *sohichJbaU touch the Circle. Fbr if d third 

te faidto touch it^ it muft he equal to SF or ff^ 

and therrfore the fame with one of them. 

4. Jn every right-aisled ^friangle BFA^ the ReSan-^^g-^* 
gie arming from the Stmt of the JJypoienufe and one 
Side^ drawn into the difference betwixt them^ is equal 
to the Square cf the Other Side. For the Sum of tbeL 
Hyfotenufe SJ^+JFor AC, is ^SC. And their 
2)ifference is SA—AF^SA-^-AO^SO. And the 
other Side of the triangle is SF. Sut the ReSangle 
CSO is equal to the Square ofS F. Therefore^ &€•) 
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' PROP. XXXVII. Theorem. 

F the ReSangle under CB and B hi equal to tlg^%s* 
the Square of B JP, this mufi touch the Circle in F. 



From B let there be drawn the Tangent B Q^, and the 
right Lines E Q^, E F being drawn from the Centre E^ 
unto the Points Q^ and F, jet B E be joined. Becaufo 
by Suppofition the Square of BF is equal to the Re- 
ctangle C BO, as is alfo the Square of B Q^, by %6. pf 
this Book 5 the Squares of B Q^ B F fhall be equal be- 
twixt themfelves, and confequently the right Lines 
BCL, B F are equal. Therefore the Triangles F E Bj 
BECLare equilateral to each other. Therefbre the 
Angles (i, F Sre equal {a). But Q^ is is a right 'Angle (a)P«ril.l.i, 
(^^ 1 8. /. 3.; Therefore F alfo is a right Angle. Thcre- 
6m^ B P toucheth the Circte (hy (W ler if 

O Corol- 



[Corollaries i. Hence the Jngle BSF is equal to 

the^Jfjgle £i?^ (per. 8. 1. 1.) 

(a.) If fwo equal right Lines S F, S^fall from 

. . y S^^r!^Vi.9 tifonthe.xouvejff^Qrcumference^ at^^^^ 

ione of them touchetb the,Circley the other S ^ fnufb 

tovfbyit alfq^ For feeing S F^ S^ are equ^i^ their 

{%) By the ^ares arejilfo equal. !^iit SFq is equal to. OS O Qa^). 

W^TTxi therefor/ S ^q = CSO Xh). therefore . »• ^ alfo 

I. 'itm^^^kJ^^ Circle. (Oti: :..■: ." i ' 

(c) By this .. . ^ . . ; . . ,,,.. . . •. . , , 

Propofitiou. • SclioHutn [r.] Seemgc^M TMnes pfftng thro' the 

r^^^liS^ */ ^f Bar thy inwhi<;b Slaves, ^ail -^thingsfer- 

fendmiU^r to the Horizpiiqre^ do froditce gr^a^^ande-' 

' tjgUAl' Oi:cles\tipon the .Earth\^ Surfaceywe ^fBall hejre 

bring ^ in fome elegant Confe^laries from tXeine^ out if 

- our Author in his Jflmizomyy'y.'iiohich from: ^tb^Maturf 

„^ .. iff Xirclex^may very eafilyi'lM^Mn^ "^ , ^ 

•(lOJJf in any ^arty the Surf4oe of thjs Ettrth were 
;perf{:£lly flain^ Men could no more Jland upright upon 
ity than i^outhe Side ^of fin KllU fa^ping in^ the ^oint 
of Contaff only. ^ • . . r. . - 

(a./ TheHmd of a. Traveller performs a longer Jfay 
x>r Courfe than his Feet j Zike-wifi he that is on JJorfe- 
tack^ and.goes^ the fame yoay as^ a Foptman^ mefifures 
h greater or longer Space than he that is on foot. As 
likeivife in a Slnp^ the ttppejuzoft ^art. of the Mafi 
runs over more Way than the lexer Tarts of it. 

(3O -CT ^^y onejbould travel over the ivhole Circum- 

'* ^ ferenCe of the Earthy the Way gone over hy his Head 

ivould exceed that 'which ixasgone over hy his Feet^ hy 

the ^Difference of Circumfereitces 5 or hy the Circumfc^ 

^rence of a Circle y rxihofi Semi diameter is the Man's own 

Stature. 

• (4.) If a Veffelfull of Water he elevated perpendicu^ 
larlyy the Water will contiiiually he running over^ and 
yet it will remain full *^ namely y hecaufe the Surface of 
the Water is continually compreffed inta the Surface of 
a greater Sphere. Teay if a Veffel he elevated conti- 
nually higher and higbery the Surface of the Water 
which is contained in ity will continually defcciid and 
come nearer unto a Tlane 5 mzto which yet it will ne- 
ver adually come] 

($.) If a Veffel full of Water he earried dire6lly 
downwards^ altho nothing run ovcr^ yet it will ceafe 

to 
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to be full 5 nafmly\ hevaufe fht Surface of the^ Water 
Sj^li^ continually into a ^art of a lejfer Sj^here. From 
nvhence it follows^ 

(d.) T'pat ope and the fame Veffel contains mora Wa- 
ter attbi Bod^'of a Moztntdin t/MuJ-t-tbe !?o/ $ ^rJike- 
mfe more in a fitbterratieous Cellar^ than in a- Cham- 
irer: ^o-^icirihings addy / ' 

(7.) That t^o^^rivgi pn rJ^bicht'viti Iron ^alls hafig 
perpendicular^ [and confequently the Walk of Suildings 
ere£ied ferpeudicttlarly'] are not parallel one to ano- 
ther ^ but' ^^ar^^'of 'Radium's meeting together t^fl9e 
.CeAtre \cf the JSarii:^. ' .%-...■' 

--'I Scholium, f 2.'] lifhink it^not^ amifs to infert ii^hii^h-^^ 
.^iace thiifoUo'^Joing-^robiem dlfo^ which 'was commim- 
imttd td me by d^Friknd^ as. demonftrafed by me^jbnU- 
.what mdrdirie0.'"r • - 

-r^ 'Thro^ rhe:^t'ioo Joints (S) and {Cy in a gi^ven Circle 
(SjDM) to draw the Circumference of aXirclembu^y 
'ifhaS^iiJe£t'tbe Circumference. of the other given Girdle. 
\>Thro^' the^CentreAt and one »f the given Joints Sy let 
'4heyihe drt^tcnthe infinite right Line BAME. Unto 
'mhicbfrom 'the Centre let there he ereBed the terpen- ^ 

iiict^kr J^2>, and let S^ be. dr anion.' Let the. Line 
d) Ebe matde perpejtdicular to S^y cutting the inji- 
nite-Lme SAME in the ^oint £. Lajlly^ier^a 
Circle he draivn (.a)jhro' the three "Pmnts, SyC^E. /J^*^^"^^'^-^^ 
fay the T*hing is, done. JRjr, ^ . 

Let the Chord of the fecond Circle, be drawn tbro\ ei- 
ther of the InterfeSiions of the Circles^ as>Gy and thro' A 
the Centre of) the firftCircley to wir^ GAFj Letaffo 
the 2)iameterof the firft Circle GAF^be drawn. 1*hen 
in the firft Circle (by Gorol. i. PropiS. li 6. and by 
Prop. 17. 1. 6,) AS^ A]^=A2)q^rtbat is, (becaufe of 
the Equality of the^ S^mi-tDiapteten^ A^y AGyAF^ 
^T=:j^Gx AF. And in the fecond Circle there mull 
he (b)ASy.AE=AGxAf Therefore A F=i A f(^)P^Bfi. 
and the Joints jp, /, coincide^ and the Arch F2) G is * ^* 
equal to the Arch\FMG. Q;^E.F. , • * 
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BOOK IV. . 



THIS' Book, which is .wholly Problematical, 
teacheth by what Artifice^ Figures, thoTe which 
are ordinate or regular efpecially, may be in- 
fcribed in, and circumfcribed about, Circles. 
There is very great Ufe of it in boikiing Fortificatioii8>^ 
and from it as a Fpuntain have been decived thofe moft 
excellent Tables of Sines, Tangents, and Secants, to the 
verygreat Benefit of the Mathematicks. 

[7^/5 So0k is moft nfefulfinr Trigonometry : Far #y 
iujbrihing Polygons in a Circle^ "Joe learn to frame T'a- 
hlis of Chords J Tangents^ and Secants: Sy the UAp of 
mohicb we karn to meaftire the Magnitudes of Figures 
and Sodies. Neither without it can we duly diftiitgui/b 
the Affe&s^ as they call tbem^ of the Stars^ as the 
J^uartile^ Sextile^ &c. they wholly depending upon the 
Infiriptions of Polygons in a Circle. Neither can we 
otberwije colleSi the Area {which is a certain S^adra- 
ture of a Circle) than from the Area\ or Squares of 
immmer^ble Polygons infer iVd in^ and circumfcrih^d a- 
touty A Circle. And in like manner we know the dupli- 
cate Proportion of Circles amorgfl tbemfelves^ from the 
duplicate proportion of Polygons infcriVd in^ or cir- 
^umjbriVd ahout^ Circles. Avd as for military Archi- 
teBure^ . it makes fi much Ufe of -Folygons infcriVd in 
Circles^ that more than all other Sbiences it may feem 
to he wholly owing to this SockJ] 

Definitions. 

1. A Re6lilinear Figure is faid to be infcrib^d in a Cir- 
-"• cle, or to have a Circle circumfcrib'd about it, 
when the Tops of all the Angles thereof are in the Cir- , 
cumference of the Circle. 

I s. A 
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a. A reftifinear Figure is faid to be circumfcribM a- 
bout a Circle^ or to have a Circle infcrib'd in it, when 
6ach one^of its Sides toucheth the Circle. 

3. An ordinate or regular Figure is that which is equi- 
lateral and equiangular. 
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PROPOSITI ON I. Probicm. 

* 

O inftrihe a right Lifte (A) which is mt greater Fig. i.i^ 
than the Diameter imo A Circle (BD). 



Take in the Circuniference any Point B. From the 
Centre B with the Interval of the given Line A, de- 
fcribe an Arch, cutting the Circle in C. Draw the right 
^ineBC. I fay the thing is done. 



, 
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PROP. H. Problem. 

O infcribe in a CircJe ^ Triangle having egtialmg. a. 
Angles with a given one (X). 



liCt the Line E P touch the Circle in D. Let E D G 
be made (i») equal to the Angle C, and FDH equal tofa)P«raj. 
B 5 and join GH. I fay the Thing is done. For (*)a>)>^„. 
£I)G is equal to H. H confequently is equal to the/. 3. 
Angle C {cy And F D H is equal (^d) to d 5 and con- W By the 
fequently G to B. Therefore GDH (0 is equal toj:^^""" 

the Angle A. Therefore wh^t was required is done. (d) Per 32. 

• ' " *' ■• /. ?. 

PRO P. in. Problem. 5^3*'i- 

,.'■•' • , . . . 

TO circuntfcribe about 4 GrcTe. a Triat^le^ having lig. 3. 
equal /ingles with a given one (ILK): 

Let the Line I K be drawn fi>rth on both Sides, to as 
to make the external Angles and N. Make at the 
Centre A, the Angles GAS, -feAl? equal to O, N 
refoeftively, which is dene by 23. 1. 1. Then in the 
Points G, F; B, let three flghi Lines - totich the Circle, v ( '^ 
meeting togetbef iti C, E^, &» iThe Triangle C £ D is ^ 

G 3 ^ircutpr 
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drcumfcrib^cL about the Circle, and is equf«angled to 
the given one I L K. For, . . - y 

In the Quadrilateral C GAB, tl)c Angles"G and B 

(a) P«r i8. ^T^M W^ of them rigl^t pij^s.. TiicFcfore t&e remain- 

i ?. ing'ones GAB, and C taken together, <fo (^p) n^ake twq 

s^/'^firr" ^^S'^^ ^^^^> and confequently are equal fo^the two to- 

32. /.I. gether, O, I. Therefore the two GAB and O, which 

gre equal by the Conftruftion, being takfcn k\^ay, there 

remains C equal to I. In the fame manner E will bo 

proved equal to tKe Angle K. Therefore D and L arc? 

, (l) Ter Carol (^c) likew'ife equal. That therefore is done w^ich \^as 

p.i'rflp.ja. demanded. 

Foj: j^\iz< theT2nier)t$ do concur is thi^s fliew'd. The 

(d)Periu Ansl^? Q,.I, and K, N.are (C/^J .equal fo four right pnes j 

'- \' ^ncTl, TKL ^re lefs than two right |Ones (e). Therefore Q^ 

J7,. ^^'' N, ^thatis b/theCpnftrufFion GAB, and B^F) arq 

ifi^ffl-rora/. greater than two right ones.* Therefore GAF C/V '^ 

3-^»3-'-«-ief$ than two right ones. Therefore GF falls between 

A aiid.D. Thwefofc feeing AGD, atid AFD are 

right Angles, DGF, and DFG are lefs th?^n two right 

{g)Ta,5"r6e/.bne$; Therefore GG^CandEFO (g) meet togeflfe* 

^r.jij. I. towards D. In the famc^ ii^anner it>m^y be dernqn' 

Itrated that the reft concur. 






.^ , . •■[ .-PROP. IV. Problcov' ;. : '. . 

BircSl the two Angles, p. and E with th^ Line^ CA, 
' ' EA, meeting together in A. From A draw the Perpen- 
diculars, AB, AG, AF. A Circle defcribed from the 
'• ' Pcntre A thro' B,. syiH pa^^. alfp ,thrp' G and F, and 
touch the three Sides of the Triangle. 

For in thcTrfangits C A G, C A B, becaMfe <lVe An- 
gles AGC,.A BC,and likevyife^.thofe G.C A, and BQ! A 
are equal by theConftru6lion, and the Side A C is com- 
(h)Ter2€. mot^, tb0Side§..AG, 4P W,[V^^^ b? jfl^e;?«He ^qual. 
^•»- in? liko.|aM)ner'A.J8i- A*F. may be.,fbewn xq b^ equal. 

iThfe^efpr^. ;tt>^ Cjf<jje de^rib^dfroip thy Centre A, 
tpafie<fh:rhcq*'B.G;, F, Apd bP^Hfe TfcffiAn^g^at thpfp 
f^jTeriS. ,t4ire^»pQ}pt^ ^f^eqyal^ it tCHichjs^l^ (vj. ajl the §icle$, of 
r i- tthctXriai^eK- -That. iherefon|^y .dwic; which .was, te- 

qwt«fl 

[Hence 
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I^egmetJtiof them which are mddffrom we donfacis of 
an infer ibed Circle ivill ie km^\ ' Let 2)Q he 12. 
SD E 18. ClE 16. "DC and CMiSx^ill he 1%, ^rom 
which fuhtrad 1 8 = )1)B =2r(T^- SE, thdre re- 
wmns io=CG+CjS. Xherefone CG or,-€S^^5. 
Confequently ^S or E FM.uTWhereforf E2f ^ 



PROP. V. Problem. 



TO defcriife a Circle dhut a %r tangle y} iK/W/'^-** 
three given Poims jB, t^ Z), not lying dni^^ig^. 



Lin§. to defcrihe^a. Circle 
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Conneft the given Points with two right Lines B C, 
CD, which bifeft with the Perpendiculars EA, OA, 
meeting tcg^heir in A. This will [>e 'thelSentrc of a 
Circle which pafleth thro' B, C, D. 

Xxf the right Lines AC, .A T>^ABi>o^^^n. Wyl^ y? 

Conftruftion the Sides D O,, Q A arp equal to thefe Ct), 
OA5 and the Angles at O are r/ght onesl Tl^erefcre 
AD is equal to AC (a). In the fame manner 4B W^^''^-^-'- 
tnay be pibv^d eqU^l to A'C. -T^KgfSfore AD; AB Wl^^^''^''- 
*re equal. Th^t^fore a CJrele '3efcribiea frottf^Bi: ' 
Centre A-ttro* B, will 'pafj^lfo^thl^o^'C an* Tf. -^WK^ 
Wfis th€ Thing i^qdrfed.;-^;^" -'• —^-^l ^ 

« As for the PraJftice, itis luffe^ent-to ilefcf^ibe -ffdifl 

B,( 

afihd 

jtoeeting' ©ne»afW)thei' wiH gPvS fh^^Cfcl 

li -1} -!'. -■'.■. •! T-I i "o' o.'nriA -jriv' 

f^.O hrfcHU a Square hi' 'iindarMfcYtBe^^MWoi^rig. s, 

. . /S' " '•: i ) /•'• r. ^- •. ^-.r.i T'^-yi i.M . ^r.r.Ba; •^•l 
fnLet the.Diji(mlt«iSfiD;d(l}£r£e dian;!!^ clitiinjg; caNrh 
other perpendrci^iidt. TThcJHgtt. Litoai ; u^ciiHJoid tUs 
TfffmiK; of -tbf fey/ iQ&jtibe arSquare -m A Xiuroitt . vii ::1 

.gSI G4 . The 






S8 EucLn/j" Elements^ Lib. IV. 

' ' r • 

Tlie DeixionftratioD is inanifeft from 4. 1. 1. an4 tx« 
]. 3. Then let four Tat\gents be drawq tpuching me 
ptcle in B,C,D,E» meeting together in I,F,G,H. 
The Figure I F G H U a Square, circutnfcrib'd about a 
Orcle. 

The I^monftration is manifeft ftota 18, ^.3. with. 
Coro^l/-}. Prop. 3j(^. 1. ^. and iS^ and 3^. 1.^. 

Scholium. 

Ttg. f. A . Sqvare defcrib'd about ^ jGircle is dQuble to that v^ 

' f^ fc:rib*d. For becaufe the Angle B C D in the Semi.- 

/a)P<r3i. circle (<J^ is a right one, tlie Square of BD (that is FJ 

J'b) Her 17 S^^^^) ^*'^ ^® W equal to B C q + C D q . and there-- 
1 , ^ ^' fore double to the Square of C D, /. e. to C D E B. 
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PROP, VIII, IX. Problems. 



Jig.6. ' "I •© tnfcrUe h Qrde in^ and cinumfcfih one ar 
'X^ hm a Squatty (ns JiCFE.) ' 

' . . . 4. 

Lot ;th9i!e be 4l9 ^A the ZUamcters of the {Square^ cut-^ 

ting ^ach other In Q. From the Centre O dercribe ^ 
i^irgh?, thro' B j tljis ,vi jl >lfp pafc thxo\ E, Fj C 

Then from the Centre O draw Q £>. pecp^ndicu^r tQ 

ffC^.aCitcle deicrib'd from the Centre O thro' D^ 

.Will, tijpdb all the Sides of the Square. 

'^. rart I. Becauib ,by the, Hyjpotheijis the liin^sC B, EBl , 

(cjPfr^J,!. ate equal j Ae 4n«4es.BCJB, B JB G.wili b© ^qual (cj, 

But .C B £ is a right Angle by the Hypothefis. B C E 

fd) Par CWo/. therefore and BBC are half right onesY^). In the 

ii.j»f.3».fjjjQg nianner CBE will Ije ihevif*d to be an half right 

. * Angle, as likewife the reft of the Angles 5 and fo they 

f re equal amongftthemjehes. Therefore in iheTriam 

gleBAC, feemg there 'aire two equal Angles CBO, 

{t)Tef6.lu BOO, the right Lines O B and O C (e) are equal. In 

like manner, the right Lines OB, OE, OF may be 

fhew'd ta be moaL- Xheldbre 4- CircIierd'e&Vibed fribm 

dib Centre OtW B, oaffea.throVE,F,'C. -'^ 

Part 2 . Ftfom. O kt there 'be aifa dtia wn- the Ptrpen^^ 

cul4rsOG,OH,OL Becaufein the Triangles G BO,. 

^ DBo, 



Lib. IVt Evci.iT>'s Element t: %9\ 

D B O, the Angles at D and G, as like wife thofe at B 

are equal, and the Side O B is common, the Sides O D, 

OG muft be equal /^). In the fame manner O G, OH,WiVri5. 

O I aoAy hfi fhew*d 'to be equal* Therefore a Circle dep* '- 

&rib'd &<h!ki the Centre O, which pa0eth ^hro* D, will . 

aUb pafs thro' G» H> li. ^nd touch all the Sides oiF the- 

.Square (i)f becamfe th& Angka at Df G» H| I are rightrb.} p<r i^. 

jOnes. Therefore weJitve.iclope wh^. was required. \' s* 

> > 

•» It 

P R O p. X. Problem. 

TO make an Ifofceles Triangle B A C, in which the lig. 7, 
A4k at the Safe (ABCy or ACB)Jball be, 
double to that which is at the Top (A).- 

L»iet any right Lime,' kat yoU will, as A B, bertaken, 
which ib cut in D (e) that the Reftedgle A B D fliall beMiWtn 
equar to A D Square* Then from /the Centre A thfo> »• 
B defcribe a Circle 5 in.which infcribe (d) BC equal tO(d)lWi.U- 
A D» an4 jpin AC. B A C fliall be the Triangle fought 
^ For let the right Line D C v be d#awn, and : thro> 
A, D, C defcribe (e) a Circle. Becaii/e the Kt&atng\^le)Ptr,sJ.^ 
ABD is equal to the Square A D^ (that ia^ BC,) iris 
manifeft, that B C (f) toucheth that accte D O'whifch^0P<r37v 
C P cuts. Theifefore the Angle B (3iD-fe> is equal ^^ygj;}^ ,4. 
the Angie A in thejoppofite Segment f and. fo the CWS^L 3. 
mon Angle D C A beahg adde^, B C A >3;kuft be equal 
toA+DCA. Butbecaufe the'SSdea^B^ AC are e*. . 
anal, A B C (j&; is emml to. the Aiigte A C B. There- (h)Ferj.l t. 
tore the Angle ABC is alfo eiqual tP ^-H^I^C A. But 
the external Angle alio B D C is equal to the twp inter-, 
nal ones (i) A+D C A. Therefore ABC, and B D C (i) Fer 31, 
are equal. Therefore the Line D C is (k) equal to B C,/. '- , 
(that Is, by the Conftruaion to DA). Therefore thc^*'^^''^-'-'- 
Jungles A .and D C A (/) are equal. Wherefore fhe Angle (i)j«rjj. t^ 
ABC, which hath been fhew*d equal to thofe twP, 
Aall be double to one, A. That is done therefore which 
was required. ^ ' ' 



Cor0U^ 



\ 
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CoroUitrf. 



EAch of the Angles at rite Bafe Band C in ttojj^ 
feeler now framed, is two fifths of two right <>ne5| or 
feur fifths of one i^ighttme, and the remaining ot|o A 
. is'one fifth of tsffo right onesi or two fifths of one right 
one : As is itaanifeft out of this Propofilion talcen togo<» 
ther with 32. 1. i, 

PRQB. XI. Problem, 

fig. 7. s. r I 1 infcribe a regular Pentagon in a Circle. . * 

(»)B7 the . Let^thcre bo defoibed (if) the TViangle B»AC, hiv- 
toregoipjtingth^ Angles at the Bafe double to that at the Top. 
' InKi-ibk a Triangle G A D equiangled^o this, in a Circle 
0)TMt.l4.(it). Bifea the Angles at the Bafc A C D, A D C, with 
the right I^ines'C £; DB, cutting the Circle in £.and 
% The Points A, B, C, D, E^ . jdin'd by right Lines, 
' will give an ordinate Pentagon inlcrib'd in a Circle. 
' For from the Gotillrndiion it appears< that the Angles 
I, N» Qj S, O are cwaal. Wherefore the Arches Sib^ 
fc).JVr,l. tended to them A- B, ED, CD, CB, BAare alfo :(.c} 
* 3" .. equal. Therefore the nright Lines fubtended to fhofe 
(d)Fen7M* Arches /hall ^Ifo (d) be equal. . The Pentagon therefore/ 
lc)Fen9.l'^f isfcquilateraL *Bttt - itis alfo (e) equiangular, bejca'ule. 
•■•"^'- ifSlAngles B.A Bv A:E^D, ^o- A^nd on i^ual Arfhcs> 
B C D E, A BCD, ^c. That thcrefot^ ' is > done whkH 
W4«'required. . 6.... :.> , 

♦ • ■ 'I - y 

• — . • Corcllary* 

J^^»8. ^ -nn H E Angle of a regular FcD.tagoh makes flic' fifths of 
';*];, .one right Angl,9, or three 'fift&s.^^f two. F6r thj^ 
three Angles at A, feeing they' aVe equal, as flandirig uf>>^ 
on equal Arches, B C, C D, D E, and the middlemofj 
of them, by the Corollary foregoing, is two fifths of one 
right Angle 5 the three together, that is, the Angle of 
t^§ J^gntagon it felf, muft make fix fifths of one right one. 

[Scho- 



;-gS.cM*"n^. 2'l''is hol4s,miverfally^ that Figures of (tpT^g*^- 
c4d. NuvfP^r of S'ldel are infcriFdmd Circle\ hy meani' 
I?/' tf » jiofc.eles Triangle^ ''vohofe eqiial jungles at the Safe 

ar^ ^ultif^^ ^f^^^'ofi ^^ ^l'^ ^9P* -^^'^ Figures of an even 

ifumber tf Sides arc wfcriFd' hy the means of VoUtl^^ 

TriapgleSy 'vohofe.J^l^s at the Safe are each of them 

multiple fefquialterat of ihat "xhich is at the itopi 

' Js jn the Ifofcdes ACV, if the Angle Cor^U 

thrcefgl/i of A^ the Side. C2) w/V/ le the Side of an 

HePt/igon 5 if fourfold^ it ivill he the Side of an Ennea- 

gom.^C' ^ut if C or 1) fhall he \k of A, (72) w/7/ h 

thpSide ofa^quar^'^ and ifCfhall,he i\ of the Angle 

A-, C2) mllfiibtend dfixth Tart of the Circumfe^eni^e : 

ia lihe manner^ if Cor ^Jtoallhe ^:iof the AngU A^ 

^^J>fy^llhe the Side of an OBagon^ &c.;] , , 



... Scholim. 

EUvlid'^ InTcription of a Pentagon, is iigenious, but 
that of^tplemyy which be delivers in the firftjBoofe 
of his Almagejf^ is much inore e^cpedi^tipus : . And iti$ 

thi«. - . 

Let the Diameters E D, B F, be drawn, cutting one Fig. i%^ 
another perpendicularly in A. Bifc^l thq Radius AD 
in C, From the Cenrre C thro' B defcribe an Arch, 
pieetifjg the Piameter E D in G. .The right. Line^G B ;. 
is the Side of a Pentagon, and A G of a Decagon. , 

The Demonfiration cannot be given here, for it de- 
pends uppp the 1 3 th. Book of Euclid. . §ce it in Clavitis^ 
jn.his §qholi^m, after Tro^^ lo* /• i j. . *. '.!, . 



, Prohlem. 






T T P N a gi ven right XfiiQ (A F) to deHribe a re- rig. 9. 
^ gular Pentagon. ' . * ' \ 

CutABfoin C C^) that the Reftaiirie ABC may/a)p<,.xj.l^ 
be equal to thcL Square of Al5. From A.B'protrafted ' 

on both Sides take away A p, BE» eq;ual to the greater 
Segment A C. From the C^riteps A ^rid D with' the In- 
terval AB*defcribe two Arcfecs, cutting each other in F. 
Likewifc from the Centefi.B and E' defcribe, with thfe 



fame 
J»: .. • I ' • L • > 
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fame interval, two Arches cutting each other in 
Ai^d again, n-om the Centers G and F, with the fa 
Interval, defcribe two others, Cutting each other in I. 
The Points A, F, I, G, B, being joined, will give a re- 
gular Pentagon upon the right Line A B. 

That it is equilateral,* is manifeft from the Conftruc- 
tion 5 that it is equi. angled, will be thus demonftrateci. 
tet D F be drawn. It ii manifeft by the Conftruftion, 
that ADFis aniMW^5. And the Bafe AD is the 
greater Segment oi the Side DF, fo divided' that the 
Rcftangle of the whole and the Icfler Side, is equal to 
the Square 6f the greater. (For D F is equal to AB, 
and A D equal to A C.) Therefore the Angle D A F ia 
two fifths of two right onesj by CorolLT^rof. lo. /. 4. 
Therefore the remaining Angle F A B is three fifths of 
it)Teri^. two right ones, or fix fifths of one right one (tf); and 
/K?*p r ^^^^^^^^ i# an Angle of a regular Pentagon (/»). ' In the 
fr.ii7l!T ^^^^ manner may it be jfhewn, that the Angle GB A ie 
three fifths of two right ones, and fo eq,ual to FAB. 
Prom whence ft is ncceflary,^that the reft, F, G, I, fliould 
be equal to thcfe, as appears from their being equilate- 
ral to thcfc,* if the right Line FG be conceiv'd to be 
fubtended. 

PROP. XII. Problem. 
J%. 10. ' I i circumfcribe an ' ordinate Pentagon about a 

Let tlicre, by the foregoing, be'infcrib'd the regular 
Pentagon GH I KM, and let thcrie be drawfl Tangents 
in the Points G, H, I, K, M, which may concur in B, e> 
D, E,F. I fay the thing it done. 

For fix)ro the Center draw the right Lines, AG, AB, 
AH, A Cj A I.^ Here becaufefrom the fame Point B, 
(c)fifCofol^G^ and BH touch the Circle, they {c) arp equal, 
a.?. 3^. /. 3. Therefore the Triangles G A B, B A H are equilateral to 
W**1l,/;i. each other. Therefore (4) tht Angles OP, as likewife 
thofe Q^ S, are equal. And therefore the whole Angle 
B is double to P, and the whole G A H double to S. 
For the fame Reafon the Anjgles C and H AI are dou- 
ble to T and Nrefpeftivcly. But; GAH and HAI 
(e)^«ra^. are ^qual (d); becaufe they ftand Upon equal Arches by 
^' 3* ConfiruSion, GH, HI. Therefore theitJialves S knd 

N are 
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K tfe al(b cqudtl. B^caufe thereibre in the Triangle^ 

B A H, H A C, the two Andes S and N are equal, and 
' thofe at H are Jnitb right Angle* (i?), and likewife.thc(*^^^»*' 

Side A His comn^oiv^ therefore the Sides {h) B H, C H,(bfi>er x6. 

as lik^wife the Angles P, T^ are equal. In the Tame /. i. 

manner I might (h^w B G, FG to be equal. Therefore 

B F, <5B Which are .double to (h6 equals ^G, BHi are 
J alio equal. In the fame manner it may be /hew'd th^t 

the reft of the Sides of the circumicrlbed Pentagon !are 

equal. It is therefore equilateral ^ but it is alio equi- . 

angled; for feeing it hath been /hew*4 ^^^^ ^^^ Angles 

B and C are each of them double to the Equals P, and 
^ir, rhdy muft al(b be equal betwixt, themfelves* And 

in the lame manner oF the reit. - \Ve have therefore. 

defcribed a regular Pehtagon about a vCiircl^i ; Which was 

the thing to be done,. 

tn the fame wa.y any pipdinate Figure whatfbever is 

deicrlb'd about a Circle, that is, if a lil(e Figure be firft 

infcrib'd in the Circle. 

PROP. XIII, XIV. Problerrs.. J 

TO ififcribe a Circle in a regular ^tntagon^ and cir^ 
cumfcrihe one about it* 

Bife£l the two Angles of the Pentagon B, C, with tfaeHf- tr, 
right Lines B N, CS, cutting each other in A. From 
A draw the Perpendicular A L* 

A Circle defcrib*d from the Point A, with the Inter- ^ 
val A L, touches all the Sides of the Pentagon 5 and a 
Circle defcrib'd from tne fame Point A, with the Inter- 
val A B, paffes alfo thro* the Points F, E, D, C. 

Part I. In the Triangles D C A, BC A, becaufe the 
Sides D C, C A» are equal to B C, C A, by the Hypo- 
tbefis, and the Angles r and O arc equal by the Con- 
itru£lion, tbofe alfo G and I will be equal by 4. /. !• 
Now th^ whole alfo B and D are equal by the Hypo- 
thefis. Wherefore feeing the Angle G is half of Boy •• » 
the Conftriiftion, I will alio be half of D. Therefore 
D is bi(e6ted by the right Line DM. For the lamei 
Caufe the reft of the Angles of the Pentagon E, F, are 
bife£bd, aod confequently all the half Angles are equal 
betwixt themfelves. Now let the Perpendiculars be 

drawn, 



c 
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.clrawn, ' A M, AS,* A N, A R.. ' Sine? then*in tKe Tri a ft- 
. j^les LB A;MB A, the Angles C and BL A ateccjufal 
^ ". to the Angles Q^and BMA, by /the\Cbnftru(9:46n*,V.'Jaxaci 
' the. Side 'B'A is commori, A L 'ani^A M rn\iit b^..*^'T/o 

(ji)Per2^. equal (^). '^In like manner I tnight Ihew that flie'rcft 

^ '• of the Perpepdfculars/ .AM, AK, AS, A R,. arV ^(kiai. 

A Circle thetefo'rei froM the Centre A, pafling^ tlii'o it/^ 
will'likewi^lpafs thro* M, S, N, R5 -an4 be^c'^ule.tho 
Aingles if L;,.M, S, N,'R', are neht one4 by 'thd;C'6r>- 

•P«ri<J./.3rttjruc{ion, '^'iV.win, t6u(;h the five Sides of the Tc^nt^gofi. 
, WKich was thb firft Part. , ' * V 

r - Pah.2, in th'6;Triangle CAB' tecaufe the Angjes.'0 
^itd G have already bcenfliewn' to be equal, tKc Sides 

(yP^<j.?.i.^3ittrAC, ABmuft be equal \hj, an'dTnVthiTame'mari- 

^fe^V'A B; AF,'A*, a D, ■ may be ,p(pv*d' equal.j and 

therefore a Circle from the Centre ^A paffipg thro'^'B 

':jniifi ^afs alfo thro'- C, D, E, F/^.i;Ticrefore wp'Have 

b'bthTnfcribM'a Cfrcle in a Penfagoh, and circuihfcrijb^d 

one about a Pentagon. ^ E.2). ' 

I [/« the fame way^ in any regular Figure 'vchatfoever^ 

a Circle n^ay he if[criV^d^ and ciHumjcriV d\ahout i>.] 

PROP. XV. .Problem. %^' 

!%• >5- T «?^. ^ l/i^w C/rc/^ ^^ dejcrihe a reisdar. Hexagon^:,- ■ 

Let the IHameter F A B be drawn. From the. Cen- 
tre B, thro' A, defcribe a Circle, cutting tte given one 
in C and D. Like wife from the Centre F, thro' A, a 
Circle, cutting the given one in E and G. The fix 
Points, B, C, E, F, G, D, connected by right Lines will 
give the Hexagon required. 

From the Centre A let fall the rifijht Lines A E, A C5, 

A G, A D. It is manifefl that the Triangles rf, Ij M,L, 

are equilateral, both in themfelves, and with one ano^ 

fc}p«'i.7.i,.ther (c). Then becaufe the Angles C Afi, E AF, each 

of them make one third of two right Angles (per CoroL 

ix^'f, 32. /. I.) and therefore do make feoth together two 

(6) fet CffTol thirds of tv;o right Angles 5 it remains (^d) that E A C 

t'^. 13./.1. isone third of two right Angles j therefore the Angles 

E A C, C A B are equal. But the Sides alfo E A, A C, 

are equal to the Sides B A, A C. Therefore the Bafe E C 

^ ' 3 (P^^ 
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'i$^t 4; /. I.) i« equaffo-^c'-fiafe BC/** tliSrt 15, fo the* 
Radius A C by the Coriftruftioh. Wherefore* tte Tri- 
angle K is alfp equilateral. And in the fame manner the 
Triangle K may be fhewn to be fo. Becaufe therefore 
all the fix Triangles, H, I, K, L, M, N, are equilateral ; 
itismanifeft that all the Sides, CB,.BD,.DG..GJP, 
1^ E, £ C, are equal one to another, and t6 tjie Ka<&is, 
A C'^- ^6e Itexagori U therefore equilateral... But it is 
idlftf equiangular, feeinjg each one of its Angles E, C, 
Bv't), G, F, confifts oftwo Anglesbf aii eqi^iJateralTu- 
angle. ^ Thferefote we hive ihfcribed a regi^lar Hexacoti 
m the Circle. 



Corollaries. 

I.T7H A Si^e of an Hexagqo infcrife'd.Jn a Circle, for 
, , 4 Chord of do Degrees} is egiial tothe Radtiks 
[and con{equently the Sine of 30 Degrees ift equal to 
-haK the- 9.adius (ier Q)reL > f, 5. /. 3.) ] 

'2 An }^ngle. of\a regular Hexagon is: ^8 thirds of one 
right A^gle 5 as confiijing of two Angles of an eqiiila- 
. tcraf Triangle, each t of which makes two /thirds of a 
fight An|le^^ \ . . : « ,. _, 

3. /ijF there;be drawn the Diameter-. P S, perpendif u- %»^4*-^^ 
lar to the other F B 5 and with the Interval of^the Radius 

P A, from the Centre, JP, sjna S, there beinade Sections 
in Otand Qj in R and T," and. in like. manner from the . 
Centers E and B, make tlieSedions in G and £, in D 
and C ; the Toints, P, E, O, F, R, G, S, D, T, B, Q^ C, 
conne Aed with right Lines, .wiU give a Figure of iz. Sides, 
infcrib'd in a Circle with oii§ Aperture of tbe.Comp^f- j ': • 
fes. Which Thing is of ^reat Service in Piali;vg, ^ . '. 

4. From what has been denlonflrated vye. jpoay eafilyjF>^. x^. 
defcribe an equilateral Tri^c^le in a CircJLe. , The Dia- 
meter !F B being drawn, frqm the Centre.^. thro' A.d©- 
fcribe the Arch CAD. >TJie Points C, F, D,. conneft- > 

ed with right Lines, will giTe the Triangle ifmg^t. 

5. The Side CXD of an equilateral Triangle, cuts 
oflF from the Diameter BF perpendicular to it, a fourth 
Part thereof B X. For the Angles AC X, B C X, Hand- 
ing upon equal Arches GD, DB are equal (^/'^r 25?. /. 3.) 
and the Sides AC, CX, are equal to the Sides EC, 

ex. 



(J 
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(a>iV4./.i.CX, Therefore AX, BX are equal (a). , Ther 
Bi is the fourth' Part of the Diapacter B F. 



' Scholitmt t. Problem, 

•• .... 

Kr. 13. Y Q U ^^y '^''^ ^ regular He;?^figon upon a right Lii^e 

•Jtu 1 1. X gc thus. Make an * equilateral Triangle, C A^'3 

upon the given Line CB. trom the Centre A ^hro* 

• Band C defcribe a Circle. This will contain ao Hccai- 

gon upon the jgiven right I^ipe C B. The Thing is md- 

nifeft froih the Propofition, agd Coroll, i. : \ . 



TlheoTi 
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T^ H E Square of a Side of an cquilatecai TrUwl? *» 
-*• triple to thfe Square of SieBemidiameter of a: Qrcle 
ift-whicb iif -is inkrib*cl,'and is to the Square af the 
whole Diameter, as ^ to 4. " . 
JK». ,4^ Let thereib© drawn the $etrfiid5ameter AD/ *rbe 

Squar^ 4>fFD h equal to I? A q^- D A q-f the Reft- 
angle P AXtwice taken (fer 12. /. 2.) Hut the Rcfl- 
aBgl& FAX twice takenr fs «qual to the Square ' of the 
(b)P<rroro7/.Seinidiameter FA or D A : (for becaufe AX, X B (*) 
sM^&^*zte equaV the Reftangie FAX twice taken, is equal to 
the two Reftangles which are under F A, A Xj arid un- 
der PA and X B, that 19, equal to the Reflangte FAB 
(c) Ter i.l 1. (c) '^ that is, equal to FAq.) Thcrefi^e FDq is 
triple to FAq or DAq the Square of the Semi- 
diameten 

Now becaufe the Square of the whole Diameter ia 
fd)?<rCpv««. quadruple of the Square of F A the Seuiidiatoeter (d)^ 
5*^^+•^*•it is maniTeft that the Square of FD is to the Square of 
the Diameter, af 3 to 4. 

Hence it follows that a Side of an equilateral Triangle 
is to the DMimeter, as the fquare Root of j is to 2, the 
Iquare Root of 4 ^ and therefore that thofe Lines are 
incommenfurable. 
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O infer ibe a regular Quindecagon in a Circle.. % i/* 

Infctibe iii the Circle AC the Side of a Pentagon :(^},^^ra; P«r lij 
and ADthe.Side of an equilateral Triangle, (ferCar^tJ- ^ 
4. p. XK. I. 4.) bifeft the Arch CD in E. CE ii4 ^P. 
Side of the Quindecagon^ or fifteen-angled Figure fought. 

For if the whole Circumference be fuppos^d to be i j, 
khe Arch A C will be 3, and the Arch A D 5, and there- 
fore the Arch C D 2, and confequently C £ i. / 

Corollary '• 

* ' •■■...■•*■- 

13 Y this Method innumerable regular Figures may baPif^.i;^; 
■"-^ infcrib'd in a Circle. For if A C, AD, the Sides of 
two regular Figures, be infcrib'd in a Circle, the Difiet- 
ence of the Arches C D will contain fo many Sides of a 
new regular Figure, as are the Units whereby the De- 
nominators of the fbrmer difler one from another. But 
the Denominator of the new Figure is had, if the De* 
iiominators of the former be multiplied one by, the other; 
As if A D be the Side of a Squai;e, and A C of la De- 
cagon, the Diflerence of the Denominators is 6, There- 
fore the Arch C D contains. 6 Sides of a new Figure. But 
the new Figure is of 40 Sides. For the Denominators 
4. and 10 multiplied ohe by the other make 40; 



/ 



Scholium. 

nPHere hatn liot yet been found out t^e Art by whicli 
•*• regular JPigures of 7, 5^, 11, 13, 17, ^c. Sides may 
be ihfcribed in a Circle^ by a I^air of Compafles and a 
Kule only 5 forafmucl^ as that Infcription of Figures de« 
pcnds upon the IHTifion of the Circumference into any ^ 

given Parts,, which, thtng is lacking^ Biit if the Circuna- 
fecence of a Circle be ^ivided into 3(^0 Parts, you may 
in a mechanical way infcribe any tegulair Figures tvlkt^ 
foever^ in it, after this maqner. 

H tPro- 
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Problem I. , 

» 

%• ^S' T\ Ivide %6o Degrees (that is, the whole Circum(erei:ioe^ 
"*-^ by the Denominator of the Polygon to be infcrib'd 
(e. g. a Nonangle). Make at the Centre the Axigle 



1 



%. IS. 

/ 



A G K, of fo many Degrees as ^re the Units of the Qw 
tient in the faid Divimm A K Ihall be the Side ofrHe 
nine-angled Figure, which is ireqaired t6 be infcrib'cl in 
die Circle. 



Problem 2. 

T) U T upon a given right Line you may defcribe any 
"*-* regular Figure whatloever by the Help of the fol- 
lowing Table. 

A right Angle is to the Angle of the Figure, 

' ' iDifierence. 

In a Pentagon as j to 6-^1, 

In an Hexagon as 9 to 4 — r 

In an Heptagon as 7 to 10 — 5 

In an Oflagon as 2 to 5 — i 

In a Nonagon as 9 to 14 — 5 

' In a Decagott as 5 to 8 — 3 

In an Undecagon as ii to 18 — 7 

* In a Dttodecagon as 3 to 5 — % 

Ttg*is: Let a regular Heptagon be to be de(cribcd upon the 

given right Line^ X B. From the Centre X, with th6 
Interval XB, deict'lbe a Circle, from wbich cut off the 
Quadrant B O. See in the Table what is the Proporti- 
on of a right Angle to the Angle of a Heptagon : Tou 
will find it to be as 7 to 10, and the Difference is ;. Di- 
vide the .Quadrant therefore into.feven equal Arch.cs,-lq 
many of which add to it from O to N as the Diflerence 
hath Units. Thro* the three Points B,X,N, defcribe 
f/^r 5. /. 4.) a Circle. This contains an Heptagon on 
trie given right Line X B. , 

The Table was made by means of Theorem'i. In rhe 
Schol upon/, 3a. /. J. by whicR iV found the Number 
of right Angles, which the Angles of any right-lin'd Fi- 
gure make$ whlcb^Number being divided by the Deno^ 

2 minator 
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xninator of the Figure, gives the Denoiniftat6r of the 
Praportiofi of the Angle of the Figare to a fight one. 

Now becaufe hitherto many Things have been pro- 
pounded concerning regular Figures, * let the following 
famous Theorenl <A^roclm cloTe this Book^ 



pa 



n 



eorem* 



#^NIy three regular Fibres, to wit, 6 equilateral 
^^ Triangles, 4 Squares, fffld 5 Hexagons, can fill a 
Space; that is, can cfonftitute one continu'd Superficies. 
Which is thus demonflrated. That fome regular Figure 
often repeated Ihould be able to fill a Space 5 it is re- 
i|uired that the Angles of many Figures of that kind be- 
ing difpofed about one Point, ihould make juft four right 
ones ; Tor juft fb many right Angles may be placed about H^. 13^ 
one Point, as appears firom CoroL 5. ^rof. 13. /. i. As 
{or Exasfiple, that equilateral Triangles ftiould fill a ^ 
Space, it is required that fo many An^es of fuch Tri- 
angles N, M, L, K,l, H, being difpos'd about the Point 
A, fhould makejuft four right ones. But fix Angles of 
an equilateral Triangle do make four right ones 5 (for 
one makes two thirds of one right one *, and therefore •c^//.i 2; 
fix of them make 12 thirds of one right one, that is, 4^ 3^*^* >* 
I right antsx) Likewife the four Angles of a Square make 
iinir right ones, as is manifeft 5 likewife three Angles of 
an Hexagon^ for one maketh four thirds of one right 
Angle; (^er CoroL 2./. 15. /. 4.) and therefore three of 
them do make twelve thirds of one right Angle, that is, 
four right ones. Therefore, i^c* / ^ ^ 

That no other Figure befides thefe can do this^ will 
teanifoflly appear, if its Angle being found as above, you 
Ihall multiply the fame by "any Number <vliarfoever| 
for the Angles will always either i&il fhort of, of exceed 
four right ones. 
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THIS fifth Book of Elements is altoaether fiecef^ 
fary for demonftraung the Fropoutions oftho 
Sixth Book. The Do^rine which it containet-h 
is almoft in continual Ule. The Way of JELes^ 
ibning from Geometrical Prowrtion is mod fubtle, ibli<i 
and brief. This Method ot Reafoning, as a kind of 
Mathematical Logick^ Geometry^ ArithmeticL Mufick^ 
Afironomy, Staticks, and all the other Farts of the Ma^ 
thematicks, make eibecial life of: Forafmuch as they 
almofl wholly depend upon Proportions conne^ed toge- 
ther one with another ^ and are wont to borrow their 
Ways of Reafoning concerning Proportionals from this 
Fifth Book, Praftical Geometry, which confifts in the 
meafuring of Lines, Figures, and Solids, is for the moft 
part derived from the DpSrine of Proportions. Thete 
IS not a Rule Iq Arithmetick but what may be demon* 
firated from the Propofitioris of this fifth Book, without 
the help of the 7 th, 8th, and pth Books, which treat 
profefledly of Numbers. We may fitly call the Mufick 
of die Antients, Geometrical Proportions apply'd to tune- 
ful Sounds 5 .which fame Thing you may well nigh fay 
concerning Staticks, which are converlant about the 
Weights of Bodies. To comprehend the whole Matter 
in few Words j If you take away the Doftrine 'of Pro- 
portion from the Mathematicks, you will leave almoft 
nothing which' is excellent or greatly to be accounted of. 

Scholium. 

•. ^ere is no Mathematician ;^ho is ignorant of how 
great Imfortance in Geometry the Knowledge of fPro- 
portions is 5 for it is the very Marrow^ as it nxere^ of . 

the 
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the Mathematical Science^: dnd the various Wkys of 
Reajbning concernit^ ^Proportionals^^ are both mofi ufe^ 
fuly and mofi certain 5 neither can moe without thjem 
Tnaveone Stef. 

Sut then I reckon that this fDoSrine is congenita in 
Men's Minds with common Reafon itfelf^ and that the 
various Ways^ of'Reafoning concerning proportionals^ 
which fi'uclid, hy much winding and going atout^ deli^ 
vjers in this whoie Sook, do not Jb much need ^e^non-^ 
firation^ ffoferly Jo caWd^ as Sluftration and ^Examples. 
Jlnd I am altogether of Opinion that thofe who take ini ' 
Hand to deliver this mofi eafy JDoSrine hy a long Cir-^ 
jcuit of^ropofitionSy do involve a l*hing in it felf mofi 
j:lear^ in a certain Cloud and render it far more dtjjficult. • 
^he Sum of the Matter I will open in a few Words. 
It is a thing eafily known^ that four ^antities are 
then proportional or that the Anabgiei are then alike^ 
nvhen the fir fi ^lantity contains thefecondy as often as 
tJje third contains the fourth 5 or when the fir ft is as of- 
ten contained hy thefecondy as the third is hy the fourth. 
So 16 :% : : 4 : 2. And 3 ; 9 : : 4 : 12. are like or the fame 
Proportions^ hecaufe in theformeY J^x ample the Confe- 
qnents 8 and 2 are contained twice in their rejfpeSive , 
Antecedents 5 and fo the Proportion of the Antecedents 
to the Confequents is douhle. And in the other Example 
the Proportions are aljb alike ^ hecaufe the Confequents 
$ and 11 do contain their rejpeSive Antecedents three 
times 5 andfo the Proportion of the Antecedents to the 
Confequents is ftihtriple. (Nor is tl^ere any proportion 
of commenfurahle ^lantifies which may not be exprefs^d 
hy certain Numhers 3 nor indeed of Incomtnenfurables^ 
which may not he expTPffed hy Numhers infinitely ap- 
proaching nearer and nearer unto the true one.) Fur- 
thermore from what hath heenfaid it appear Sy that like 
^roportionSy whatfoever they arey may he exprefs^d not 
only hy divers NumherSy hut alfo by the fame. T'hus 2 
to I de/igns as well the Troportiqn of 16 to 8, as of ^ to 
2. ito ^ no lefi ex^reffeth that of 6^ to 12, than that of 
3 to p, as is mofi manifefi. Snppofing therefore four 
Quantities to be proportional^ A:S::a:h'y it is en- 
quired in this Sooky after how many like Maniiers the 
T'erms of thefe like Proportions may he changed, and 
ordered among fi themfilves ; fi that the emerging Pro- 
portion on both Sides may be ftill alike ? And it may be 

H 3 anjwer'dy 
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anfiv0r% that it may he done after all the ways and 
Planners foffihle 5 for feeing the Proportion of A to St 
andjhat of a to k are aliJle^ both of them may he ex^ 
frefi'd hy the fame Numhers after this manner y A: Si: 
.p;5, and, a:h::^xx. Ax^confequently aUtheTroj^or- 
iions emergif^ off hoth Si^s^ either hy Alternating the 
^ermS\ 9^ jh Inverting thfrn^- or hy G)mpounding, or 
Dividingi or Converting, or^ Mu'mg them^ may he ex- 
frefkd hy the very fapie l^unibers ; and ^(infequently the 
fame Vrpfortion mil aiw^ be kept on hoth Sides. As 
for ExmPle fake. A+S ; S ; : a+b : h^ heoaufi 94- 5 : 
3> exprej^th the fame ^r^ortion^ lohich is Compofi- 
tioa. 7%efame is to hefatd of all the ways of chatting 
the Terms. T^herefore let Seginners ohfirve this one 
d'bing^ . that Proportions^ which are on hoth Sides the 
fim^f he ever changed and ordered in the very fame 
f^anner. And then there will he no Room to queftion^ 
whether the Proportions which arife on hoth Sides he 
alike or no. Jt is indeed a T'hing to he wondered at^ 
that no one of thofe who have hitherto compiled Elements 
pf Geometry^ have made nfe of this moft eafy Method of 
ftating the Equality of Proportions^ for the Illuftrating 
of this Fifth Sook about the XhSlrine of (Proportions. 
Take therefore the primary Ways which Geometry makes 
ufe of in reafoning concernim like Proportions^ as they^ 
are digefied into thisfhart Tables 



Zetkht A : ^ * : ^ •• 

fhsn it mil 

Mtematifig A ^ : tt : : S : b : : ^:^ : : 3 ; 3 

Itivertini S : A : : b : a : : 3:9 

Comfumding. A-^S : S : : a-^-b : h ; : 9+ 3 (12) .' 3 
DiviMng A—3S ; S : : a—h : h : : 9 — 5 (tf) ; 3 
Converting J * . A+S : : a : ^+*: ; p : 9+3 (i^ 

^ A. ': A—S : : a : a—h : : 9 : 9 — 3 (d) 

Mixing A+S: : AS: : a+h : a—h: : 9+3 : 9—3 
Exxquo j:S::a h,'i^ S:C : : b :c, then A : C : : a ;C, 
r.^.m 9 • 3 •• 9'h 3 • I • ? 3 • l^then 9 : i :: 9:1. 
S^tXte. ^' S;: a:h,^S;C ::r:a, then A : C: ; r : h. 
Or thus, ' 8 : 3 ; ; 8 ; 3, £? 5 : 1 2 : : 2 : Sytben 8 : 12 : : 2:3. 
8.: 3 ;: l(^:tf, Sf 3 12: .-24: l6^thenH: 2 : :24:(f. 

a : h ;: ^-f-^ : tf-{-^ iSb; exi a-^b : a-^-e^ thfu ae tit 
^^p.e^k 
. * ■ f Xb 
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' He therefore 'who is expert in thefe Ways tf Rea^ 
Jhnwgconcernif^ Vroportioftalsl and knows to bring 
them into Vfe ttfon Occajion^ mU feUomftand in need 
of the particular ^rofqfitions . of the Fifth Sook. 
Only fwo of them^ *dohicb yet are dlmoft Axibms^ nky 
not improperly he inferted and illuftrated hy JBxam-; 
fles^ in W4fy (?/ Appendix, hecaufe^of the FrequeAcv^, 
their Vfe in all the Tirts of the Mathematicks j 'ojhith 

therefore Jball he done after the definitions. 

f 

D E ? I N I T i O N S. 

I. A N Aliquot Part of Magmtode, la that which be- 
"^ ing fo many times mo^e " pt lefs repeated, doth 

meafiire or is jufi equal to the Magnitude. An Alt* 

quant Part is that which doih not nieafure it« 

The Length of one Foot is an Aliquot Part of the 

Jiength of lo Fiset, becanfe being. ten times repeated it 

meafures it.^ But the Length of four Feet is zn Aliquant 

Fart of a Line of ^o Feet, becaufe being fb many times. 

repeated, to wit, twice, it ialls ihort of it, but being 

thrice repeated it exceeds it. * 

2. One Magnitude is faid to be z Multiple of another, 
when the leiler meafures. the great^l', and confequehtly 
19 an Aliquot Part riiereof^ ot when the greater con- 
tains the lefler fo many times precifely. 

3. Proportion is the mutual Refpefl, as to Quantity, 
of two Magnitudes of the fame Kind. 

Therefore there are in all Proportions two Terms, of 
which that is called the Antecedent which is firft na- 
med, or which is nam'd in the Nominative Cafe ^ the 
other the Confequent, 

When the Antecedent and the Confequent are equal, 
it is called Proportion of Equality 3 when they are une* 
qual. Proportion of Inequality. 

4. Rational Proportion is that which is betwixt com- 
menfurable Magnitudes, and may be exprefled in Num- 
bers. Irrational Proportion, that which is betwixt 
Quantities incommenlurable, and cannot be explicated 
by any Numbersi^ 

H 4 More- 
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IVtoreovcr, Commenfurable Quantities ^re tbofe whicb 
fpme common Meafure meafureth 5 incommenfurable, 
thofe wjiich fiannot be meafiired by any. common Mea- 
fure. ' * ' ' 

fZ' f- ^.r. i. T\;5ro Eroppiftions /t}iat of A to B, and that; of C 
to t^^ ^re alike, equal or flje fame 5 wken the Antece- 
dent of one ( Aj dock equally or in the fame fanner 
(that i§,. neither more nor je(sj contain its Confeque^nt 
(B^ as the Antecedent of the other (C) contains its 
Cpnfequent (F;, 

''f-*- t)r when the Antecedent of the one (A) is fo often 

contained in it^ Cpnfcquent (B^, as (jC) the Antecedent 
of the other is in its ConTequeiit (D). " ' 

^i« 3« 6. Two Proportions are unlike, or one is greater than 

.the other, when the Antecedent ©if iiaib'(I) .doth.naf<>ro. 

^ cphtain its Confcquent (L)v than the Antecedent of* the. 

ig'V J other (O) doth coi^tain its Gonfeqaept(QJ 5 or when the^ 
Antecedent, of one 'is lefi contain-d in ifis Conieqi^ent, 
than the Antecedent of the other in its Confcquent. 
;:7i Like or fimilarVsim are thofe ,which are eaualiy 
oHn the fame Manner contained in their Wholes 5 lo that 
what fof t of Pkrt one is of its Whole, fuch a Bart the 
otiicris of> i^s 'Whole. ^ Which Thing .indeed is nothir^ . 
eife, but that the Parts bear the £me Proportion t^, 
their Wholes. 

V Aiiquot Parte are like, vhich do equally. meaifurc their » 
Wholes, as if each of them be oneThird or one Tenth, . 
^c. of its Whole. 

% ^: 8. Magnitudes (A, B, C, D) are faid to*e continually 

proportional when the middle Terms (B, C) are takea 
twice $ that is, when they are each of them a Confe- 
quent;iri'rcfpe6l of the foregoing, and an Antecedent ia . 
rcfpeft of the following. 
^ We thus pronounce continual Proportions. A is to. 

B, as B to C J and B is to C, as C is to JO. And fo 
on. 

9. Magnitudes are difcretely proportional when no. 

. Term is twice taken; 

*^«: '• Difcrete Proportions we thus pronounce; A is to B, as 

C to F. When there are ipore than thtee proportional 
Magnitudes, if they be {aid %o be proportional, they zv^ 
always underftood tp be difcretely lb. 

10. When 



1 
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lo. When the Magmtudes (A, B/C^D) ate conti-^-C. 
i}ually proportional, the firft (A) is Faid to have to the 
t^iifd (C) a duplicate Proportion of that\^hich it hath. 
to the fecond(B): And the firft (A) is faid tohave^ 
to the (burth fD) a triplicate Proportion of that 
which the fame firfl. bath ,to the fe.<fQpd (fi) : And fo 
forwards. . ^ ._ . 

[/jT one triplicate Troportion he eq^tf another dt^^ 
plicate Proportions the latter fifnple^toportion Jhall he 
f^quiplicdte^ or one And a half of the ^ farmer ftmple 
Proportion. Let J^S.C,fD, he -yh^ ^»^;^» ^t ^%^^. 
and let A the fir^ m the former Analojtybe unto iD'* 
the fourth', as (a) tie firft in the jf^cond Analog is to, 
(O tbefpurtb^ I fay that (a) is t6(h^ tn a j^roporiim 
^pich is one and a half of that which A is in to Jff, 
For let F he a middle Proportional hetivixt 3 and C : 
Or^ ivhich is the fame thinly hefvcixt A and 2). Se^ 
caufe of the Equality of the Proportions of A to 2>, 
a?2d (a) to (cX and the middle Proportionals on hoth 
Sides Fand{h)'^ It will he A:F::a:h. Sut the 
proportion of A to F is compounded of the entire Tro- 
portion of A to, ^^ and of the Proportion .of the fame 
S toC halted $ and confequently the Proportion of 
(a^ to (h)^ whifh is equal to that of A to P^ contains 
the entire Proportion of A to J8, and alfi the fame 
halved, to w>, the ^roportipn of 3 to F. Sut the 
nvbole ^roportionj with its half^ is a fej^uiplicate or 
fefquialteral Proportions or that which is one and a 
half of the other, (a) T^herefore is to (h) in a Tro^ 
portion fefquiplicate of that of A to 3. So in Aftro- 
nomyy Jtnce the Cuhes of the tui fiances of the Planets 
from the Sun hear that Vro^ortion one to another ^ which 
the Squares of their periodical Times hear ^ fo that 
the triplicated Proportion of the 2>i fiances ^ is the fame 
with the Duplicate one of the periodical lUmes 5 It is • 
wont to he faid^ that the periodical T^mes are in a 
fefquiplicate or Ji/quialterat Proportion of their 
^i^ances from the Sun.1 

'^ ti.. Antecedent Magnitudes are faid to be Homolo- 
gous or like to Antecedent, and Cohfequent to Confe- 
quent Magnitudes. As if A is to B, as C to F 5 A, C, ^* ^* 
and B, P, are homologous Quantities. 

XII. If 
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XII. If 8 Set of Fairs of Qaantities contain every ona 
the lame Praponion. that ii -the very ProportioD alio 
vhicti the Sum of all the Antecedenti bean to the Sum 
of all the Ccbfequents. 

ao + ff+S'f 18+ u— tf* 

10+3 4 9 7r=33 

XIX. If Farts he as Wholes, th^ Remainders will b« 
idlb IB the very fatne Proportioh. ' ., 

If ;o be to ao, as 3 to 2 j ^^ will bo to 18 alfo m ' 
30 to 20, or as 3 to 2. 
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THE DoArihe of'Ffoporticms, which was gene* 
rally fet forth in the Fifth Book) n lapplied in 
the Sixth, to plain Figures. And-thofe Things- 
which are delivered in this Book are (b necef* 
iary to be known, that without them no Man can p6n&- 
ttatQ into the Secrets of Geometry, and fekp the tweet 
Pruits of the Mathematicks. Bach Proportion deferv^ 
to faa^ an Encomiutn annexed 5 fo great is- the Utility 
of all. .1 

T'bis Sixth Sooky as has heen faU^ hegtns to apply 
that excellent TkSrine concerning Geometrical Propor- 
tion^ tjobich was jufi hefore delivered^ to divers ^ and 
tbofe certainly^ mofi not able V fit ^^ and beginnif^tvitb 
yriangles^ the mofijimple of Figures ^ fearches out their 
Sides and Areas^ as they anfaoer t(y one another in a 
certain Proportion. T'ifen it defines proportional Lines ^ 
and the proportional Augmentations or diminutions flf 
Figures 5 andjhews in what manner we may either 
increafe or dimini/b them according to any Proportion 
^iven. It opens likewife the Golden Rule^ or Rule of 
proportion, the very chief of all Arithmetic ^ and de* 
monfirates, that in a reBangle Triangle, not only th^ 
Square, but aljb the Pentagon, Hexagon, and in gene- 
ral, every regulat^oPygon, which is defcribed by the 
Bypotenufe, is equal to the Squares, pentagons, Hexa-^ 
gons, or any regular polygons whatfoever, that are de- 
fcribed by the two Sides. It alfo propounds mofi eajy 
and certain Principles for meaftiring as well Solids^ as 
Lines and Surfaces, which are of very ^reaf Ufe in all 
fParts of the Mathematicks* 
^ ^ \ PEFJ. 
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Definitions. 

I. T IKE or fimilar Figures, are thofis which r both 
-^ haile allihe Anj^e« equal,t e^- to each otUbr re- 
Ibeflively, and the Sides which are oppbTed to the, equal 
Angles, or which are betwixt them, or which are a- 
bout the equal Angles, (for th^ al^ como to one) Fro* 
portional. . / -'"•'• 

1^1* 1^*^* ' As the Triangles X, Z, will be faid to be like, or fi- 
milar, if the Angle A be equal to the Angle F, and tho 
Angle B i?q¥(al to the AnglQ J; aqd: conftquentW^lIro 
Al^gji^ C equ«^ to ib^ AngleL.:.: And moreover, if 4?B 
be to PI» as >BC:to L 1 5 and BC js to LI, as C AT'js 
to 1 1! J. wd C A^pX F as a B to F I $ by comparing 
ajwg^^ tb$ .8ide$ oppofite to the eqtiftl Angles. In the 
f^me inanneir tbeLikeDefs of all rightrlb'd Figures may 
be explained. 

T?^. 29. /«. B.eci{yQ(^lj Figures are when the aQtiSpedem: and- 
coniequent Terms of the Proportions appear on .both 
Sides. 

As in ,the Parallelograms, X, Z, 
If A C be to C B, 
As FC is to CL. 
The Antecedents here i^re AC, and F O, of whi^h there 
IS one in botfi Figures 5 and the Confequents are C B, 
swd CL; of which likewife there is one in each Figure. 
S^vA therefore the Parallelograms X,. Z are caU'd reci- 
procal, ynderflanding the fame of other Figures. 

3. The Altitud0 of a Figure is the Perpendicular let 
(all from the Top to the Bafe. This mth Euclid is the 
fourth Definition. 

^£' »• As the Altitude of the Triangle A B C is the Perpen- 

dicular At^ which -falls from the Top upon the Bafe 
BC, either within the Triangle or without, upon the 
Bafe protra£led. Now the BaJfe and Top are aSTumed at 
Pleafure. 

4. Like Arches of Circles are thofe which have the 
fame Proportion unto their whole Circumferences. 

As if each of them be a third or fqi^rth Part, i^c, of 
their Circumference. 

PROPO 



P R O P 6 S i 1 1 O N I. 'Th^oAfii;' 

' . « ■ " 

TRIANGLES (ABC D£F) and ParalU-r,g.ii 
logmms (AOPCyDf^RF) iohich ate hetwixt 
the fame Patallelsy . or have the fame Attitude, have ' , 
the fame Proportion Betwixt themfelves as their Bafetg 

(AC,DF.) .;..;. : ■.,■•';., 

Upon this Theorem the whole Sixth Book depends^ 
yea, whatfbever any wb^^^ 19 demoi^ated about Fi- 
gures by Proportion^, whether Plain or Solid. 

Let there be taken any Aliquot Part of theBafe DF; 
e.g. DG one Third, and' let the right Line G£ be ^ 

drawn : The Triamgle D E G will lik<^ife1)e .one third 
Part of the Triangle D E F,, as. i^.gatbered ttom 58. /. !• 
Wherefore D G and the Triangle D G E are^like Ali- 
quot Parts of their Confequents *. Then .te^^ttere be *^»^ffik, 
taken away D G from the Bafe A C as qften^as it can, ^' '• ^' 
asfuppofe iix times, and let the righ^ Linps HB, IB, 
KB, LB, MB, Nfi, ,t>e drawn. JBef^ufe tlie Lines 
C II, HI, i^c. are each, of them equal to DG, the fix 
Triangles CBS, H BI, £jff. are each of them (a) equal WP^fjj; 
to the Triangle D EG. Therefore as often as DG is**'- 
contained in the Antecedent A C, fb often is the Triangle 
DEG contained in the Triangle ABC By the fame 
Reafoning it may be fhew'd, that the like Aliquot Parta 
whatfoever of the Confequents (the Bafe D F, and the 
Triangle D E F ) are in an equal Number contained in the 
Antecedents (the Bafe A (5, and the Triangle A B C) t 
Therefore as the Bafe A C, is to the Bafe D F 5 fo is the 
Triangle A B C, to the Triangle DBF. ^£.2). 

But now becaufe the Parallelograms AP, DR are (^^(b;ffr4t; 
double to the Triangles ABC, DEF, they alfo will be'* '- 
as their Bafts. I : T .? i 



•« *t 



Corollary* 
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*V HE TVangles (A B C, FJX) ^4 thePftrft|lelognunaK^. j. 
"■• which haive equal or J the fame Bafes (ACH iPl^), 
have that Fropohion 'one to another, Miiiich tkixt AM- . 
tti<ici(BO,IQJhaT(S. V ' , , , . ■ ' .; ■■ r ' 



-"' \- -n^^ . • s 



i lo Euclid*/ Elements. Lib. VI. 

For let QJS, OR, be made equal to the equal Safes 
('FL, AC)5 QS, OR will then be equal. Dfttw SI, 
R B. If in the Triangles O B R, QI S, you take B O, 
IQ^for the Bafes, OR, Qj5, will be their Altitudes j 
which feeing they are equal, the Triangles O B R, QJ S 
(a)P«riJ.5.(tf^ will be betwixt themfelves, as their Bafes BO, 
IQ^ But becaufe by the Cohflruftion QRis equal to 
A C, and QS equal to F L, the Triangles O B R, O I S, 
ft) ^ 3 •• are {b) equal to the Triangles A B C, FI L. Therelbre 
'• '• the Triangles A B C, F I L, aw alfo as B O is to QJ. 

Ttg. yo. CoroU (ly^ence alrafeziiim AS C2)^ whofe ^des 

A^ dni scare farallel^ may he divided intq any i- 
qual Tarts mdkaffoever. Fof let CEhe made ecinal ^ 
Ad}. S^aufi effbe Equathy &f tbt Angles vertically^ 
>ofite (c) AFDi EFC, and of the alternate Angtti 
rd)P«r 27 v"j 2)-rf-P> i^iSC; and AD F, ECF, and the Equali- 
* tyoftbe Safes A7>yCE, hy ConftruSien^ theTriangles 

A!D Fi FC E (e^i are equahy and therefore the Tri- 
angle AS£fs equal to the Trafezium ASC2>. iTjere- 
fure the Sdfi S B heing divided into any equal Tarts 
whutfii^ver^ asfirlhflance^ three. SG^GK^RE^tbc 
Tiriangtes ASG, A6R, ARE, /bait each rf them h 
9ne third Taf0 of the Trafezinm. Q^E.I. ^ 



(c)?«rij. ^ 

rd;p«r27. W 

7c) Per 2^. 



PROP. II. Theorem. 

> 

%• 4. T J^ ft^ one Side of a 'friattgk (as B C) tbefe he drawn 
Jfc (PL) a Parallel^ this cuts the Sides froportionallyi 
that is, (APj viill be to (FS) as (AL) to (LC). 

And if the tight Line (FL} cuts the Sides {B A, 
CA)preportionaUy, it mil be paralkl totbe other Side 
(BC). . ^ 

Fart I. Let BL, CF be drawn. Becaufe FI/ is^fup^ 
pofed parallel to B C, the Triangles FBC, LCF hav. 
ff) Per 37. mg the fame Bafe are (f) equaU The^fore theTriangle 
^ '* X, hath the fame Proportion to both ^ now the Triangle 

X is to the Triangle F BX, aa the lame Trianrie X is 
to that L C F. Kit the Triangle X is to the Tri^n^ 
FBLCgX asAFisto FB; and the Triangle itis'UK 
that LC F as AL (h) is to LC. Therefore aUb A^ 
istDFB,asALto}iC« ^Rit). 

.Part 



fe) By the 
foregoing, 
(h) By Che 
iiune. 






Part a. A« AF is to FB, fo is the (a) Triangld'X WBytte 
to the Triangle FBL : And as A L is to L C, fo is the^*^'^^*^' 
fame Triangle X to the Triangle LCF. Now AF ' 
IS fupposM to be to t B, as A L if to t. C. ThrefiMfe ' 

the Triangle X is to the Triangle FBL, as the fame 
X 15 to L C F. Therefore the Triangles F B L, L C F 
are equal. Therefore feeing they have a common Bafo 
F L, the Lines F L, B C, are (*) parallel, ^R2>. . P>) ^^ 39- 

Corollary* - 

'1 F umo (BC) one fide of ^ Triangle thete be drawn h^.j. 

'^'^ more Parallels (I O, F L), all the Segments of iftie - 

. Sides wiH be proportional. 

Let FQ^be drawn parallel to AC. The right Lines 
F S, S Q^ are equal (c)' to LO, OC. But BI ii to W Per 34. 
tj, asCLs to SF(4. Therefore Bi is alfo to IP, as /jjjp^^ 
CF to OL. l^. - 

PROP. III. Theorem; 

k ... . . ■ • 

• ■ • # 

I'F a right Line (BP) which bifeBs cm Ar^le. of aitg.6^ 
Triaiigley doth clfo cut the Bafe (AC)^ the Seg- 
ments of the Safe (AF, FC) wifl -have the fame Pror 
portion hetwixt themfelves as • the Sides (AB, BC) • 
have. ^ . T 

And if ihe Parts of the Bafe (AF.FC) have the 
fame Proportion betwixt them/elves^ as. the other Sides 
(A B, CB) the Line (BF) which cmf the Bafe^ bifeBs 
the epfojke Angle {ABC}. 

Part I. Draw forth CB until BL be equal to B A; 
and join A L. Becaufe in the Triangle Z the Sides L[B $ 
A B, are equal, the Angles alfo (^) L and O are equal. M P«r j. 
Becaufe therefore the external Angle A BG is equatto'* '* 
, the two internal ones /f) L, O, th^. Angle I, which hj({)Ter^u 
the Hypothefis is half A B C, wHi' oe equ^l to the Aflglft*- ;• 
L. • Therefore At, PB {g) are parallel. Therefore in l^^/*" •^• 
the Triangle ACL, AF is tQ FC (i^Vas^LB (that is,(h/p«r «. 
AB)istpBC. 4-B/2?. ^ : : :^-^- 



\ 



• 
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* Part 2. Prochice CB again until ifiL be ecmal to B A; 

Becaiife A F' is -fuppps*d to be to F C, as A B (that is, 
ja)P«r2i.^,LB^ is to BC J A L, FB (tf) are parallel. Therefore 
l\^^^^' the external Angle I is equal to the internal one L C^jj 

and the alternate Q^equal to the alternate O. But be- 
(c)P«r^./.i.caufeLB, AB, arc equal, the Angles L and O (^ are 

equal. Therefore I and O are alio equlk Therefore 

A B C is bifeaed. ^IsTl. 



^) Ter ief. 



PROP. IV. Theorem.' 

TRsangUs vshich are equiangular to one another are 
like orjimilar; that rV, have their Sides alfo (J) 
that are offojite to the equal Armies froforttonal. 

^g-T" I^ ^^^ Triangles X, Z, Tet the Angle A be equal to 

the Angle F, and the Angle C to the Angle L, and the 

Angle B to the Angle 1 5 I fay, that A B is to F I, as 

AC is to FL5 and AC is toFL, asCBis toLl3 and 

CB is to LL as BA is to FI. 

^x*7i^. ^emonft. If the Angle F be laid upon its equal A^ 

the Sides F I, F L will fall upon the Sides AB, AC. 

And becaufe the external A ngle A I L is by the Hypo- 

{e)H^.8. thefis equal to the internal B (jEt\ therelbre (Y) I L, ^ C, 

•lone. are parallel. Therefore B I is to I A {g) as C L to L A; 

^0 P€r 19. Therefore by compounding, B A is to I F, as C A to 

(gjjPer2.i^.L F. And it the Angle L be laid upon the Angle C, it 

will be fliew'd in the fame manner, that A C is to F Lr^ 

as EC is to IL 3 and if the Angle I be laid upon the 

Angle S^ it wilj be fliewM in the fame manner, that 

B C is'to I L as A B to F I. The Propofition therefore 

is prov*d. 



fig: s. 



, Corollaries* 

i.T F in a Triangle ia tjine ti I be drawn parallel to one 
-■-Side BC, the; triangle LFI will be like to the 

whole CBF3 and confequently CF will be to LF, as 

BCtoLI. 
For fince L I, B G, are parallel, the external Angles 

FI L, FL I will (per 27. /. i.) be equal to' the internal 

ones B and C : But F is common to both Triangles; 

There- 



^ Eib.VL' EucLii;)V EkmeuU. . , ^tj 

^erefcHoe tEey ace e«niiacg«dar^ llsieiiefore t\^ ;$]ies 
CX, XiPioppofite ito uiejoquai Ai^gles B an4'FIJ^./]8Kj(a}By the 
ftce ptof oiitiotial^o Ac. Side* fiC,i 1, wiiiGh ait ppiaj<4 ^oregoihg* 
* CD'.thi cdnnaftan Aogle^ f . ^ 

2. If in a Triangle a right Linf B F xir^n from .tjb$l?^. 9« 
oppofite Angle B, doth cut the Parallels AC, LO, it 
cuts them proportionally. ^ , 
J For by CoroH: r. A 4* is* to LI, as F B is to^I B j and 

PC alfp is to I O, as F B is to I B. Therefore A P is 
- to LI, as FC to lO. Therefore W changing, AF7» 
toFC, asLIfolO. - 

[3. From CorolL i. We learn to find the Height of aTtg.^u 
S^M&K,^ dnfelinuuid ^omtg by^ iizfy the Sk^^ of 
it^jSt^. ^ jRf / tb^ >Staf F L' 'Mrp&kdicuHrbf Men. }th 
Ground ik tM»t "JO^ 'where the iLa) of the SudXSA 
$'hat t€f'mmfi^$ the Shadow af th^ Tower jg-ZywagaaS^ 
fepifs tM^ L. ^^t&ere ^Ul ' ie in the Sfriazgit-^'Z-Bf 
the Line FL parallel to the Height of the T'ower ZS> 
When^M AF, th» IMiance of the ^fffrom^tik "Point 
of the J^adow^ is to FL^the Lei^ik of the Stdffj fo is 
jiZy the 2)ifiance sf t^e Tower from the "PcQit of the . 
Shadow^ ' to ZS the Height ofthi "Tower. J'^nile- 
caufe the three fir fl Terms are eafily had by meafuring^ 
4he f&ufthi^ f. e» the' Height of ^^e Tower %s md\ al- 

4. i^om^ibk ^Ji inoomfaraily ti^^ 2 

. 4nay deduce that Famous Theorem of ^tolom^^' to mt^ 
That in eier^ ^Madrilateral infcriVd in a Circle^ the / 

Re^angle ofthelbiagofiah JCx S^ is equal t6th£ two 
'ReSfaf^es of the oppofite SideSy JSxC^ and Ali x 
%C, For ietrhe Angle S AE he made eqnai to the 
^ngh CA^^ Secaufi the Angles SAEy CA2J, are 
equ0i hy -Cmfttt^iony the An^es A1B JB, AjCD^ fiand- 
ing upon tfje fame Arch'A^i^re^equul^ therefore^ ^^^^* 
the Triangles S AE, C AS),^re ame. And AC: ^' " 
C2)ii AS: SE^ and confequently \ the ReBangUy^ ^^^^ 
of the Bxtr envies AC^SE is equfi t^ tioe Re 61 angle of* * 
the Means C2)y.AS. In like _ manner y hecauje the 
* • ,Af^le jB^JD is emal to S^ACi^ CpnfiruSjonia^dxi^e 
. Angles J0^, AC S,as fianding Mpo^- (he fame Jrch 
ASy are equal: The Triangles AT> B, ACS, wittie 
like^ and A2)iTli En Att C^. 4nd therefipe the 
ReBangle of the Extremes ^ AH^Cl^^k 4qua). 40 the 
/ B^Elangle of the Means 2) £ x AC. Sut the Rectangles 

I ' ^AC^HE, 
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V 



\ ACy^ SE, and JCx 2) JF, are equal tathe ReSangte 

A C X 02). T'herefoire the ReBangles A$x!DCy Mzd 

A2J%SQ ivhich are made by the app(0e\ Sides^ are. 

equal to the ReSangk AC X J8 2), which is made by the 

Hagonals* Q^E:D.3 ; 



. .< , ! PROtP* V. Thebceifi. \ 

Fig.io, ' .jT ^B. two TriangUs.^ofV^ all their Sifie^^mttt^b' f^<^ 
X fortionaly they pall alfo be mutmify equiangular. ♦> 



\ > • • \> ■ 



\ . That is, If AB be. to R F, as A C to R Qj apd as 
. A C is to RQ_, fo is CB to Q^Fj^ aftd as CS is to Ct.F, 
.£) is A B to R F 9 \ fay, .that the ktk^ts o^poj^to to tl\c 
Anteced^t^) are Qqual to the Angte^ op|M^te< to the 
.Q)nfequems 5 to wir^ Gtc^l, and Bto I:,\4|jd A jto O* 

- Ang. • Atitec. Confeq; \ \ Ang. 

C , AB RF . , I 

B , AC RO F 

A CB dP V .0. 

Make X and Z equal: to A and C^ ^nd l9t the Sideg 
{a) Ter Carol meet in N. The Angles B and N will {a) be ajfo e- 
.9.^54.1. i.qnai . Becaufe therefore the Triangles ?> T, are equi- 
angular, A B (by .the foregoing) will be to R N, as A C 
to R Q. But by the Hypothefis, A B is to R F, as A C 
to RQj^ Therefore A B is to R F, as the fame A Bis 
to RN. Therefore R N, R F are eqo^L In the like 
manner I might /hew that Q^N and QV are equal. 
Therefore the Triangles T,S, are equilateral to each o- 
ther. Therefore the Angles I, F,0, are equal (per 8. 
/. I.) to the Angles Z. K,'X, that is, by the Conftruc- 
tion to the Angles C, B, A. ^E.2). 

P R O p. VI. Theorem. 

* • 

%• ««• T F two Triangles (P, S) have one Angle (A) equal 
X to one Angle (O) ; and the Sides (A B^AC.R F, 
RQ_) -which contain the equal Angles frofortional; the 
1j tangles y)ill be fimilari , * ' 

; - ■ Let 
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Jjct X and Z be made eqoal to the Angles A,C, ^d 
the Sides meet together in N. Therefore the' Angles 
B and N will ff) he alfo equal. Then it may be fhcw'd, f^erOni^: 
as in the foregoing, that RF, RN, are equal. But^' ^^'^' ^^ 
R Q is coipmon to both Triangles S, T. The Angles 
alfo O and X are equal, becaule they are both equal td 
the fame A 5 the one X by the ConftruSion, and O by ' 
the HypQtbefis. Therefore (a) I and F are likewife e- ^a) Per^ 
qual to Z and N. Therefore the Triangle S is equian- '• '• 
gular to the Triangle' T 5 that is, by the Confiruftion, 
to the Triangle P. Therefore S, P, are fimilar (fer^,. L <^.) 



I 



PRO P: VII. 

S f cane of any Ufe. 



PROP. VIIL Theorem. 



IN a ReSiangle Triangle j tl>e Perpendicular (BC) letTtg. tu 
down from the right Angle to the Bafe, cuts the Tri" 
angle into Parts Jimilar to' the whole j, and betwixt thent'^ 
fehes. 

In the Triangles A B F and L, the Angle F is com- * 
mon, but the Angles ABFand X are by the Hypothe- 
fis right ones, and cohlequently equal. Therefore the 
other Angles A and O are (^) alfo equal. Therefore (^c)(h) PerCorol 
the Triangles A B F and L are like. In the fame man- ?*f • ♦*• ^ i' 
ner the Triangles ABFandR may be ihew'd to be^'^^''^ '^^ 
eaual, and the Angle I equal to the Angle F. Front 
wnich it is now manifefl, that R and L alfo are like, 
feeing the Anglcis I and F ^ O and A 3 U and X are 
equal. ^E.2). 



Corollaries^ 

"Clrfl, BCisamean Frapprtional betwixt AC, and 
CF. 

It V For 
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For feeinfi thete be in the Trianglet R and L» 
equal Ax%. L F ( eq«al Ang. A. O 

Sides oppof. A C. C B. j Sid. oppol! C B. C F- 
fa)ftf 4,1^. It is mamfcft (^a) that A C : C B : : C B : C F. 

A. B P is a mean Proportional betwixt A P, and C F. 
Likewiic A B a mean betwixt F A and C A. 
For in the Triangles A B F and L, 
equal Ang. A B F« A» { equ. Ang. A. O 
Side$ oppof. A F. B F I Sid. oppof. B F. C F 
(b) By the Therefore A F (^) : B F : : B F : C P. I^ikenrtfe be- 
fame. ^^fe 1(1 (hg Triangiea A B F and R there be 

equal Ang. A B F. V. I e^u. Ang. P. I . 
Sides oppof. A P. A B | Sid. oppof. A B; A C 
It will be again AF: AB:: AB: AC. 

F>X.ii. g. Hence we learntomeafure an inacceffihle Line^ 

one Term whereof is acceffible. Let the inacceJJiUe 
Line be CF. Let there he raised from the Taint C the 
Perpendicular CS : And to an^ Voint of this Perpen- 
dicular as St l^f there he applied a Square or any right 
Angle ASF'y fo that in looking along the Line SFthe 
Toint P, and along the Side S A the Toint A may he 
ohferved. Let the accejfihle Line AC he meaJUred^ and 
Jrom the folhwivg Analogy the inacceffihle CF will he 
made known. AC:CS::CS: CF. Let the Sqttare 



lc)terCml 



then of the Line CS he divided by the Line ACy and 
^Jthe .Quotient (c) will give thejbught Line CF. Q^ E. I. 



P R O R IX, ProWem. 



Tig. It. f I ^ Q ii^jide a gtijen Line (A B) according so a givea 
X Proportion (Fi to I L). 

Let the infinhe Line A Z be drawn. Fsom wkioli 
^ake A Cb CLR, equal to P I, I L. From R draw RB. 
Parallel to this draw Q^C from Q^ I fay the thing 11 
done. ^ 

It is manifeft from prop. a. /. 5. 



PROP. \ 



* 
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P R O P. X. Problem. 

TO divide a given Liije as {A B) in like manner Ttg. ij. 
as Another given me {A I) hath teen divided 
(inF.C). 

Let the right Line I B join the Extremities of the 
two Lines. Draw Parallels to this from the Points F, C, 
which may meet the right Line, that is fo be cut, A B 
in L and (^ I fay the Thing is done. 

This is manifcft from the Corollary of <Prop. i.l6. 

[Or thin^ if the cut Line I A he greater than that ^z- si. 
'which is to he cut S ^ let three Circles touching one a- 
nother he defcriVd with the ^Diameters IF^ ICy lA^ 
and let the Subtenfe S^ befitted from the fPoint I to • 
the Circumference of the greateft Circle : iTye two lefTer 
Circles ivtll cut the Line S^in the joints Z, 5P, in 
the Trofortion * of the SeElions of the 2)iameter L A. •^^'fiwJ.^. 
If the Line I A he cut into four Tarts^ four Circles are^ ^'•'' ^' 
to he drawn y if intofive^ then five Circles ^^ andfo in- 
finitely^ 

Scholium, ' , 

IIj^ROM this Propofition we learn to cut a right LineK^vis* 
^ giren into any equal Pares whatfoeverr Let an infi* 
nite right Line make any Angle with the right Line to 
be cut A B ; from which take with a Pair of Gompafles 
ib many equal Parts AC, CF» F I, as you would divide 
A B intOi Draw the right Line I B, and the Parallels 
to it FL, CQ^ I fay the Thing is done. 

We may do the fame Thing otherwife, and more ea- Ttg. 14. 
fily after Maurolycus^ in the manner following. Let 
A B be to be trifeded or divided into three equal Parts. 
Draw the infinite Line I X parallel to A B, above or be- 
low it. From IX, if it be below A B, take with a Pair 
of Compares three equal Parts IQ^, Q^R, RS, which 
together may be greater than ABj but lefler if IX is 
alwve. Thro* I and A, as likewife thro' S an^ B draw 
right Lines which may meet together in C. From C to 
(^and R draw right Lines: Thefe will trifefl the given 
' I 3 Line, 
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Line AB. The Demonflration appears from C(n;olL 2. 
Vrof. 4. 
%. IS' Again with Maurolycus^ we may otherwife obtain the 

fame thing, to wit, thus: Let A B be to be quadrife^led. 
Draw the infinite Line A X and B Z alio an infinite 
Line parallel to it. Frpm thefe take with the Compaf- 

fes equal Parts A L, L O, O Qj and BVjVS, SR, in 
each fewer Parts by one than are required in A B ; then 
let there be drawn the' right Lines, LR, OS, QV. 
TJicfe wiU quadrifeft the given A B. 

For becaule by Conftrucrion, the Lines LO, R S, pa- 
rallel and equal, are join'd by LR and OS, thefe alfb 
(t)^^ 33- id) will be parallej. In the like manner OS and QV 
^ '• are parallel. Therefore feeing A Q^is cut into three e- 

(b; >er (J>roj. qual Parts, A I will *lfo.(*) be cut into fo many equal 
jro^.2. 1.6, J^j,^^ Likewife B C will be cut intp three equal Parts, 
t Therefore the whole A B will be cut into tour equal 

Parts. 

Thefe two Ways of f radice are eafier than Euclid's^ 
bec^ufe fewer Parallels are to be drawn. 

PROP. XI. Problem. 

fig. %6. f I 1 find a third Proportional to two right Lines gi- 
1 v?n(AByBC). 

Draw the right Line A C. From B A produc'd take 

A F equal to B G. Thro' F draw the infinite Line F X 

parallel to AC, which infinite Line let B C produc'd 

meet in L. I fay that A B is to B C, as B C to C L. 

(c)TefU€: For AB: AF(c):: BC:CL. But A F C^) is equal 

ffiuaion ^9 2 9- Therefore AB:BC::BC:CL} >nd fo C L 5 

• ?^ , '^ *°v J- ^^g third Proportional fought. ^ • 



Qtherwifiy 



ffi' ?7. 




B C : : B'C ; B L. It is manifeft from CofolL i . /r. 8. 



SchdT 
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i Scholium* 



A ^'^^" Proportion may not only be cominu'd in throei 
^^ but alfo in infinite Terms» and the whole Suin ^f 
tt^einifinite proportional Terms be eidiibited. Gregory 
of St. Viment bath very handfbmely pro(ecuted thia 
Matter, and the whole Bufinefs of Geometrical Frog^ef- 
fion in the whole fecond Book of his Work. We for^tbd 
fake of the Studious, will here prefent fuccinflly.the 
Gobftruftion and Demonflrations or the Thing propofed. 



' • Problem. 

T' E T a Proportion of the greater Inequality be given, FTg. i^. 
'^ as A B to B C; It is required to contioue this thro' 
infinite Terms,* and to preient the Sum of them alk 

' Let the Perpendiculars AL, BO, be ere£led, andtav 

ken equal to the giv«n Lines A B, B Q and thrOiiL,0, 

let a Hght Line be drawn, mteting with A BC prodiic'd 

in Z. I iay, i. If from C you ere3: the Perp^ndioilar 

C Qj C Q^fliall-be a third Proportional. Transfer Q^G 

into C £, and from £ erefl E R ; .this, fliall be a fourth 

Proportional. Transfer E R into E F, and ereft F S 5 

this ihall be a fifth Proportional 5 and fo the Proportion 

of A B, to B C, that is, of A L to £ O, will be continued 

thro' the Terms, A L, B O, C CL, E R, F S, £5?^?. pr 

AB, BQ CE, EF, £jf(:. infinitely, becaufe every Teita 

(as FS) may be taken away from th<s remaining, 091^ 

FZj for feeing LA (that is^ A ISyh :Jif^ tfean AZj.iFS 

jilfo ^tf> muft ever be lefs than F Z. * / (z)PerCoroh 

I fay (z.) A Zeis equal to.tfa^ wboli^ Sum of theinfi- 

lute Proportionals. ..' ; - 1 

1 . . . . 

' Part L [// ieing fupposrd. as. hefor^^ AZt^ZuJS: 
SC'y it ivill he by alternating AZi A Si : SZi SC. 
■Jnd hy dividing, JZ^ASi' JBitSZ-^SP^iSC-, . 
^hai is, SZi ASti CZ: &€.' ^:^er^Jmbyinf{>frting 
I SZ;t SC: CZ. Jttdhycmfy)undi^'AS'\rS^?^} 

«'•» •'<< ••* «. -, r in rrm 



• • ' » 
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::SC'\-CZ:CZy that is, JZ:SZ : :S Z : C Z] 
But as AZ is ro B Z, fo is L< A to O B ; and as B Z is 
to C Z, fo is O B to QC. Therefore alfo LA is to O B» 
as O B is to QC. In the fame manner I might fhew 
itof O B Js to QC, as Q^C to R E ^ and fo fdrwardd in- 
finitely, : . ^ • ♦ 

P^rt i. The whole Sum of iht infinite Temit it nei? 
thtt tefs than AZ> nor greater $ therefore it is equaiL 
it U mk greater^ beciiufe feeihg we have fhew'd above^ 
that QG is lefTer ihah CZ^ atid RE than £Z^ and 8 F 
than F Z^ and (b on infinitely, all the Terms QJC^ R E^ 
S F, ^c. rtiay be infihitely fet one by anothei: in the 
right Line A Z ^ fo that the Point Z (hall never be 
reached. Again, the faid Sum will not be le(s, becaufe 
I have above fliew*d, AZ.BZ, CZ^ to be continually 
proportional ^ and in the fame manner the fame Thing 
19 ftieyd of the reft E Z^ F Zj C^e?. Sfceing therefore w 
tranfifcrring the Propbhionak QC, E R, F 8^ Iffc. into 
C E, BFv F I, the Rethainders E Z, FZ J Z, ^c. are 
always continually proportional, as we hare already 
fh^w^d ^ we /hall at the laA c(»ne unto a Remainder 
« l^fs iUan atiy gi^^eii oiie * and therefore ttie Slim of the 
^t^E^pi^fti^nils fhslll exceed ev^ry Quailtity that is jefa 
tban AZ ; from wKbnce it fetf oannbt be lels than A it: 
^ Seeing thirefdro it. is neither Jrenter nor lefs than AZ| 
U ihail be ekjual to it. : ^ J?- & 

z' » • - ■ J • > - • • •• , V / 

T^ S £ Diferencc <}f the firft Terms, the firft Term^ 

'**• iftrtd the whole SUm of the infinite Prbpbrtionals^ 

flte ebhtJhdally t>rOportiohai. 
r/f. 19. • In the upper Figure let OX be drAwh parallel to AZ. 

Therefore L. X /hall be the Differente of the firft Term 

\ AL orAB, and of the fecond B O, orBC. Becaufe 

(a}P€ro»«»//.XO'is ^rallei to AZ », LX ftiail be td XO, as {a^ 

i.jp«jf.4, U. L A is to A Z. But X O is A B, and. X A likewife • iq 

A B. Therefore the Difference L X is to the firft Term 

A % aV A B the fiTft Term is to A Z the V^hble Sim* 

%2o* The Tattrc Thing may be demortftrated univerfally aad 

irery briefly in evtiry Ibind df Quantity, thus ; Let tbetc 
bfe an!y contMal Prop%>ltl6nais whiti^e^er (4^ w^lj 
'Kkm4>er8, as other Quantities) AZ, BZ> CZ, {^c. and 

let 
f 
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let.tbcni all he traosferFd dpoD the firft AZ. There- 
fort AB, BC^ CB,Bt\ (5c. wiU be file Bifierenees 
of .ihe ;Pr6p6rik)nai!| 5 ^hich, t^getber with the laQ 
Quantity F Z are equal to the firft A Z. Now becaufe 
if^fopoi^idnaik be c^nliBu^ iafinkely^ the laft Quan* . 
tity vanifbeth a#ay, k is manifeft tbdt the Difierencet 
of the kifiaite Fropottiomak are e^^il to the firft A 2w 
Then becaufe AZ is to BZ, as BZ is to CZ, and fo 
t>i)4 By dividing/ A B^ilt be to EZy as BC td CZ ; 
Iknd by codterting^ as A B, the firft Difference, is to 
AZ, the firft Quantity $ fo BC, tbefecond Di&rence^ 
Is lo BZ, the fecond Quanfity, and (b forwards. There^ 
fore as A B, the firft DiSerence, is lo AZ the firft C^an^ 
t)^y 5 So all the Dtflereiicd<$ T^ hat is^ as I baTd already > 

tfhew'd, the fihft QiUnticy A Z) are to all the Quami* 
ties, that is, to the whole Sum of the (tifinUd Quantittei. 

PROP. XIL Problem. 

ft 

THree right Lines being given (A By BC, AF) *%• »«• 
to find a fourth Proportional. 

jjtt ^he two righit IjktHs be di(bofed, 4s the Figure 
Jhe^t, arid draw the right Lint B'F,. to which let the 
infinite Line C Z be made parallels Let AF prodttc*d 
to L n^eet CZi. ^ 

I fay, A B i^ to BC, as AF to TL, as is nianHefl 
!^m Vrop. 1. of this Bbok. Thetefete FLis the foarck 
Proportibhal Ibiight. 

Scholium. 

/^UR Countryman \ffpif^2^ in his Treafury of Mathe- 
^^ matical Philo(bphy, doth handfbniely from 35. 1* ). 
gnd I4 of this^ which . depends not upon the prefenc 
Prepofitioiit find out a fourth Proportional, three beihg 
given, and a third twb being given, after this manner. 

If three right Lines be given, let the fecond C B, and Hj^. lu 
the third B D be joined right to one another, fo as to 
tetke i^e right Line, and let the firft B A touch them 

in 



% 
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in tte Point B, in what Ari^le you will. Tliro* * die 
(a)Perj./.4.PoJ^nt8 C,A,D, defcribc a Circle (a^^ whifclt'let AB 
the firft Line meet^ in the Point Z. B Z is a fborth 
Proportional* 
(b) Tif IS* For feeing the Reaangle* A B Zy C B D, arc {h) c- 
^ 3- qual, A B will be to B C, as B I) to B Z, by the r4th 

of this Book, which, as was' faid, depends not upon 
this. 
J%.aj. » If there be given two right Lines AB, B C $ let BJD 
e^ual to B C be join'd to 6 C, (b as to make one &t^t 
Line. Then let the firfl A B touch BC in B in «uy 
Angle. Then the reft is iCs befote, and B Z will be the 
third Proportional fought. 

The Demonftration is the fame 5 for feeing the Rect- 
angles A B Z, CB D, are equal, AB will be to BC» as 
BD (that is, BC) is to bZ. 

PROP. km. Problem. 

J%H. 'Tp/FO right Lines given (AC, CB) to find a 
1 mean Proporthnal. 

Let the whole compound Line A B be bifefled in O, 
mnd from the Centre O d Cirde bb defcribed thro' A 
and B 5 from C ereft a Perpendicular C F, meeting the 
Circumference in F« . 

I fay, AC is to C F, as C F is to C B. 

(c) P«r 31. I'or let A F, BT le dravt^n ; the Triangle ("(?) A F B is 
V.3. right-angled, and from the right Angle there is drawn 

the Perpendicular FC to the Bafe. Therefore A QU 

(d) PerCuroW. to C F as (^; C F is to C B, 

Corollary. 

• • • ' 

HEnce it is manifeft, that if from any Point of thj^ 
Circumference /as F) there be drawn a Perf^endi- 
ipular (V C) to the'Diameter, this Perpendicular is a 
mpan proportional hetwixt the ^egmqnts of the -Di^iine^ 

fer (AC,CB}/ ; 

- - • - •. . . 
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Scholium. 

THIS Place reijuires, that we flipuld fay fomething' 
• feriefly concerning the finding out of two mean Pro- 
portionals betwixt two given Lines. All the Geo- 
metriciafxs of Greece^ at Plato's Suggeftion, fet them- 
felves with all their Might to the Solution of this Pro- 
blem. Divers moft fubtle Ways of Praftice are recited 
hy Eutocimin his Commentary on Archimedes^ as 
thofe of VlatOy Jrchitas the Tarentine^ Men^chmus^ 
JEratofiheneSy Vbilo Syzantius^ Hero^ Apollonius of 
IPerga; Nicomedes^ 7)iocleSj Sporus^ Tappus 5 to whom 
the later Times have added Verner^ Gregory of Sp. 
Vincent^ Renatus Cartejim. Out of all thefe we fhall 
feleft Three more eafy than the reft. . 

PlatoV Method* 

IT is required to find out two Means betwixt the given Tig. a/. 
Lines AB,BC. 

Let A B, B C be fet in a right Angle, and be produced 
infinitely towards X and Z. Then let two Squares (fo 
our Claudius Richards h^th it 5 foxTlato himfelf made 
vfe of one Square only, but which had inferted into its 
Side *D E a Rule mdvable along D E,)let two Squares,* AeFig.*^. 
I fay be taken, and the Angle D of one Square be ap- 
plied to the right Line B X, in fuch certaip wife, that 
one Side may alfo pafs thro' A 5 and to the Point £ in 
whibh the other Side cuts the right Line B Z, let a fe- 
cond Square be applied, which will pafs thro' C. I 
fay, that BD, BE, are two Means betwixt the given 
Lines AB, BCj that is, as AB is to BD, fo is BD 
to BE, and BE to BC. 

The Demonflration is manifcft from CorolL i. (Prop. 8. 
/. 6. for A D E is a right-angled Triangle, and from the 
right Angl^ to the Bafe there falls the Perpendicular D B. 
Therefore by the faid Corollary, as A 3 is to B D, fo is 
BD to BE 5 and for. the fame Caufe, as BD to BE, 
foisBEtoBC. Therefore betwixt the given right 
Lines AB^ BC, there are found two mean Proportionals 
!B D, B E. Which was the Thing to be done. This 
planner of folyjng th^ Probleip js the ea^eft of all to bp 
underftood. 



I 
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T'he Method of Philo the Byzantine. 

%.i7. 1 £T the two given right Lines A 6, B C, be fet to- 
^ gether at a right Angle ^ then let the Re^ngle 
A B C D be i>erfeae<l, and let D A» D C be produc'd in- 
finitely, anJ let the Diameters BD, A C be drawn, cut- 
ting each other in £• From the Centre £ thro' B 
let a Circle be drawn, which, becaufe ABC is a riffbt 
/a) Per 31. Angle (^) Will pafs thto* A and C. Then let a Rule oe 
*- 3- applied to the Point B, fo that the intercepted righc 

Lines BG, OF, may be equal. I fay, that A F» GO, 
are two mean Proportionals betwixt the given A B, B C| 
that is, as AB is to AF, fo is AF toGC, andGC to 
CB, 
(b) By the fDemonfi. Becaufe G B, OF (i) are equal, OG, BF, 
<?^™^- will be alfo equal. Therefore the Redangles O G B, 
^r^erCbfp/.BFO, that is (c; the Redangles DGC, DF A, are c- 
I.^3^.'.3. qual. Therefore asGD is toDF, fo (//) reciprocally 
£d)J«ri4. Xf is toGC, butGD is toDP (e) asBA to AF. 
(fi)FerConl Therefore as B A is to A F, fo A F is to GC. A^ain, 
1.^4.2.^. I have already fhew'd that AF is to GC, as B A is to 
AF $ but BA is to AF, as GD is to DF5 that is, as 
GCistoCB) therefore AF will alfo be to GC as 
GC is to CB. Therefore all four, BA, AF, GC, 
C B, are continually proportional ^ and therefore be- 
twixt the given Lines AB, BC, two Means have been 
found. ^ J^KL 

Thefe two Methods of Solution, altho thev be inge- 
nious and eafy enough ; yet becaufe a due Application 
of a Square and Rule is not made but by trying, they 
are not Geometrical. 
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7%e Method of Cartes. 

LET an Inftrument of fuch fort be provided 5 that 
two Rules may be open'd and fhut about Y. Let 
there be inferted into thefe divers Squares conneded to- 
gether betwixt themfelves in the Points B,C,D,E,F,G, 
in fuch fort that in the mean while that the Rules Y X 
and Y Z are open'd, the Square B C may inopel the 
Square C D in the Ri^Ie Y Z, and the Square Cf D may 

impel 
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imp^l the Square D £ in the Rule Y X, iio4 tl^Stfjli^ 
X> £ may impel F E, aud JB F imfHpl pr . iatct forwar4 
FG and io oa : But fo that wkile tl?^ lhiif:% XX 
and YZ ajrc /hu*, all thePoinu B,C*D,E,P,a, teiwi 
to fsdl upon one a^d the fame Point A* By tbi$ Inftriji'* 
nrient not only two, but alfo four and fix, yea, as m^X 
Means as you will, betwixt two given right Lines may 
be found. Which thing can be obtaiaM neither by the 
Sevens of a Cone, nor by any Methods found out by 
the abovefaid Authors. 

For two Means three Squarej are requir'd 5 for f^r 
Means five Squares, and (o on. 

Let the lefler of the given right Lines t)e transfcrrM 
upon the Rule Y X, and let it be Y B 5 the gpea^r up- 
on the Rule Y Z, and let it be. Y £. Let the hrfl Square 
be applied to the Point B, and be fixed tbere« and Jb^ 
The Rules be open'd, until the Side of the third Square . 
Mfledi thro' £. I 4yt that Y C J JD; ^oe tw.9 Mesins 
betwixt the ^ivem Y B, Y 6 ^ chat i^, tfeat Y£ ^s to ^ d 

aa YC i« to Y D. and YX) to Y E. 

. The Demonftration apjnears ouic ofC^oU. %. pr, 8. A.€* 
For £rom the Katitre of uie Inftruqpuonjt, in the Tdaji^W 

Y C D, the Angle at C is a right ope, a^d froei it C B 
falU perpendicular «pon the Bafe Y li Tbemfoce by 
the faid CoroUaryt as Y B is to YC fo is YC to YP. 
Again, becaufe io the Triangle Y D E, tb^ Angle ix D 
is a right one, and frAmit there falls this Pi^pendicular 
D C upon the Bafe YE, as Y C is' to YD, fo is YD tp 

Y E- Therefi)re Y B, Y C, Y D, Y E ire four cpwiinial 
Proportionals. Betwixt the^give^ Lii^s th^piefpre Yfil, 
YE, there have been found two mfi^n PropocUooftk 
YCYD. ^£.1. 

If betwixt the gi^ven ones Y3B, YsG* th^re bereqwood 
feqr Meao^j open fbe Ruks, until the .$k^ of jche fifiii 
&aie FG pajaTotb thio'G. There ^1 i>t YC, Yl>« 
Y£, YF,^ttr lAeaos betwixt YB, Y^.. Ttbe Denpio^- 
flration is mahifeft fi^m the ^id <CorpJilary. 

This way, altfao' the Inibument is txiore .ppexpfe «thjHi / 

^tfito\ k truly an excellent one ; .both becaufe }t 
-doth pothing by bare Trial, jiod t>ec;iu& it exteoda 
it felf unto four and fix, and as many Means as you 
will. 

Thii Deliacal Problem, to wit, the Duplication of the 
Cube, is performed by two Means, and all Bodies wbat^ 

ibever 
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Soever are increas'd or diminifh'd in a given Proportion 
(a) Sttfcbol(d) by the fame Method ^ like as the fame Thing is per- 
^.18. ^ia.fbrm'd in plain Figures (b) by one Mean. Hiffocrates 
p!^l6. firfi open'a this way, which as the Angular and only 

one, all Geometricians that have follow'd iiim have 

embraced. 

PROP. XIV. Theorem. 

%'ap>30' \j ^Quat Parallelograms (X, Z) ivhich have one Angle 
mj XC) equal to one (0) ; have their Sides alfoy which 
are about the equal Angles y reciprocal ; (that is^ AC 
is to CB, as FO is to L). 

' . And if they have the Sides thus reciprocal, the Pa'* 
rallelograms are equal* 

• w 

Fart I. Let I L and S B being produced meet together 
in Q^ The Parallelogram X is to the Parallelogram R, 

(c)Teri.l6. as A C IS to C B (0 5 and Z is to R (d), as F O to OL. 

g^ ^ Bin becaufe by the Hypothefis X and Z are equal, X 
is to R as Z is to R. Therefore alfb A C is to C B as 
FO is to OL. ^E.2). 

(e)By the Part II. As AC is to CB, fb X is to R (e)i And as 

ft««. F O is to OL, fo is Z to R. But already by the Hypo- 
thefis A C is to C B, as F O to O L. Therefore X is to 
R, a$ Z is to R. Therefore X and R are equal. 
^jB. 2). 

{[Coroll. On this defends the 2)emonfiration of the 
infuerfe Rule of Proportion. For in it there is always 
fime ReHangle given as X $ and one Side of another 
eqtMl ReSangle^ as CS\ and the other Side is fotight. 
As therefore A C the firjl Side of the given ReElai^le 
is to C Sy the given Side of the other ReSangle 5 Jb re- 
, ciprocally FC the Jbt^ht Side is to CL the fecond Side 
of the given ReSlangle. 7'be ReSangle therefore 
CS% FC is equal to the ReSlangte ACx CL : And 
the latter Rectangle given heing divided hy the given 
Side of the former CS^ the Quotient will give the 
Jbught Side FC. Q:E.I.] 
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^Q?al Triangles (ACL, PCB) which ^baw (ot%3«»3*-* 

jittgle (C) equal to me (O) have alfo their Stdet ' 
a&mt the equal Angles reciprocal (that is, A C is fd 
Ch^ asFO to OL). ^ . \; 

lA^d if they have their Sides thus recip'OCal, the 
'Triangles are equal. 

Let the right Line L B be drawn 5 the reft of fh'e 
Demonfiration is the fame as that of the foregoing. 

Corottary* 

AS well Farallelogtams as Triangles, which have thef r 
Safes and Altitudes reciprocal^ are equal : And io 
converfly. 
It is m^nifeft from the two (bregoing^ Fropofitions. 

PRO?. XVI. Theorem. 

IF four right Lines (JB,FI; IL, BC) he propor-Ttg^zz^ 
tionah (that is, if A B be to FI, as I L is to 
B C) theReSiangle (J^ .under the Extremes (A B, B C) 
is equal to the Reitangle (Z) under the Means (FI, ' 

/I). 

And. if the ReEl^ingle under the Extremes be equal 
to the ReHan^le under the Means, thofe four right Lines ^ 
wilt be proportional. ' ' • 

Fart I. In the ReAangles X and Z, about the rieht 
and there&re equal Angles BI, by the Hypothefis AB 
is to F I| as reciprocally I L to C B* Therefore X and 
Z (ij) are equal. ^^.2). MPert^ 

Part II. Secaufe X and Z are now fuppos'd equal ^^^' 
therefore, (b) about the equal Angles B and I, AB is 0>) By the 
to F I as reciprocally I L to BC. ^E.fD. ^*"*^- 

[CoroU. (i.) Hence it is eaf^ to afjply the given Re- 
Bangle Z (c) to the given right Line AS ; to wit, hy(c)f«rii. 
tnahii^ AS :FI: : IL :S C. ForSC is the ReBangle '• ^• 
Z applied to the given right Line AS*2 

[CoroU 
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^ JoroU. (%.) Upon this ^ropofimn depends the tDe- 
ntonftration of4he djre£i Rufe cfVircforticn. For in it 
there is always given fome ReElangfe^ as CL : And 
emther like 'SLe&etigle is fiught^ one Side ixhetecf is 
elfo given. It v^iil therefore he, as SC the' firjl SUdfi 
ef the fieSimgle given ^ is to JSO fjbe Side of the IL?- 
Bangle fought 5 fo direSiy CE, the Jscond .s(4^ of the 
fieaangle given^ is to A fjbe other fought Side. 
7*herefore^ the Re5laKgle CEycEO is equal tofheRe^ 
Bangle S C y. O A. Jnd the ReQangle CE%EO he- 
ing divided hjy S C, the S^Otient^ will give Q A $he 
other Side which, '^as fiught: Q. R 1.] 

PROP. XVII. Theorem. 

%34- TPthe right Li^es (AByFL^ B0) he prcpnrtkitf^, 
X theReUfWgle under th^E^remes ( A B^ BC) fidS 
be equal to the Square of the Afean (Ff.). * 

And if 4he MBangle under tlie Extremes he etpial 
to the Square of the Mean^ fhoje three right Lines mt 
froportional. 

Part L Let O be taken ^e^ual to the Mean F L. Bc- 
jc^ufe therefore by the Hyporhefi^ AB is to FL> as fh 
to B C, and O is equal to F L^ A.B will alfo be to PL, 
(0 By the as O is to B C. Therefore (a) the Reflangle under the 
torcgoing, j^tremes A B, B C, is equal to the Reftangle under 
the Means FL and O, that is, is equal to the Square 
of FL. 

Part 11. This is detnonflrated iniike manner irQi9 the 
iecond Part of the foregoing. 



Coroil^iry^ 
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'ORom^this, taken together with the ijtib, itisppuini- 
•*• 4cft, that if in a Circle FG be perpendicular to the 
Diameter, the Reftanglo-A C $ is equal to tiie Square 
ofFC. 
U^O V ^^^ ^ ^S^^ ^^ ^^^ Square of C5 then AiC 

' n.1 P*iw. <'3') V A'.Q: :.€: S i WiCi ^ divided ty A, tjfc 
«.^iff.fctf..S. » ' -• PROP. 
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Pil OP. XVIII. Problem. > 

UPon A giv^n right Line (RS) to defcrihe a Pi-^^gif* 
lygonlihey and in like manner pofited to a given 

Relblve thp given Polvgon B Q^into Triangles. Upon 
the given right Line Remake the Angles (a) R,0, e-W ^«^*5* 
cittal to tbe Angles B, A. The Sides then will meet to- *' ^ 
gether in X. Upon XS make the Angles V, I, equal 
to the Angles T, C. ITie Sides will then meet together 
in Z. I fay the Thing is done. 

For becaufe the Angles R, O, are equal to the Angles 
£» A, the Angles E, K, muft alfo be e^ual (ferCoroU.p. 
fr, 32. /. x./$ and becaufe alfo by the ConftruSion, V is 
equal to T, the whole E V muft be equal to the whdle 
KTT. In like manner, becaufe 0,1> are equal to A,G, 
refpeftively, the whole Angles O I, A C, muft be equal. 
And becaufe V and I alfo are equal to T and C by the 
ConftruSion, Z . and Q^ likewife muft be equal (per 
CorolL p. fr. 32. /. i.) to T and C. Therefore the To- ^ 
lygons RZ| B Q^, are mutually equiangular. It remains, 
that we fhew that their Sides alfb are proportional. RS 
is to BF * is SX to FLj and again, SX is to FL (^),•l'«r•4.U- 
a8SZtoF(!i^ Therefore ex tequo KS is to SZ, ^^^^J^^ 
B F to F Q, i^c. 

CwoU. Hence is derived the Method of making Mafs 
or Charts, whether Geografhicaly or Chorografhicaly or 
thofe ivbich Surveyors of Land make 5 and of framing 
Ichmgrafhical Delineations of Fields , Suildings, Coun- 
tries : JEor they are nothing elfe but the ReduElion of 
great Figures unto like Figui^fs which ate of a Jmall 
Oomfafi^ which, is performed hy the means of this ^ro- ' 
fofition. ' 

PROP. XIX- Theorem. 

THE. ProportioH of like 'friangUs (X, Z) is du- % }«. i1- 
lilicae of the Proportion ef their Sides (A C, FI) 
"wbieh are fuhe»ii*d to tbi equal Angles. 

K That 
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•^«r ii./.^^i^Hiat is, if it be made * as AC is to PI, fo is FI to 

a third AQj the Triangle X is to Triangle Z, as AC 

the firft to the third Proportional AQ; Scc2)efin. lo. 5« 

Becaufe the Triangles X,Z are like, B A will be to 

(z)JPir 4,1.6. L 1 (j) as A C is to I P. But by the ConAruftion, as A C 
is to IF, fo is I F to ^Q. Therefore alfo BA is to 

(h)Perts. LI, C*) as IF to AQ. Therefore in the Triangles 

''^' 0.8 A and Z, the Sides about the Angles A, I, (which, 

by the Definition of like Triangles are equal) ate reel- 

(cj Per I. J.tf.procal. Therefore QB A and Z are equal (c). But the 
Triangle X is to QB A, as the Bafe A C to the Bafe 

(d)P.r,.U.AQ^(^). Therefore Xis toZ. as AC to AQ. ^R2). 
CorolJ. Hence is their Error to be correSedj who 
think that like Figures are in the fame Proportion to 
one another ^ that their Sides are. For if oj fooo^ not 
0f2ly like Triangles^ hut alfo Squares^ Ventagons^ 
Hexagons^ &c. yea^ and Circles alfo^ the Sides or ^ia^ 
meters be betwixt themfelves as 2 to i^ the Figures or 
•* Areas themfelves are as ^to i : If the Sides be bet^xt 

themfelves as 3 to i^ the Figures themfelves or Areas 
are as ^ to i-, to wit^ in a duplicate proportion of 
thofe Sides. 

PRO R XX. Theorem. ' 

F'i-3« T IKE Polygons (ABCDE,FGHIK)aredivi' 
M 1 dedy (i.) into like Triangles (PySj and Qjl*, 
and RyV) in Number equal: (2.) And proportional 
to the Wholes : And\i>) the Proportion of the Polygons 
is duplicate to that oj the Sides^ (A B^ FG) which are 
betzvixt the equal Angles (Ji, G, and BAE,GFK). 

t^art L Becaufe the Polygons are ^like, they are mutu- 
ally (^per jDeJin,i. L 6.) equiangular, and their Angles 
equAl, BAE to GFK, and B toG, aniBCD to 
GHI, and CDE to HIK, and £ to K. Becaufe 
ft) By the therefore A B is to B C (0 as F G to G H, and the An* 
afper^M' ^^ ^ *"^ ^ ^^® equal, the Triangles P, S, (/) are like.- 
In like manner it will be demonftrated that R and V are 
like. Then becaufe the Wholes BCD, GHI, and the 
fubdu^led ones B C A, G H F^ are equal, the remaining 
ones ^(o^ A C D| F H I) arb equal. In the fame manner 
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I might fhew thutA D Q FI Hj are equal. ThcrSSrd 
iperCoroL 9. /r. 32. /. i^ the third CAD is equal to the 
third H F I. Where alio {ji) the Triangles CLand T are(a)P<r4. '•^• 
alike. The firfl Part therefore is inantiteft. ' . . 

Part \h Becaufe P and S are alike, the Proportion of 
P to S is duplicate to that of {b) C A to H F. But for^^) By the 
the fame Caufe «llb the Proportion of Q^ to T is dupli- toiegoing. 
cate to the Proportion of C A to HFV Therefore P is 
to S as Q^to T. In the fame manner I will /hew that 
ais Q^is to T, fo R is to V. Therefore as one Antece- 
dent P is to one Confequent S, To all the Antecedents 
F^QtRf taken toget^dr, are to a(l the Confequents 
SyTi Vy taken together, that is, lb is Polygon to Polygon; 
AVhich was the other, Part. 

Part III. The Proportion of P to S is duplicate (c) td(c) By the. 
that of A B to FG. But the Proportion ot Polygon to foregoing- 
Polygon is the fame with the Proportion of P to S, as I 
have already (hew'd. Therefore al(b the Proportion of 
Polygon to Polygon is duplicate to the Proportion of 
A B to G F. Which was the third Part^ 

Corotiariiiu ^ 

1. A LL ordinate or regular Figures, as Sqt|are.s, e^iil- 
•" lateral Triangles, Pentagons, S?c. ^re betwixt 
themfelves in the duplicate Proportion of the Sides* 
For all regular Figures are like,* as is manifeft from 
ibefin. I. 6. 

%. If in any like Figures whatfbever, the Sfides A B,%- i^* 
t^tj) which are placed betwixt eqii^l Atigles, be known, . 
the Proportion of the Figures is alfb known. As for ex- 
ample, Let A B be of two Feet, and F G of fix Feet j 
andf as 2 is to 5, fo let 6 be to (ome other Number f to 
wit^ 18. The leiTer Figure is to thjs greater, as % is to 
18, or as I is t6 9. l^ow a third proportional Number 
is found, if IperCoroL ^. pni'j, L 6,) the fbcgnd of the 
given ones be multiplied by it felf^ and the Product di* 
vided by the firft. ^ 

3. From the fame Propofition is drawn the excellent F/^. 35»; 
Method of increafing or diminifhing any rectilinear Fi- 
guto in a given Proportion. As if I Woiild make a Fen-' 
tagon, whofe Side is A B fivefold of another; Find a , ♦ 

Mean proportional BX (i) betwixt the Terms of the f^;'''^- 

K 2 Pr«f- ' 
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{^)?er i8. Proportion given^ AB, B C $ upon this iiramc (^/a Pcn- 
• ^' tagon like to the given one. This fhall be q^sintaple of 

the given one. 

For by the 20. the Fentacon AB 19 to BX^ which \% 
like to it. as AB the firft is to BC the thkd Pro- 
portional. 

Moreover, feeing the Proportion of Circles alfo is du- 
plicate to the Proportion ot their Diaraecer, as will be 
fhew'd, f. a. /. la. This Praftice belongs likewife to 
Circles. * . 
%•♦»• [Schol. Seeing the ^rofortion <f the Squares B^K^ 
is ditflicdte of the Trofartion of their Sides O R, SP^^ 
from thence the duflicate Proportion of the Sides O Rj 
SV is'voont commonly to be escprejVd hy theVrt^or- 
tionof ORq to SVq.'] 

PROP. XXI. Theorem. 

%4o. in^Igures (A-, B) which are like to the fame (C) 
X7 ^^^ ^(fo ^i^^ betwixt themfelves. 

This is manifeft from 2)efin, i. L6, and from Axiom 
I./. I. 



PROP- XXII. Theorem. 

-* 

% 40, 4.1. TF four or more right Lines (Fly LQj, and''0 R^ 
., SV) be proportional i like Figures ^ and in like Sort 

defer ibed by them (Ay By and £, K) m'jft alfo be pro- 
poitional. 

And converfely. 

The Demonftration of the firft Part is manifeft. For 
becaufe the Proportions of A to B and E to K are du- 
plicate ta the Proportions of F I to L Qj and O R to 
S V, which are by Hypothefis equal ^ themfelves alio 
muft be equal. 

The fecond Part is maiufeft. alfo. 

JF«^.24. [Coroll. If the right Line AS be cut in any man- 

72er in C$ the ReSangle contained under the Varti AC^ 

CSy is a Mean proportional betwixt their Squares^ 

' ' . £ikewife the ReSlangle contained under tbeWhoie AS% 

I and 
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and one iPart AC or C^ is a Mean fropcrtional he- 
' -iwixt tBe Spiare of the mhole AS^ and the Square of 
the Jhid 9ari AC or CS. For (per Coroll. i. p. 8. 
1. 6.) it is ntakifefi that AC.CF: :CF:CS. "there- 
jFore AC Square : C F Square ::CF Square : C S Square. 
That is; "^ AC Square : ReElangh ACS : : Re^angle*^''^7'l€, 
ACS'.CS Square. Q.E.D. 

Moret>ver, (per Coroll. i. 'p.S..l6.) SA: A F : : AF: 
AC Therefore SAq : AFq: : AFq : ACq. That 
iSy t S Aq iSA C ReElangie : : SAC Re£la?7gle liPeriy.U. 
ACq. In the fame maimer AS q : AS C: : AS C : 
SCq. Q.E.D.] ^ 
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PROP- XXIIT. Theorem. 

E'QuiaKffled Parallelograms (Xy Z) have, betwixtJig, 41. 
themfihes a Proportioit that is cQvtpQU^ded of 
the Proportims xfff thtir Sides (AC to CJ5, a*id' LC 
to CF) . * 

f '■ ■'".•<• , • , 

That IS, if* y6u make CB tb be to O, as L C to CF, 
X 18 to Z, as A C is to O. 
, LetIL, SB, meet together in Q. The Parallelo- 

?ram X (tf) is to the Parallelogram R, as A 6 is to(a)P«ri.U, 
; B 5 and R is (h) to Z, as LC is to C F 5 that is, asfb) By the 
C B is to O. 'Therefore ex aquo X is to Z, as A C is^*««- ' 
toO. ^E.2). 

CorclLiries, 

"pRom hence, and from 34. U irit is m^nifeft, ^ Hg. 42. 
•*" I. That Triangles which hav6 <me Angle (ar'C) 
,equal, have that Proportion betwixt themfelves, which 
is compounded of the Proportions of the right Lines 
AC to CB, and L C to CF. Which Lines contain the 
eqnal Angle. 

a. That Bleftangles, and confequently all Parallelo- / 
grams whatfoever, have betwixt themfelves that Propor- 
tion which' is compounded of the Proportions of the 
Safe to the Bafe, and the Height to the Height. And 
in the fame manner we jeafon about Triangles. 

K 3 Hence 
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^^* ♦*• 5. Hence the Proportion of Triangles and F^ralU 

frrams piay be readily learned. Let X and Z be thi 
. Parallelograms, and their Bafes AC, CB, and CL, CI 
{%)'Per X2. be their Heights. Let it be njade {a) a$ the Altitad^ 
^ ^- C L, is to the Altitude CF, fo is one of the pafcs CBJ 

to O. The Parallelojgram X is to the Pi^rallelogram ZJ 
as A C to O. 

4 ^ ' 

PROP. :jCXI V. Theprera. 

fiSP-4-j. IN every Parallelogram (as SF) the Parallelogrants 
■ which are about the Diameter {A B)^ to wit ^ (C L^ 
O D are both like to the whole Parallelogram^ and to 
each other. 

&y 27. 1, the Angles C,S, and L^F, are equal. By 
the lacne, £ is equal to I, that is, by the fame, equal to 
A itfelf 3 but Bis common both to the whole SF, and J 
the Part GL. Therefore the whole SF, and the Part 
CL, are equiangular. It remains to be fhewM, that 
fhey have the Sides pppofite to the equal Angles pro- 
portional. 

Becaufe in the Trjangles B C E, B g A, CE is parallel 
to SA, BC (by Cbro/. I. /r.4. /.(^.; will be to C E, 
as BS toS A : And C£ will be to £ B (by the fame 
CorolL) as S A to A B. But becaufe in the Triangles 
E LB, A F B alfo, E L is parallel to A F 5 E B (^by the 
Um^Coroll.) will be to EL, as A B to A F. Therefore 
ex aequo C £ is to E L, as S A to A F. Therefore (by 
2)efin. I. L 6.) CL and the whole CF are like. In t 
the fame manner, I might /hew O I to be like to the '' 
whole SF, Thcreforp ^er 21. /.(3f.) GL and 01 sre 
alfo like betwixt tbemfelves. ^£.2). 

PROP. XXV. Problem. 

%* i^' 'TPO change a given Polygon (A) into another like 
^ J^ to a given one (B). 

Or to make a Polygon equal to a given one (A) 
0nd like to another given one (B). 
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Upon C F the Side of the Polygon B, a lite one to 
which 18 required, (by 45. I. i.) make a Reftangle Q. 
equal to B. Then upon FI (by the fame ^rop.) make 
a K.e£langle R equal to A. It' is manifefl that CF and 
F 1 do make one right Line. Betwixt CF and FI find 
a mean Proportional FL {a). Upon this, (p. 18. /. 6M^) ^^ '3- 
.make a Polygon like to the given one B, this muft alfo *^* 
*be equal to tae given one A, 

For feeing by the Conftruftion, CF, FL, FI, are 

three Proportionals, the Polygon B is to the Polygon like 

to it which is made upon FL, as CF is to F I (perxo, 
{/. 6. and fZ)^«, 10. /. 5 J 5 that is, (per i. /: 6.) as Q^ is 
I to R. Therefore alfo by changing, as the Polygon B 
' is to Qjt fo is the,Polygon F L to R. But by the Con- 
f flrudion, the Polygon B is equal to Q^ Therefore alfo 
i the Polygon upon FL, which is like to B, is equal to 

R 5 that is, by the Conflruftion to the given A. That 

therefore is done which was required. 



L 



PROP. XX Vr. Theorem, 

IKE Parallelograms {B D^ FN) havhig a cofn-fig* ^^, 
mon Angle (A) are about the fame Diameter* 



Draw the right Lines A E, CE. If you deny that 
A £ C is a common Diameter to the Parallelograms 
B D and F N ^ kt another, right Line A G C which 
cuts FE in G, be the Diameter of BD, and draw 
the Parallel G H. The Parallelograms F H, B D will 
be therefore about the common Diameter A G C, and 
confequently (by 24. /. tf./will be like. Therefore 
(per defin. i. /, 6.) as B A to A D, fo is FA to A H. 
But alfo as B A to, AD, fo is. FA to AN, feeing 
BD, FN are Jike by the Hypothefis. Therefore f A ' 
is to A H, as the lame F A is to A N. Which is 
abfurd, . • 

PROP. XXVli, XXVIII, XXIX. 

THefe caufe Trouble to, and perplex Beginners y and 
are fcarce of anyUfe. 

K 4 PROP. 
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^ PROP. XXX. Problem. 

Tig.^S' flT^O cut a given right Line (AB)fqthat thewhol^ 
J^ {A B) jhall be to me Segment {A C) as the fame 
Segment is to the Remainder (C B). 

That is, as Geometricians fpeak^ to cut a Line in ex- 
treme and mean Proportion> 

By II. /. 1. fo cut AB in C, that the Reftangle under 
AB, CB, may be equal to the Square of AC. I fay 
the Thing is done. 

For by the 17th of this Book, as AB is to AC, fb 
is AC to CB. 

The Force of this Se£lion of a Line is admirable in 
the iofcribing and comparing regular Bodies. 
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PROP. XXXI. Theorra. 

J F from the Sides of a reB angular Triangle (ACB) 
■^ like Figures whntfoever be defer ib^d^ that which is 
opposed to the right Angle y will be equal to the two others 
(Lj R) taken together. 

Here ^rof. 4T. Li. is made univerfal. ♦ 
From the right Angle C let the 'Perpendicular C O be 
let down. Becaufe (^per Corpii. 2. /. 8. 1.6.) AB, B C, 
B O, are three Proportionals, F /hall be to the Figure R, 
which is like to it, as A B the firft, to BO the third Pro- 
portional, (to wit, by 20. /. tf. and 2}efiff. 10. /. 5.^ .. A- 
gain, becaufe (by the aforefaid Corollary) BA, A C, AO, 
are th,ree Proportionals, the Figure F fhdll ^by the fore- 
faiA^rcr/. and Defin.) be to L, which is- like to it, as 
BAthefirft, toAO the .third Propofrlohal. , Becaufe 
therefore F is to R as A B is to B O } and the fame P 
is to L, as AB to AO j F /hall alfo be toR and L ta- 
ken together, asAB is to BO, A^, taken together. 
But A B is eqiial to the two BO, A O. Therefore alfo 
F (hall be equal to the two R and L. ^. £. tD. 



CorolL 
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CordL 

T^ Rom this Propofition we can eafily find one reftili- 
**- near Figure, equal and like to any Number of reip- 
tilinear Figures what&ever, by the fame Method^ where- 
by 5Prfl/. I. SchoLpr. 47. /. i. one Square is found equal 
to any Number of given Squares whatfoever. , Only 
in the Dempnftration, let 31. /. <^. be cited indead of 

47-/. I. 

CoroU. (2.) A Circle upon the Hypotemtfe of a Re£l- 
angle Triapgle^ is equal to two Circles defer ib\d upon the 
SSideSy for all Circles are tike amongft themfelves ^ and 
at^eto me another as the Squares of their Diameters^ iy . 
thifecmd of the 1 itb Sook. 

CoroU. (3.) f^omhente^'we may derive thht J^adr a- fig, ^^ 
ture of Lunets (ot little Moons) which Hippocrates of 
Chios firjl taught. 

For let ^SC be d reEtangle Triangle 5 and S AC a 
Semicircle to t}oe Diameter SCiS^Aa Semicircle de- ^ 
fcriVd on the diameter AS 5 AMC a Semicircle de^ 
fcriVd upon the diameter AC. 7'hus therefore the Se- ' 
micircle S ACis equal to the Semicircles SNAi and 
AMC together. If therefore you take anjoay the two 
Spaces SAy AC^ common on both Sides ^ there will be 
left the two Lunets SNA^ AMC^ bounded on both 
Sides^ with circular Zine'S equal to the^ reSiliidear Tri- 
angle SAC. And if the Zine S A be equal to the Line 
AC^ and you let fall a Perpendicular .unto the Hypote^ 
nufi SCj the Triangle. SAO will be equal to the Lu- 
netSNAy andthelriangle CO A equal to theZunet 

Cjlf^. Q.E. I. 

I ■ ■ - 

PROP, XXXII. . ' 

^ i * ( . - 

Mrl HIS is pardfy of my. Vftj and hatfi mthing re^ 
Jl, mdrkable in it. '^ 
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PROP. XXXH Theorem. 

^i' 4^' T Nthe fame or equal Circles^ the Angles whether 
X. fit the Centers (as A B C^ FO D) y or at the Cir- 
cumference {as ARC, FSD) have that Propt>rtion 
betmxtthernfelves^ which ^he' Arches {A KC, FGD) 
en which they fland have. Underfland the fame Tiing 
of Se£Jors. 

■ 

- As for the Angles at the Centre and the Seniors, it 
will be demonftrated altogether in the fame manner, in 
which Vrofi. i. of this Book it was demonflrated, that 
Triangles of the fame Height are as their Bafes : Only 
where ^rcf. 38. /. i. is cited there, let Trap. 29. /• 9. 
be cited here. 

And becaufe the Angles R and S at the Circumfe- 
rence are Halves of the Angles A B C, F O D, at the 
Centre, that which hath been demonQrated of thefe will 
be\manifeft alfo of thpfe. . 



Corollary. 

I%-49* i./T* H E Angl^ (B A C) at the Centre, is to four right 
' -^ Angles, as the Arch B on which it ftands, is to 
the whole Circumference. 

For as B AC is to the right Angle B AF, fo by this 
35. the Arch B C is to the Quadrant BF. Therefore 
the Angle B A C is to four right Anlgles, as the Arch 
BC is to four Quadrants, that is, the whole Circumfe- 
rence. 

2. The Arches' I L, B C of unequal Circles, which 
do fubtend equal Angles, whether at the Centre, as 
lALand BAG, or at the Circumference, are like 
Arches. 

/For the Arch IL is (by CorolL i.) to its Circumfe- 
rence, as tjie Angle I A L, that is, B A C is to four right 
Angles 5 and the Arch BC is to its Circuniferdnce (by 
the fame Corollary) as the fame Angle B A C is to four 
right ones. Therefore I L is to its Circumference, as 

BC 
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..^ .wAMw Angie 15 A C is to four 
\ ones. Therefore I L is to its Circumference, as 

BC 
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B C is to its. Therefore (fay Hiefin. 4. /. 5.) the ffrchei 
I li and B C are like. 

;. The Seniidiameten(AB, AC)dotakeawiyfTom 
concentrical Circumferei^s like Arches IL, BC. This 
is manifefl from CorolL i. 

4. Tl^e Segments (B K C, I O L) which contain e- v 
quai Angles (K, O) are like. 

For by Coroll. z. the Arches BC, I L, and confe^uent- 
]y the Angles BKC, 101,, are like 
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BOOK XL 

fFkh Vs. the Seventh. 



TO the fix firft Books Euclid fubjoins the Ele- 
ments of Numbers, comprehended in the three 
following, the Seventh, Eighth, andN^inth^ to 
which he alio adjoins a Tenth, concerning in- 
conamenfurable Quantities. We pafs immediately Tram 
Planes to Solids^ purpofing to treat of Numbers fepa- 
rately: Seeing rt will, I fuppofc, be more commodious 
for Learners, if the Elements of Gefimetry be not inter- 
rupted, by treating of any other Matter, but be had all 
together. Neverthelefs, when we fhall cite the Propo- 
fitions of this and the following Book, we /hall not call 
thefe Books the Seventh, and the Eighth, but the Ele- 
venth and the Twelfth, left if we fhould depart from 
the- every where recciv'd Order of Eucli/iy the Citation 
of Proportions ihould thereby be render'd more intricate. 
This Book in a fort contains two Parts : In the firft 
are lafd the Foundation on which the whole DoSrine of 
the Solids, that is, of Bodies, depends. In the other 
the Affeftions of Parallelepipeds are propounded. 

'•^-'T^bis Eleventh Sook of Elements fets forth the fir Jl 
Principles of Solids. Nor can indeed the Properties of 
Sodies he known without it-, and if we fst tipon almoft 
any Vart of the Mathematicks^ without the knowledge 
of Solids y we Jloall labour invain^ or he at leafl at a 
great Zofs, For the Spherical 7)o6irine (?/'Theodofius, 
Spherical J'rigonotnetry alfoy a great ¥art of praSiical 
Geometry y Staticks^ and Geography y depend upon it 5 
and what T'bings occur of any great difficulty in the 

An 
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\Art of^allif^y in tis Conic SeBiom^ ^rt^mmfff^i^ 
op€r'{ckl tnrOptickSy da all become more eafy^ the Prin- 
ciples of Solids heifjg ovce under ftood. So rb^t thofe who .. 
hMfe d^ii^er^d the Elements of Geometry^ leaving out 
andfetting afide this and the follomng S6ok^ are to be 
r^ckbfid to have deliv^ed tioefame very intferfeBly* 

D E JF I N I r I Q N S« 

I* A. Solid or Body is. t&at which hath Leogtb, . Breadth, ' 

^ and Thicknefs; % ' 

2. The Extreme of a Solid is a Surface. 

3. The right Line (A B) is to the Plane (C C) right% i./,„. V' 
or pei^pcrtdicular, when it makes right Amgles (BAG, 

BAG) with all the right Lines (G A) in the Plane (C G) 

by which it is t^uch'd. . ; . • 

4. A Plane is right or perpendicular to a Plane, wher^*^. a. 
all the right Lines (L Q^) whichuare drawn in one of the 
Planes perpendicular to the common SeSion (XR) are 
right or perpendicular to the other Plane (A B G O). 

5. If the right Line (OL) ftands upoii a Plane not aty?^. j, 
rig*ht Angles, and from its higheft Toint (L) there be 
drawn to the Plane the Perpendicular (L P), and (OP) 

be join'd ; the Angle CL O P) is faid to be the Inclina- 
tion of the Line (O L) to the Plane. 

6. If the Plane (R E) doth not ftand perpendicularly F/V. 4, 
upon the Plane (L Q^), the Inclination of one to the o- 
ther is the acute Angle (A B G), which is contain'd by 

the right Lines (A B and B G), which are drawn in both 
Fknes perpendicular to the Common Se3ion (O E). 

7. A^ Bane }« faid to be alike inclin-d to a' Piane, as is 
fome other Plane to another; when the' faid Angles of 

' their Inclinations are equal. 

8. Parallel Planes, are thofe which being continued 
every way, are always diftant from each other by equal 
Intervals. 

^. Ldk^ folid Re£i:illnear Figures afe thofe which arie ^ 
contained under like Planes, in Number equal. 

10. A folid right-lin'd Angle is that which is containM f/^. /, 
under plain Angles rnore than . two (BAG, GA.O, 
OAB) which are not in the fame Hane, medting toge- 
ther in one Point. 

• 

II. Equal 






Y 
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^ 1 19 Equal (olid Angles are thoir, which being con- 
ceived to be put each within the other, do agree or per- 
fe31y coincide^ 

Like as a plain Angle is a mutual Inclination of Lines^ 
(b a folid An0le is an Inclination of Surfaces, 
^j- ^> 7> 8* 1 2. A Priim is a folid Figure, comprehended by Flanes ^ 
; amongft which two oppofite ones ("O F £» A C B) are 
parallel, equal and like. 
^l'^' 1 3 . A Parallelepiped is a ^lid contained under qua-^ 

drilateral Planes, ofwhich the Oppofires are parallel. 

14. If fix Planes in which the Oppofites are paratiel 
be Squares, the Solid contained by them will be a Cabel 

PROPOSlTtON L Theorem. 

%^ /^ATJE Part (AC)' of a right Lhe canmt be in 
Vy ^ P^^^^ (0 E) i and another fart (C B) out 

It IS clear of it felf, from the Definition of a ^latie and . 
a right Line« See 7)efin. 4. and 7. /. i. ^ 

PROP. II. Theorem. 

Tig. !♦• ' 17* Vei-yw Triangle is tn one Plane : And iwd right 
"^ Lines cutting each other, are in the fame Plane. 

For if a Plane be applied to one of its Sides, and to 
the Pcnnt of meeting ot the other two, it will be evident 
that the whole Triangle is in that Plane. 

PROP. Hi, Theorem, 
% It. llFtm Times (AB,.CD) cut each dther, (EF) their 



common SeSiion it a right Line. 
It is manifeft from the Definition of « Flane< 



^M 
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But we may demooflrate it thus. If E F the ^om-*^ 
mon Seflion be not ^ right Line, let there be drawn in 
the Plane C D the right Line EOF, and in the ^iane 
A B the right Line £ QF« The twp right Lines there- 
fore EOF, £ QJP9 ^^U include a Space« Which is ab^ 
furd. 

i 

PROP. IV. Theorem. 

IF a right Line (BA) be perpendicular to tvio rightTtg. i». 
Lines (C A X^ FA S) which cut each other, it will 
^Ifo hi perpendicular to the Plane uhich is drawn 
thro them* 

l( you deny it, let another right Line B Q^be peTpen-' 
dicular to the Plane of the right Lines AC, A F, Join 
A Q^, af^d to this in the Plane F A C draw the Perpen- 
dicular QO. This being produced, will neceflarily cut 
(as is gather'd from Schol. Vrop. jr. /. 1.) one of the 
right Lines C AX, FAS, or both, wfaerefbcver the 
#Point Q^ fhall be. Therefore \tt it cut C AX in O^ 
apdletBObe jpin'd. Becaufe therefore the Angle 
B AX) is by the Hypothefis a risht one ^ 

The Square of B O /hall be' equal to 

BASqu.;^ 

AOSqu.S ^'v 

But becaufe B Q^ is fuppos^d perpendicular to the 
Plane F A C, and confequently (by 2)efin* ^*l.ii.) makes 
a right Angle with A Qj 

B A Squ. is e^ual to BQ^Squ. 



Y^ 



xsv^oqu*^ 

AQ S '•^• 

is by the Conftrudion 



And becaufe the Angle A Q^O is by the Conftrudion 
a right one ; 

A O Squ. is equal to O QSqu.-^ 

A(^Squ.S ^*'^- 

Therefore BO Squ« is equal to BQ^Squ.-f- . 
^ OCLSqu.-f 

AQ^Squ. twice 
X . taken. ' 

There* 
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^ 'Bherefore B O Square is greater than the Squares of 
BQarid OQj and (^asis clear from Vrof. 47. /. i.) con- 
fcqUently B Q^O is not a right Angle. Therefore B Q. 
is not perpendicular to the Plane (by 2)€fin. 3. /. x x.) 
C A F. Therefore the Proportion is manifeft, 



Scholium* 

FRom Its being fuppos'd that BQ^is perpendicular to 
the Plane F A C5 it is direftly demonflrated that it 
IS not perpendicular to that Plane \ and confequenriy 
fe)m the denial of the Aflertion of the Theorem, the 
4y» ' fame Aflertion is direftJy proved. This Demofifhratiofl, 

^ as to the.Subftance of it, is John Cierman^s. 

PROP. V. Theorem. 

Kj. ,3. T F three right Lines (B Ai CJ, FA)h pe^pmdi- 
X f«^^'^ ^0 the Jam right Line (A R) at the fame Point 
{A} ; thofe three will be in one Plane. 

For, if it may be, let one of them B A be in anotker 
Plane {'RO) which may cut LQ^the Plane of the other 
two C A, F Aj in the right Line AO. Becaufe by the 
Hy pbthefis R A ftands perpendicularly upon the two 
C A, F A, it will be perpendicular to the Plane LQjf'by 
the foregoing). Therefore R A makes a right Angle 
with AO ^by Tie fin. 5. A 11.) But alfo by the Hypo- 
thefis R A B is a right Angle. Tlierefore the Angteii 
R A B and R A O are equal. Which is abfurd;. 

PROP. VI. Theorem. 

Ttg. 14.. Yy Ight Lines (A B, C D) vjhich are perpeniictdar to 
XV the fame Plane (CF) are pa;rallel. 

It might be taken for granted as a Tbii^ of it felf 
lown 1 but we may demonftrate it thus. 
B D being join'd, make in the Plane F E the Line 
b G perpendicular to B D» and equal to B A 5 and let 

DA, 



kn 



D A, G A, G B, be join'd. The right Lines B DfD of 

are equal to B D {a) aod B A $ and th& AmIcs'S D G.M^y '^^ 

(^) D B A are right ones. Therefore (per. 4. /. i.) A D, "^^^Ir^J^ 

B G, are ,eqj|al. ^Therefore the Triangles A B G, G DA 3. /. i u 

are equilateral tcl 'each other, and confequently the An- ' 

gles A'« G, A D G are equal. But A B G (by Defin. ' 

3. /. II.) is a right Angle. Wherefore A DG is alfo a 

right one. But B D G alfo by the Conflrudlion, and 

e&Gby.fBij?». 3. areright Angles. Therefore GD 

is perpendicular to three Lines CD, AD, BD. Thcre-^ 

fore (JD is (c) in one Plane with AD, and BD. But(t)By th^ 

A B alfo Is in one Pl^ne (per 2. /. 11.) with A D and fowgwnjsn. 

BDv' "Therefore A B, CD aro in one Plane. There-' 

{^6 feeteg the Angles A B D, C D B (by Tlefin. 5 . /. n .) iT 

iiife right ones^ A B, C D will (per i^. L i. and 3)efin. 

'^6i L i.p be parallel Lines, ^ ^ E. fD. 



C i PRO P, VIL Theorem. 



"^^ \-Mf^ht^;^i^''.{RP) cutting tight Lines (JS,CD)^g*^S' 
jfx placed in the fame Plane^ k in one and the fame 
Plane mth them. 

It might be taken for granted. But he that will may 
<tluis demonft|i;ate it. ... -^ 

Let ariotber Plane ciit the Plane of the right Lines 
AB, C p. in the Points E F, If now E F is not in the 
Plane or A B;-^ D, it is not the common Seftion. Let 
EOF therefore be fo. Therefore (per 3. /. ii,)EGF 
is a right Line ^ the two right Lines therefore EF, 
EGF inclofe'a Spaed. Which is ablui^. - 



« f 



Corollary. 

TETEnce it follows, that if EF cut the Parallels AB 
""^ CD, it is in the fame Plane with them. For 
(by 2)efip. 3^ /. x.) any two Parallels are in the fame. ^ 
Plane. 



PROP. 
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PROP. VIIL Tftebrem. 

%• <4- If if^o/ WW Parallels (AS, Cp) one CA$) he perpen- 
X dicular n a Plant (EF)\ the^tij^r/ilfoffiD) wU 
be ferpin^cutinr i^ the faiHt Plane. * . . . 

It might be tkken for granted* If the pgtadofiiQRH 
on lie requilr*di ii is as foUow& ' .t:: /. .. 



I I 



f SiZ), A3) Mng drawn 5 in the iPiat^ EF nmkft 
G7)ferfefkiiotibMr4QSSi* le^iflsifoiffkeibelDempm 
^ firstioft af P«bp. tf . L \i\)te perfbnJtcnear 4» .l/^- 

^ertfa^ (per 4. L 1 1 .) G fZ) 'ftJ/K be.fflsrffindiculir'io t^ 
^lane AS^, that is (ty, the forlg$i4gg Cordl.) m. (bf 
^lane CS2)A. Wherefcre (per Def. 3. 1. 1 1.) C2) G 
f 5 a ri^ht Angle. Sut the Angle CfDS tsaifoa right 
one ^ forafmtscb as mih A^2) nxlneh^^^t Defin. 3. 1. 
II.) is a right Angle ^ it maketb two right ones (per zy. 
1. 1.) Therefore (per 4. 4. 11.) C3>js^,^f^fulm/at^, to 
. the'PlaneGSiSorEP. Q^E-DJ ,; 

PROP. IX. Theorem. . 

• . » . i 

' *k-'^« IJ IGUT Lines (A By EP) 'which Are pnrtM 
Jf\. to the fiwe right ^Line (t D) al(ho they tfe not 
in, the Jam^^ Plane with iiy are nlfo, faralkt htwiode 
thmfelveu 

Altno it might be taken ^ granteo^ , jet we will w- 
inonflrate it thus. 

In the Plane of the Parallels A B, C D, draw G K per- 

{)endicular to CD. Lifcewife ih the Plane of the Paral- 
els E F, C D, draw H K perpendicular to C D. There- 
uySefjLlit ^^» (ii)CK Is perpendicular to the Pla^Ad G^9. 
'Tlherefcre, feeing AG, EH, ate pihiltel toGtC, tte 
(b)P«rS.lii.fame AG, EH {h) will 4>e perti^didufer to tlie Pfobe 
(c)i'«r.^.hi.QKH. Therefore AG, EH (0 are parallel. ^1^ 0. 



PROP. 
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P R O P. X. Tkeorcm. 

IPtivo rtght Lines (AC, SC) he far Mel k tmFig.ty} 
light en'es (DJs jfe/),- ntkit they, he mtintka 
fame Plane^ they comprehend equal Aifigles (Cand,F)^ 

tct t; A, G B, be rnacle cdual to P &, P E, and kt 
!bEj Afe, DA, FCj EB be dt^wn. Seehig A C^ Fp 
it re parallel and equal, Ai> alfo and C F ynll {a} be ba- (^l^<^3il 
iraUel and equal In like manner I might /hew B E^ C F ^' '• 
to be parallel and equal. Therefore A D* B E, are alfo ^ 

parallel ("^j and equal (ferjpctQm.i.) Therefore (ferO)^Y^^ 
35. /. I.) A B, DE, are equal. Seeing therefore the^'*^8°^- 
Triangjis^ 1^ A C| E P F ari^ equiUtetal to ^^ 61^, . 
the Anglos C a»d F (s) are equal ^ JB. jD. . • '• WPir J./.t{ 
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^ drdw a Pirpisndkular to a given Plane (A B) K2?- ^^i 
firm a Point given wihoui it (C) 



' The Conftruftioh; In the tlane A B draw any fighi 
JLine as D F^ unto which, < from C ere£i the Ferpendif u* • 
Jar C E. Then in the Platie A B tbto* E draw A E M 
perpendicular to the fame D F. Then to A M ftom C 
draw the Petpendicillar CG. I fay that CG is perpen- 
dicular to the Plane^ A B. 

Thro* G let H G be drawn parallel to D F, By the 
Conftru3i6n D £ is perpendicular to C E and E M. Tner^ 
fore D£ is perpendicular to the Plane EM (4% as al£>(d)/^4.e 
is H G (e). Therefore (by 2)efin. 3 . /. 1 1 .) C G is parpen- ; ' • ., 
dicular to H G. But C G by the Cotiflmaion is alfo per- i. if'' 
pendicular to E M. Therefore. (f) C G is perpendicular hper ^ - 
to the ftane A B. Which was the Thing propos'd. L' '* 2 * - 

[ScboUum. In VraSice thtif; lettherebeaCori^'^'^'''^'^^ 
tr Rtile/aflned to the given ^oint A: And from thefittm^ 
Ut Affire ie deJcriVd hy the, end of it S in the Vldne gi- 
ven the Circle S CFL» ^he Line 4 K 'which corners 
thegivisn^oint and the Centre of the Circle ivoill he 
f erf endicular to the given ^ lane:} / ^ 

Lz PROP. 



•iaS ^ E u c n dV Elements. Lib. XI 



F 



PROP. XIL* Problem. 

Kom a given Point {A) in any Plane (E F^ t9 
ereSf a Line perpendicular to the fame Plane. 

From any Point D without the Plane £ F make D B 
(by the foregoing) perpendicular to the Plane £ F. And 
B A being join'd, araw A C parallel to D B. I fay the 
thing is done. ' The Demonftration is manifefl from 
Vrojp. 8. 

Corollary. 

IN Praftice, from the giveri Point a Perpendicular is 
erefled to the given Plane, if a Square OKN be 
Applied to the given Point [and be turn d round.] 



L 



PROP XIII. Theorem. 

Jnes' drawn from the fame Point cannot be both pev 
pendicular to the fame Plane {A £)• 



For if they vi^ere, theywpu'd (by T^rOjp. 6.) be parallel. 
Which cannot be. 



PROP. XIV. Theorem. 

^.21. TF the fame right Line (A B) be perpendicular to 
two Planes X^Gy h QJ; the Planes will bepa- 
ralleU 

4 ' 

Let there be taken in either of the Planes as F G, 
any Point C> from which let C £ be. drawn parallel to 
A fe, and meeting the Plane L Q^in E. ' Then C E-(jper. 
8. /. II.) will be perpendicular to both Planes FG, LQi 
Wherefore if A C, B E, be joih'd, the Angles A, B, (by 
SDef 5./. II.) will be right ones. Therefore (ferz9.l' i.) 
A C, B E, are parallel. Therefore A C E B is a Paralle- 
logram j and confequcntly C B| which hath been alrea- 
dy 



u 
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dy Ihewn to be perpendicular to both Planes, biKqual 
(Pcf" 34« /• I*) to Ad: In the fame manner i might 
fhew that all the Perpendiculars to both Planes are e- 
qual. £herefi)re (by 7)0fin, 8. /. ii.) the Planes are pa- 
rallel. \^. £. 2). 

PROP. XV. Theorem. 

T F two right Lines (B Ay C A) touching each ether % aa. 

be parallel to two other right Lines winch alfo touch 
one another (E D, FD) ; the Planes Uhewife which are 
drawn thro^ them^ will be parallel. 

From A let there be drawn AG perpendicular to the 
Plane E F, and let G H, G I, be parallel to D £» D F. 
Thefe {per 9. /. 11.^ will alfo be parallel to A C, A B. 
Seeing therefore the Angles I G A, H G A, be f by 2?^- 
fin. 3. /. 11.) right 5 C AG, BAG, will alfo (a) be right WP^r 27. 
Angles. Therefore G A which is perpendicular to the ' '• 
Plane E F, will alfo be perpendicular to the Plane BC \ 
ib). Therefore the Planes B C, E F, are (by the fore- (>) >«r 4- 
going; parallel. ^E.2). .' '''' 

PROP. XVI. Theorem. 

A Plane (EHFG) cutting parallel Planes (^5,17^ 13; 
C D) makes the SeEHons in them (EHyGF) pa- 
rallel* • 

If not, feeing they be in the fame interfering Plane, 
they will meet fome where (by SchoL ^rop. 21 /. i J as in 
1. Wherefore feeing the whole^ Lines HE I, F GI be 
in the Planes *AB, CD produc'd, -thefe Planes alfo •p^,ji„. 
will meet in I. Which is wurd, and contrary to 7)e- 
fin.S.L II.. 
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PROP. XVn. Theorem. 

^ *t.' , 13 AraM Planes cut right Lines (B D and G H) proj 
j^ Jfortionally. 

het the right Lines B H, G D be dta^ in the Planes 
P |V, T Qj and like wife let B G be drawn meeting the 
naae RS.in V, and let F£!, FI be joiu'd. ThePhnt 
of the Triangle B G D cutting parallel Planes, makes 
the SeflioBJ CF, DG^ parallel ('by the foiJ^oing}. 

i)Ter ir». 6. Therefore B C is to C D, as B F ^a) to F G. Again, the 
Triangle ^HG cutting parallel Planes piakes the Sec- 
tions (by the foregoing) BH, !FI parallel. Therefore 

b)Tefi.J^,jg^lis to IXj as (t) BF to F G 5 that is, (as 1 hayc al- 
ready fiiey'd) as BC is to CD. ^B^. 

PROP. XVIIL Theorem. 



'S: ^r^ Y F» right line (FE) h ferfmUculnr to a Piane 
J^ (A B)^ nil the Times i^hrckf are drawn fbro it 
are perpendicular to the fame Plane (AS). ^ 

liCt the Plane G C be drawQ thro' F E, ciaking C D 
jhe common Seftion with A B 5 and let the Lihei H K 
'l^e drawn in the Plane GC, perpendicular to the com- 
mon Section CO. How feeing by the Conftru£lion H K. 
IS perpendicular to the fame common Seftion to whicH 
^ E is perpendicular by the Hypothefis, K H And F E 

Plane A J 
pcrpehdi 
(J^er !Defin. 4. /. 11.) 

PROP. XIX. Theorem. , 

?^: •'^' ^F tV20 Planes (MF^ G D) cutting each other ie both 
Xv pfrpendigular to the fame Plane (A B) i their eom^ 
i^on StBion alfo will be'pt^'pendicular to that Plane 
(AB). ■• ' . ■ 

For 
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For feeing bv the Hyppthefis the PJane M JP^$ per- 
pendicular ta^ Piiuie KB'y it is manifefl by DefinitU 
on 4. that there may be drawn in the Plan<S MFfiom 
.^Hq Point I. a Peipendiculas to the Plane A B. ^^S^^Oy 
by the Hypotheus G D is perpendicular to that rkne 
A B, and tnerefore there may be alfo drawo in the 
gaf e Q I) 6*9111' the Ppii>t L a Perpendicular to the 
'JPiane A]^. 3Bu|t from the Poin^ L (aj^ there can l|^Wl^«f 13, 
erefted only one Perpendicular to the lame Plane AB. • "' 
Therefore the Perpendicular to the Plane A B, which la 
^rsiwn fr^m t^e Point L, mufl be found in both the Planer 
34 F and Gt>, abd cpnfequently LK» the, common 
Se^ion of thof^ two Planes M F and G p, Is perpen- ^ 

dicular to thp tlan<5 A B. ^E.^. ^ 

PROP. XX. Theorem. 

I Fa folid Angle (A) is contained under thr^e flain^g* a;- 
Angles (B A C^ CAD, DAS); any two of tbefe 
is greater than the third. 

If the three Aoflles be equal, the A$ertion is m^nifefl 
at firft Srghit; anqit is as certain, if they be unequaL 
For let B A D be the greatefl 5 and from B A D cut off 
BAB equ.^1 to BAG, and make the Line AC e- 

2u^I to A £• Thm' E let there be drawn a right 
Jne meeting A Band ADinBandD, and let BC^ 
P C be join'd! Becaufe (by the Conftruflion) the An- 
gles B A E, B A C are equal, as likewife the Sides B A^ 
AE, equal to the Sides B A, AC, the Bafes alfo BE, 
B C, will be equal {b). And becaufe B C, C D (c) are 0) Terj^li 
greater than BD, the Equals BE, BC being taken a- (^^jf*'*^- 
way, there remains CD greater than ED. But the * * 
Sides E A, A D, are ("by the Conftruflion) equal to the 
Sides CA, AD. Tbprefere.the Angle (d) CADisW^^^s^ 
greater than Ae Angle E AD, Seeing thereforq the '" 
Angle BAG is equally the Conflruilion to the Angle, 
BA£» thofe two Angles together BAG, CAQ^F^ 
greater than tl^e whple BAD. ^JS2). 
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PROP. XXI. Theorem. 

I, 

THE plain Angles confiituting anyfoUd Angle what* 
foeveYy are lefs than, four right ones* 

Tig. 281 Let A be a fblid Angle ; l^t the right Lines BC, C D, 

E; E F, F B, be fubtended to the Plain Angles which 
make up the folid one, fo that thofe right 'Lines be all 
in one Plane. Which being done, there is con^ituted a 
Pyramid, whofe Bafe is the Polygon BCDEF5 A is 
the Top, and it is contain'd under To many Triangles G^ 
Sf H,I,K, L, as there are plain Angles which compofe the 

folid Angle A. And now becaufe the two Angles A B F, 
ABC, are (by the foregoing^ greater than the third 
F B C ; and the two A C B, A C D, are greater than the 
third BCD, and fo on: All the Angles of the Triangles 
G, H, I, K, L, about the Bafe, as taken together, are 
greater than all the Angles of the Bafe B, C, D, £, F, 
taken together. But the Angles of the Bafe together 
with four right ones, make twice fo many right Ancles 
(by "Theorem 2, SchoL after %%. i i J as there are Sides, 
or, which-is the fame, as there are Triangles. Therer 
fore all the Angles of the Triangles about the Bafe, to- 
gether with four right ones, make more than twice fo 
many right Angles as there are Triangles. But the fame 
Angles about the Bafe,. together ^ith the Apgles that 
U)Vef[^i. compofe. the Solid, make up (a) twice fo many right 
'• I- Angles as are the Triangles. It is manifeft therefore, 

that the Angles which compofe the folid Angle .A are 
Jefs than four right ones. ^ E. fZ). 

» 

Corollary. . 

'ORom this and the foregoing it is obyious to coIle6l, 
-*■ that a fblid Angle may be compos'd of any three 
plain Angles, ^hich are left than four right ones, if fo 
V PC that any two pf them be greater thaii the other. 
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T^Rom this Fropofirion is demonfteated that famous 
•*- Tbeorem, That only three regular and equal plain 
Pigures can contain a Body ^ to wit, equilateral .Triaor 
gles^ either 4, or 8, or 10 ^ 6 Squares, and 12 ¥^t^r 
gons : And confequently thaj: there are only five regulat 
Bodies. A Pyramid which is contain'd^ under 4 ^ an 
0£laedrum which is coniprehended by.^$ and anicofae* 
drum, which is bounded by 20 equilateral Triangles ^ a 
Cube which is contain'd under 6 Squares 5 and the Do- 
idecaedrum under 12 regular and equal Penfagons. Now 
a Body is called Regular which is comprehended undej: 
regular and equal Planes. 

fDemonfi. A folid Angled cannot be ccpposM qf only 
two equilateral Triangles 5 three at leait are requirM. . 

Of three equilateral Triangles meeting in one Point, 
there may be conllituted the iolid Angle of a Pyramid 5 
of four, the {glid Angle of an 0£laedrum 3 of five, the 
folid Angle of an Icolaedrum : Forafmuch as both |, 4, 
and 5 Angles of an equilateral Triangle are le& than 4^ 
right ones, as is gathered from Coroll. 12. Vro^. 32./. i* 

And becaufe three Angles of a regular Pentagon (as 
is gathered from CorolL Trojf^. 11. ./. 4*) are lefs than four 
rig^bt ones, three Pentagons meeting in oiie Point will 
conftitute a folid Angle 5 that of the Dodecaedrum. 

That of three Sqnares meeting in one Point may be 
compos'd the folid Angle of a Cube, is manifefl; of it 
felf And thus there arife five regular Bodies* 

But that there are no more than thefe five, is thus 
" proved. ^ - » ' . ' 

Six Angles of an .equilateral Triaogle make jufl four 
right ones. For one is two Thirds of one right one.^ 
and therefore fix fuch will make (by Coroll, ji. 3Prdf.^i, 
il. I.) twelve Thirds of one right one, that is, four right 
ones. And therefore of fix equilateral Triangles a fplid 
Angle cannot be compos'd ; much left of more. 

That of four Squares a folid Angle cannot be made, 
much lefs of more, is manifefl: in it felf. 

Four Angles of a regulai* Pentagon are greater than 4 
right ones. For (^by CorolL ^rop. 11./. 4.) each of them 
pakes fix Fifths of one right one. Therefore a folid 

Angle 
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Angl^annot be made of four fuch Pentagons 5 much 
lefi of more. 

Nor can a folid Angle be cotnpos'd of any other rega- 
lar Figures what(bever. Three Angles of a regular 
Hexagon (by CoirolL 2. ^rop. 1 5. /. 4. j are equal to fb^ir 
right ones. Bor one makes fouf Thirds of one right 
mie 5 and tker^re three make twelve Thirds of one, 
that is, feuf eatire fight ones% Therefore of three Heie- 
agoiis a folid Angle cannot be made up 5 much lefs of 
ttore. 

But flying three Angles of a regular Hexagon are ^ 

^ual t0 four right onps, three Angles of any other K- 

^ ' gures whatfeever greater than an Hexagon, as of an 

Heptagon, Oftagon, £^r. will be greater than four right 
ones. Wherefore it is manifefl that the reft of the re- 
gular Figures are all incapable of compofing a folid An- 
5ie ^ and confeooemly that there can be no regular Bo* 
ies befldes the fire foregoing; 



A 



PROP, xxn, XXIII. 

jR ^ very prolix^ and tediqjfi to Begimmsy a^U 
Jcflxu a,t any time wne into Ufe. 

prop: XXIV. Theorena. 



p^.29. ' I ^HE Planes which contain a Parallelepiped are 
iX. .( J-) ParalleUgrams. (a.) 'the Qppofite ones are 
Simitar; (VtiCj.) equai^ 

Part I. The Plane AF cutting the Planes BD, FH, 
ra)PAritf. which by ^efin. 13. are jparallel, nfiakes {a) theSeftions 
^"•' BA, F£, parallel. Again, the Plane AF catting the 
Planes A H, B G, which by the fame Definition are pa- 
rallel, (by the fame) makes the Seflion A E, B F, pa- 
f alleh Therefore B A £ F is a Parallelogram. By the 
like Argument the reft of the Pianes of me Parallelepi- 
ped may be prov'd to be Parallelograms. 

Fart II. Becaufe it is manifefl from the firft Part^ 
that A B, BC, are parallel to EF, FG ^ the Angles 
(b)P€r*o. j^BC, EFG, mufl be (^) equal. Wherefore feeing 
"' the alternate Sides alio are equal, the oppofite Parallelo- 
grams 




Sraias B D, F H, m lifce or fimilai; And the Jiie of 
le fen. 

Vm III. This is manifefl from tbo firft Part^ and 4th, 
pr 8th of ihe %ft Book, ^ ' ^ 

* I 

f 

^R OP. XXV. T^rcm. 

IP a Parallelepiped (OFDI) w gm frijm w6/it*%}o, 
«/*r it cut k a l^lane (NP) that is faraUel tit 
px oppejite Sides ; there will be this Proportkity as the 
£^Je (DCPO) is ta tie Safe (OPJSB) fo is the 
folid (G P) to the foM (NF). 

This is demonftraM in the famo njaniier as/, i^ /. 6, 

Ceroffary. 

A JnTm cut by a Plane paraUel to the oppofito Planes, 
•f^ hath a^ettiqn hke^a«)d c^ual tp th? oppofit^ 

1 • 
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PROP. XXVI,XXVfI. 

RE not necijf^y. 



PROP. XXVnL Theory. 



A i^lam piling thro^ the Diameters of oppofite^*g't$; 
V Planes {A C, £ G) cuts^ the Patdlklepiped into 
two ejua/ Prifms. 

Bi^caufe (a) B G, B E, are ParalleJograms 5 C G, A E, M Ter zL 
are eaiii-diftam .from the fame B F. Therefore (^) they ^- ''- 
are alio parallel betwixt themfelves, and confequentlynf'*^- 
are in one PJaoe, Therefore the right Lines A C, E C, * 




flood 



> 
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ftood TMne fb conftituted upon its Plane AECG, that 
the Angles D,H,. bend towards the Angles B,F. It is 
inanifefl: that it will fliil be betwixt the parallel Planes 
B A D C, F E H G. But then D muft needs fall upon B, 
and H upon F. For let D fall without B, if it may 
(t)Pe»'27* be, in N. The Angle BAG (^) is equal to the 
'• '• Angle D C A. But D C A is equal to N A C (for it is 

one and the fame AngleJ Therefore BAG and NAG 
are equal : Wbich is abiurd. • Therefore D falls upon B j 
and for the fame Caufe H upon F. Therefore the Prifm 
AEGCDH coincides with the Prifm AGGEFB. 
and confequently they are equal (by Axiom 7 .) 

. PROP. XXIX, XXX. Theorems. 

%3x- ^nnHE Taralleleprpeds (FEAGKIMC) and 

1^ (FEBHLOMI) which have the fame Bafe 

(EFIM) and the fame Alt it ude^ and confequently ex- 

ift betv)^$n faratlel Planes (EFIM) and (GAO L) 

are equal. ' . 

For they either exift betwixt the lateral parallel Planes 
E A O M and F G L F, or not. Let the firft be fuppos'd. 
From the 24th of this, and the 8th of the firft Book, it 
is manifeft that the Triangles A E B, G M 0/ likewife 
GF<H, KIL, are equilateral and equiangular to each 
other. Wherefore," as in the foregoing, I ,might fhew 
that the PrifmsCMOLIK, and AEBHFG, being 
laid upon each other will coincide, and confequently are 
equal/ Wherefore the common folid F E B H K C M I 
being added, the whble Parallelepipeds FEAGKIMC 
and K E B HL O M I are equal. ^JB. 2>. 

then let the Parallelepiped F X QE MI PR not exift 
^ betwixt the fame lateral parallel Planes^ith the Paralle- 
. lepiped FEAGKGMI. Here, becaufe by the Hypo- 
thefis, G K, A C, R P, Q.X, are in one Plane, which is 
. parallel to the Bafe EFIM; let R P, QjX, cut G K in 
L and H, and AC in O and B 5 and let EB, MO, FH, 
IL, be join'd. It is eafy now to /hew that the Planes 
containing the Solid FEBJJLOMI are Parallelo- 
grams, the Dppofite ones of which are equi-diflant, 
and confequently th^t that Solid is (by 2)efin. i^.Lii.) 
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a Parallelepiped. But to this by the ficft Yitt tlj^aral- 
JeJepipcdsFXQJBMlPR, and FEAGKCMI, are 
each of them equal. Therefore they are alfo equal be- ^ 
twixt therafclvcs, ^ ., ' 



Corollary., ' '"^ 

*T^H I S Propofition is like to the 3 5 th of the firft Book ; 
-*• for it affirms concerning Solids, what that doth 
touching Planes. Wherefore the Demonftration of the 
reft of the Cafes will be like alfo. 
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PROP. XXXI. Tlieorbm. 

Aralhkpipeds upon equal Bafes^ (AO and J^G^ 1^^.33. 
and in the fame Attitude (S)- are- Vqual. 



-r 



Firff, let the Parallelepipeds have their Sides perpenf 
dicular to the Bafes. Unto the fide P6 pypduc'd Ij^t 
therebe made a Parallelogram GM?^H equal andlikq 
to the Parallelogram AO 5 and the Parallelogram GM 
PR being perfe^ed,.let the right Lin^$ PM, RG meei: 
K H in Q^ and L'. And now let ParAJIelepipqds be unr 
derftood to_be conflitu ted upon GK,'GCL, GP, wjiofe 
Sides are perpendicular to the Bafes, and S is their 
common Altitude. The Solid EGS is to the Solid 
GPS, as EG (fer 2. ^ . I, II .y is to GPj that is^ (be- 
caufe E G, A O, are equal by the Hypothefis) as A O 
to G P 5 that is, by the Conflruftioo, as G K is to G Bj 
that is, as GQ^is to GP (per^$, L 1./5 that is, as the 
Solid GQS is to the fame Solid GPS. (fer 25, /; ri.) 
Becaufe therefore the Solids EGS and G Q^S have tho 
fame Proportion to the Solid GPS, the Solid EGS 
will be equal to the Solid GQS 5 thn is, to the Solid 
GKS f^^ap. /. 11.) that is, f becaufe the Bafes GK, 
AQ, are equal and like by the Conftruftion) to the 
Solid A OS, as it appears from z%L 11. and even in it 
felf. Which was the thing proposed. Note, that in 
this reafbning, the Solids are fuppos'd to be right or 
perpendicular ones. « 1 

Then let the given ^Parallelepipeds EGS, AOS have 
their Sides oblique to the Bafes £G| AG. Let there 

% now 
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iiow fll^mtdei n^on EG, AO/Faralleletnpais, whofe 
Sides art perpendicular to the Safes in tfte Height S $ 
there will be e4|tial to tke oblique ones hyi^th ot gotii. 
Wherefore feeing by the firfl Part, right rarallelepipeda 
are equal betwixt thetnfelves, the oblique ones will be 
equal betwixt themfelves likewife. ^ E. 2>« 

PROP. XXXII. Theorem/ 

1%: a*" \LL Paralktepipeds whatever of e^al Ibtghti 
jfjl^ are betwixt therHfehes as their Bafes: 

Let G O and A be the Bafes. Upbn C O make thd 
Parallelogram O £ equal to A. 

Upon B C, OE, let Parallelepipeds be uftderflood fo 
be erefted in the Altitude K ^ thefe therefore will be 
Parts of on'e Parallelepiped B £ Ku Therefore the Paral- 
lelepiped O EK., is to^he Parallelepiped BCK, ai the 
Sale OE, to the Bafe BC (feri^. I. li.) ; that is, by 
the Conftruftiop, as the Bafe A is to the Bafe B C. Bor 
becaufe the Bafes O E and A are edualj the Parallele- 
pipeds OEK and AK. are equal fby the foregoing). 
Tncrefore alfo the Parallelepiped A K. is to the ParaUe- 
lepiped B C K, as the Bafe A is to the Bafe B €• 

* » 

SthoUuni* 

^ H A^T tvhlch hath here been ftiewM 6f i^ar^ll&Icpir 
-*- peds, will be demonftrated in the Twelfth Book g( 
Pmmids, yrq^. 6. Of all Priftns whatever, inCorolL ii 
alter SPfij^^ 9, Of Cooes and Cylinders^ ^rof.ii. 

PROP. XXXIIL Theorem. 

3^ 'T IKE Paratlelepipeds (HA and tMf),Ar% in 4 
\ 7 triplicate Proportion 'of their hamolqious Sides 
iAB, BC). 

Let the faralleleplpeds AH, CM, be like. TTierc- 
ibre all their Planes (by SJefin, p. /. xi.) are like 3 ao^ 

confe- 
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to BO^ aftd as FB U tt> BG, fo U £B to BO» 
More^vd' the An^es of the P^lle^^dlle AH'^efdai (^j^ 
lli« &me> > ^[lietfefore kt tlie Solids A H| CM, bo id 
plac'^that the e^M Atfsglea CBO^ ABB, may 1b)«< 
o]^pofite^ ftfid kheSidto'AB>CS, may fie fdi^fo intake 
one ftre^fat Line ^^^nd^bisn EB, OB Wf)l sitfb lie fa ai 
CO make dtie i^f«fghf^£»iice« Now \6t SoikU be kM^VJI 
to be c0tiflitttted ^o^n the Platids B Q^l^ B€^ ih lii^ 
fort that the'Solid^ K&» HA, may be Me Bat^allelHj^ 
ped, and KB, P O, may make one Parallelepiped, 
and P O, C M, may tnake one Parallelepiped like- 
wife. The Solid H A is' to the Solid K B {fer z^.Lii.} 
aa AE to B Jl-j' jtbgt b^ (j^^ri^ (^tf.) as AB 'ta frGg* 






P 

continue the fame Proportion. But now the Solid K.'j 

is tp the Solid PO (by the fame) as the Bafe BR is to 

the Bafe BCt; Aft is, (jper f . A d.} a^ £B is to BO ; 

that is, as F B is to B G, as it was fliew'd above by the * 

{{^yiiothefis $ t^af Xs^Cb^ thb fahie) 48 '4»9 Plane ^pG 

is to the Plane B S 3 that is, (ferx%. U it.) as tiie.fan|B 

^oiidPO again is to the SoUd C^. , TWeJore.^^ 

four Solids, H A, Ic'ft, PO^ C M, are ^ontinuallypropQif- 

tippal. Therefore t^y tDefiti. 10. /. )\) the Prmortion ot 

the ^rft H A to the fourth C M is triplibatis ot the Pro- 

portion of the firfl H A to the fecond KB ; that is, tr!^ 

plicate to the Proportion (fer%$. l.ji.) of A E to BR $ 

thtBk Is, triplicate <;^ t. l. 6.)^ ^ tHe «rd|»Oftioii off iho 

[CoroU. (i.) Hence if there t^^^om^ ¥ight lams tttt?- 
^niikl^ m^timat^^^ ^s is flN fifft to ^fmr^^ jg h 
'V^krifmieftf^ kejmFd ^$n 4he firfi, to a "Paf^f- 
ak^ip'ed tike, i»a in like fUtMner ^JWih'i ufonthe 
'4edoM. • t 

- (2..) ffpn Phis atjb ^enis tl^i^famtts fPHVUik 
'^WH^idng MoiiMng ^ Cute 5' $f tebich »fierwirdf^ 

^i.) Hence ^ is to he o^^€&ed'the Ehror of tio/t^ 

'who JUffqfe that the Proportion of Hke Solids is me 

' 'Jklitt'itsisthmofihi^'Sides. Por t^he Qihe Of a tine^ 

'nx^htih is4o^He to'm(»k^ tHHe, ii ^P on^dml^ t^ 

3 the 
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tie o^tjer;im as 8 /o 0»^. JlndtbeC^heofa/JfM^nvbich 
is trtflb to another Line^ is not only trifle to the other 
. Cuie^ but contains it 27 7'imes. For i : 2 : 4: 8 -f?- and 
i: ii9,tiT'rr^\and the fame 7'hing is toifefaiff^qf all 
like Bodies idiatfrn)!^ \ as will Appear afterwards. 

(4^.) ^encethei triplicate ^r^portion of any Quanti- 
ties "vubatfoever is the' iProporti^n of the Cubes of the 
fme Siufntities. Let -there be any tnm ^antities in 
the triplicate Wropor^ion of the Quantities, A 3^ SC^ 
tbayjBallalfobeas.ASCube isW^CCube.J - ... 

"''■'■ --'/'''• " '■ Stholiumi 'v^' -' ;■'« '- • 

/ . - • s r • I 'f > 

^ . I . . . ■ J". \ ' ' ' ' ' i ■ ■ ' ' 

nhUAT which h?ttK,here beeij f(iew"a of Parailclepi- 

ofve 

^Op: 18.^ r 
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^ Baf^s aifd Attitudes are reciprocally fYofortf'onat^ 
fthaiiSi th^ Bafe A M:ts. to the'B^P FK, oirHipHsi 

my theHeighpM a to themihtABy:/''i ;■,"; 

., And if they he,t.^ct^rocaUy fJp^'^^M^ah their Bqfe\ 
and Altitudes at^^^'equah * / . ^ 1 , -• 

•■ f I 

* , . . .• . i A .-\ 4l»>i i .: • . ^^.4^11 ^ 

; Tart !• Firft let ibe Sides be perpendicular to the JBfi-: 
fes. If now :fki^ Altitudes of tl^ /S6U4$ B M| C K W 
equal, the thins is mat^ifeft. 

If the Altitudes be unequal, from the greater FC cut 
otf FE equai .tpBA : and thro' E ^draws tJtie.Pl^ne 
E L parallel to F JSLv The Bafe A M is to theBafesF K, 
(peri^. l.ii.) as the Solid BM isto the Solid EK! 5 
•that is, (becaufe'by'the Hypothei^s the Solids BM, CK 
are equal) as the^Hd C K is to the Solid £ K 5 thatis^ 
f'by the fancie) as C G is to E G 5 that is, (per i. L d.) 
as C F is to EF ;- that is, b^ the ConQtuaion, as CF 
toBA. ^E.2). 

Then let the Sides be oblique to the Bafes. Let right 
Parallelepipeds be erected upon the fame Bafes in the 

famr 
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E . fame Height. The oblique Parallelepipeds willA^^r 29. 

X and^O' /. 1 1.) be equal to thefe* : Wherefore feeitig thefe, 
by the firft Part, have )their Bafes and Altitudes recipro- 

r cal, thofe alfo fhall be fo likewife. ^ E. 2). 

Fart. II. Let the Altitudes beiunequal, and the Sides 

r perpendicular to the Bafes 5 and* from the greater C F 

take E F equal to AB. The Splid B M is to the Solid 
EK, (per 32, /. 11.^ as A M is to FK , that is, by the ' 

Hypothecs, asCF is to AB 5 that is, by the Conftruc- 
tion, as CF is to EF 5 that is, as CG is to ('^) EG; ^ 
that is, (Z^) as the Solid C K is to the fame Solid £ K. 
Therefore the Solids B M and CK have the fame Pro- 
portion to E K : Therefore they are equal, j^ E. 2).- 



Corollaries. (a)Teti.U. 

TITHAT Afieftions have been demonflrated 



ofPa-'"- 

rallelepipeds, "^rop.i^^ 50, 31, 52, 35, 34, do alfd 



agree to triangular Priims, which are the Halves of 
Parallelepipeds. As is manifefi from ^rof. 28. There- 
fore, 

I. ; Triangular Prifms, which ar6 of equal Height, are 
as t|ieir Bales, A^ B. 

2 . If they be like, their Proportion is triplicate to the 
Proportion of the Sides, oppofite to the Angles. . 

3. If they be equal, they reciprocate their Bafes and 
Altitudes 5 and if they reciprocate their Bafes and Al- 
titudes, they are equal. - Tig, 37 

Sclpolium. 

WHAT hath here in "Prop, 34. been fhewM of P^- 
rallelepipeds, will be demonflrated in the i»th 
Book of Pyramids, ^rof. 9. Of all Prifms whatfoever, 
Coroll. %. after Vrop. 9. Of Cones and Cylinders, 
iPn>/. I J. 



M PRO?. 



l62 



E \jc I, ijy^s Elements. Lib- XI. 



PROP. XXXV. 

T S 'very^ longy an^ fubfrnwrnp to the fiUowing^ Profo- 
fitien^ which- we ivtS demonftrate without it: 

PROP. XXXVL TheMcmi.. 

%?^- A ^^<ilielepiped'(JD H) made^ (f tbfiee propoT'tiomai 
X\ Right Lii^s (AyR,C)is equal to a PmalMe^ 
fifed (IN)f which is made- of the Mean (B}, and' it 
equiangular to the former. 

Let the Bafe F D of the Parallelepiped D H have 
tbQ Sid^ M V ciq^al u>< j^^ aM the other Si4d 6 1> eaii^ 
tQ> C: An4 t^ SUe £ Q s^hich Qzxidst upoB- thre $aie e- 
^al ftQ ^. Thi(^ thj9* Faf^U^lepiped: ID H wUi he Bia^e 
5^ tbft thp^fj rigb^ XiiAQf , A, B^ C Then let tthq Thf ^ 
Sides, LX, I A, XM, (and confequently all the reft) 
«qC t^e Parallelepiped I N be equal) to tjbe middle L;ne 
B : And the folid Angle X equal to ti\Q fpUd Angl^ G 4 
fhQ Pac^ielepifrod IN will be made of thi^Mean ^3.%nd 
be equiangul^ to tibe fbuBer. I fay alio^ nh^i Vt. if 
equal* 

Foff feimg by the Hypo^b^fi^ ^nd the Co»ftn|diQ9v. ?< 
F £ is to L X) fo reciprocally IXk to. D £, th,e Bafet 

•l'ffri4,J.tf.* DF, IL will be equal. Now becaufe the folid 
Angles at £ and X are equal ^ if they be put within 

jTerdifin. qne another, t ^bey will coincide j and becaufe of the 

. .. Ui. Equality of. the right Lines,^ EG, X M, the Points M 
and 6, will coincidei Wherefere both the Solids wi|l 
hav^ one perpendicular AUit4fde3 to,wit,)tbe vi^htLine 
which k^ let' £lll' ftom*^ the^ Pojnts- M, G^ (now beaome 
one)> uQto the Plane of the Bafe. The Solids theiefofO 

j^P*r3i. D^, lN*areequ2[l. ^£.tD. 

Scholium. 

*WTE will further obferve what is of great Ufe, that of 
^^ three Lines drawn into or multiplied one by ano- 
ther 
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ther after what manner foever, a Solid of tMC fame 
Magnitude is produc'd. 

ABC, CAB. BCA. 
J. a. 3. 

to i;,be prefent Scheme the two fir0 Letters defig^n tke 
IPafe ^ the third, the Altitude Let us compare tbQ 6cft 
y(v6x tb$ feqond. 

The Bafe A B is to tbi? Bafe C A, f^rx, I 6. a^ the 
Side B is to the S|de C ^ that is, reciprocally, as the 
Height B is tQ the Height C. Therefore by/. 34^ 

ABC, is equal to CAB. ^ 

In the f^nie manixer it may be flxew'd that the fifft is 
eq^ual to the tbird,^ a^ the third to the fecQod. 



^6i 



PROP. XXXVII. Theorem. 

PAr alkie fipt is tvhich are Kke, and deJeriPd in the 
like manner by propQrtional right Lines ^ will them' 
felves^ (dfo le frefortiomli and (fitwexjelj. 

Thl$ in maf^feO; of it felf. Fof the Proportions of the 
Parallelepipeds, by the s^d of ibis Book, will be tripli- 
cate to thofe Proportions, (which by the Hypothefis arc 
equal,) which the Lines have betwixt themfelves. ~ 

The Converfe is manifeft of it felf alfo. 

The Propofition is true of all forts of like Bodies, 
which will appear from Book the 12th, to have betwixt 
ibcmfelves a Proportion triplicate to that which the 
Sides have. 



T 



P FCOP. XXXVIII, XXXIX. , 

HESE comaki mthing remarkdtle^ and art 
fcarce of any Ufi. 



T 



PROP. XL. 

I 

HIS is of finall Ufe, and indeed no other than 
the zSth Profofition in another Vievi* 
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X ■ 

Scholium. 

URom wjiat hath hitherto been detnondratei], we have 
-*■ the Dimenlion of Triangular Prlfmj, and of Qua- 
drangular, or Parallelepipeds ; to wit, if the Altitude be 
multiplied into the Bale. As if the Altitude be qf lo 
Feet, and the Safe of a loo fquarc Feet (now ibe Bafe 
is meafur'd by Scbol. /.'jtf. or 4.1. /. i.^ multiply 10 by 
100, there will,aiife 1000 cubick Feet &r the SoUditytrf' 
the given Prifm. 

The Ocmooftration is eafy. For like as a Re&ngle 

arifeth from the Multiplication of one Side by another, 

fo a right Parallelepiped Is produc'd ftom the Heidit 

drawn into the Bafe. Therefore every Parallelepiped i» 

alfo produc'd ftom the Altitude multiply'd into the Bafe ; 

feeing by ;i. i. 11. ii is equal to ariebt PaiaUelepiped, 

conllituted upon the fame Bafe with the fame Height. 

' Then feeing the whole Parallelepiped 1 is produc'd 

from the Height into the whole Bafe j the half of the 

Parallelepiped (that is, a Triangular Prifm by 18, /. 1 1.) 

' will be produc'd from the Altitude multiplied by half 

8m Hf. 19. the Bafe j to wit, the Triailgle F E G. 
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PFith *Vs the Eighth. 
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WH A T in the foregoing Books we have en- 
deavoured to perform 5 namely, To bring 
the Elements of the Mathematicks into a 
more eafy and brief Method, will be to be 
endeavour*d in this twelfth Book efpecially j the Doc- 
trine whereof is moft neceflary, but the Demonfirations 
are fo prolix, that they commonly make Beginners al-' 
moft, to defpair. We have ib proposed to our felves to 
remedy this Evil, thi^t in tne mean while we will not de- 
part from the Rigout of Geometrical Demonftration. 
Which Thing whether or no we have attained, the Rea-^ 
der will underftand, if he fhall compare this of our9 
with Euclid's Prolixity. 

NOW after Euclid had in the former Scok declared 
the Elements of Solids^ and defined the Meafures of the 
tnofi eafy Sodies^ thofe^ namely^ which are terminated 
mth plain Surfaces : In this twelfth Sook he confiders 
Sodies hounded with curve Surfaces j to wit, Cylinders^ 
Cones^ and Spheres 5 comparer them betwixt themfelves ; 
and defines their Meafures. This $ock is indeed mofl 
profitable, becaufe it contains thoje Principles on which 
the chief Mafters of Geometry, and efpecially Archithe- 
des, have built fo many famous Vernon fir at ions ^ con- 
cerning the Cylinder^ Co7te, and Sphere, 



M 



3 



De- 



i66 "^1 Euclid'j* Elements. Lib.AH. 



Definitions. 

Ii£ 1.7. II !• A Pyramid is a Solid (ZL^ comt^rehended uod^ 

^^ the Triangles ( A L C, C L F, F L B, B L A) plac'd 
from one Plane (Z) to one Point (L). 

The Planed is call'S the Bafe^ and may be either a 
Triangle pr Quadrangle, or ,atiy t)ther Figure; fiom 
each of the Sides whereof there arife Triangles meeting 
together irr the Point L, which is ~catt*d the Vertex or 
Top. 

As the Triangle amongfl refUlifiear plane Figures, 
» (b the Pyramid amongft folid ones is the firft and moft 

fimole. . 
^^•*>5- !• If without the Plane of feme^CitctefGL) the r e 
/hall be taken the Point (A), and frwn it be drawn the 
infinite right Line (AF) touching the Circle ia C5 and 
this Line (the Point (A) remaining £x'd) be tunii^d tlxHlt 
the Circumference of the Circle, until it returns thklier 
from whence it began to be moved 5 the Surface deftri- 
bed by the right Line (A C F) is term'd a corneal Sar- 
iace, and the Body which Is containM under this Sur- 
face, and the Circle (C L) is caird a Cone. 

The Vertex of the Cone is (A). 

The Circle (C L) is the Bafe of the Cone. 

The right Line (A B^ drawn from the Vertex to the 
Centre of the Bafe is the Axis of the Cone. 

The Side of the Cone is the right Line (AC) drawti 

from the Vertex to the Circumference of the Bafe, 

which that it is wholly in the Surface of the Cone, i& 

ixMnifeft from the Pro^u^lion of the Figure. 

• Pf^.i. A right * Cone, is, when the Axis (A B) is perpendi- 

. cular to the pafe. 
t %'3. A fcalene f or oblique Cone, is, when the Axis ( A B) 

IS not perpendicular to the Bafe. 

A right Cone is alio made by a right-angled Triangle 
(^CBA/turn'd round about one of the perpendicular 
Sides (A B). See F$g. 2. 
yfe'^.f. ?• If an infinite right Line (COF) be turn*d about 
two Circles (CL, 0(JJ equal and parallel, until it re- 
turns to that Place from whence it began to be mov*d, 
and remains always, whilft itis mov'd, parallel ^ itfelf, 

ti^ Swfaco deftrib'd by the right JLdne (COF^ ii calJ'd 
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a Cylindrical Surfiice $ a|)d the Body which is tintain'd 
under this Surface,, and the two Circles, is call'-d a Cy- 
- linder. ^ . 

The Bafes of the Cylin derare the Circles (C L, O QJ j 
The right Line (h B) which a>nne£ls the Centers of the 
Bafes, is caird the Axis. The right Line (0 C) in the 
Surface of the Cylinder, touching both the Bafe$, is 
called a Side of the Cylinder. 

A right Cylinder, is, when the Axis is perpendicular n^. 4. 
tt> the Bafe. 

Afc^lene or i>Uique Cylinder, it, #h^n tli6 Axis is%x- 
not perpeiidfcular tt the feafe. • ^ 

A fight Cylifider k tlfo tn^de by a Reda^ (O C 
fi A) turnM rouftd abi^t one Side (B A). See iFig, 4. 

4. Lilte Cones ^trd CyKnders ate thofe, ^hkh ha^H^. 20,21. 
their Axet {AK, ZO) and the Diamtbre^ 'of dieir 

' Baf&s (B JP, QJSLJ propottibnal. 

5. A Sphere is a Solid tontainM under ^^t 9Ar&ee, 
Qtato wtiicfa Surface all the right Lines thai lire Ax^^Yk 
from a cettath Poitit withM th6- iPiguHe, are e^ual *- 
ittohgR It^hcfiUfbl trest. That Poit^t \i ckWA the Q^lnitre. 
Tlie Diimetet ^f the Sphci-e is a right Line d!rii#n thi^* 
the Centre utito the Surface 6n both St Jes. 

A Sphere \% ptoddcfed if a Sfeihicircle bfe tfiWi^d ib<mt% (J- 
its Diameter (AF) which remains in the h^ta wdilt 
untnov'd. 

6. Magnitudes infcrib'd in or defcrib'd aboat iovoA 
Figure, whether they be greater or leiTer than the Fi- 
gure, are then faid to end in the Figure, when they 
will at the laft differ from it by a Quantity lels than any 

* given one whatfoever^ or how (mall foever. 

Therefore if thole Magnitudes which are infcriVd in 
ibme Figure, will at kft fall (hort of it by a Deficiency 
lefs than any given one what(bevert the Magnitu<le$ in- 
fcrib*d are faia to end in theFigurb ; and if thofe whicK 
are circumfcrib'd about fome Figure, will at lafr exceed 
it by an Excefs le(s than any given one whatfoever, they 
ikall be faid to end in the Figure. 
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PROPOSITION I. Theorem. 

%.tf,7. ^' I ^HE Proportion of like Tohgons infcrib^d in a 
J^ Circle^ is duplicate to the ProporttjH of the Dia- 
meters (AF, IC). 

m " . • • 

r 

Let A O, B F 5 1 R, L C, be drawn. Bccaufe the 
Polygons are fuppos'd to^ be like, the Angles (OB A, 
R L ij will (per *Defin, i ./. 6.) be equal j and the Sides 
O]?, B A, proportional to the Sides RL, LI, There- 
. fore in the Triangles O AB, R I L (/^r ^a16,) the An- 

gles O and R are equal. Therefore al(b the Angles 
B F A and LCI, which iland upon the £iine Arches B A, 
LI, are (^.21. /. 3.) equal. But the Angles. FB A>C LI, 
in Semicircles, are {^per 3 1- V. 3»^ right ones. Therefore 
the other Angles (p. CorolL 9. pr. 32. /. i.) B A £, LI C, 
are equal. Therefore becaufe the Triangles FAB, 
CIL, are equiangular to each other, they are (^.4. Ad.) 
like; and B A will be to LI, as AF tp IC. Kow be- 
caufe by the Hypothefis the Polygons are like, their Pro- 
portion will be duplicatQ (/.20. L6.) to the Proportion 
^ of the Sides B A, L 1 3 that is, as I have already iiiew'd, 
duplicate to the Proportion of the Diameters, AF, IC* 

I Corollary, 

%-^»7» ^HECircumferences of like Polygotis infcribed ink 
•'- Circle are betwixt themfelves as the Diameters. 

Seeing it hath already been fhew'd, that AB is to 
LI, as A Pis to IC, OB willalfo be toRL, as AP 
to I C : And fo of the reft, of the Sides. Therefore all 
the Sides together will be to all the Sides together, 
that is, one Circumference to another, asAF is to 

* , ' A Lemma. 

fh h polygons infcrib'd in i Circle end in a Circle. In- 
» rcrit>e i {^quare^ fi9 ACBDr Seeing this is half 
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ff^r Schokf. 6 J and 7. /. 4,) of the Square whicMs cir- 
cutnfcrib'd, it will be greater than half of the Circle. 
Wherefore if this be taken out of the Circle, there will 
be taken out of it more than half. Then each Arch be- 
ing bife6led in £, K, I, H, infcribe an Odagon : And 
let FG touch the Circle in E, which FG ^t BC, D A 
meet in G and F 5 C F will be a Parallelogram, of which 
feeing the Triangle CEA (per 41. /. i.) is half, this 
.^ill be more than half of the Segment CTE A. In the 
fame manner each of jthe Triangles iA K D, J5 1 B,- ^Ci 
is more than half t^ch of tae Segmentisf.' - Therefore aU 
tJne Triangieoi are mor£thsin-%alf all the Segments. There- 
fore if you tak*e thefe our of thofe, that i^i out of the 
Remainder of the Ciixle, more khan half Will be taken 
awap- In the fame waiy of arguing^ if there be in(crib'd 
in the Circle, Polygons of Sides always Hooble In Hiini- 
ber ^ 1 can fhew that there will always be taken oat of 
the Remainder of the Circle more th^h hajfi .There- 
fore the.R<^mainder mufi at lail be l^fs than any: given 
one whatibeTer^ and confequently the infcrib'd Polygons 
will at laft&U Aiort of a Circle by a Quanrtty lefs than 
any given one whaifoercrj that is, (fer ^efin.6, L 12.) 
will end in a Circle. . - 



PROP. II. Theorem. 

^'T^HE Proportion of Circles is dtiplicaie to the Pro- Fig. 6, y. 
K fort ion of their Diameters. 

The Proportion of Polygons infcrib'd in a Circle with- 
out End is (fer i, I, 12.) duplicate to the Proportion of 
the Diameters. But Polygons ^by the foregoing LePi- 
ma) in(crib*d in a Circle infinitely, at laft end in the 
Circle. Therefore the Proportion of Circles is alfo du- 
plicate to the Proportion of the Diameters. 
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PROP. Ill, IV. 

R E Prolix, and hatd for young Beginners ^ and 
have no other Ufe^ than that they ferve to the De* 

monflration 
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\^ more 9afibf vrithaut them* 

Lfcmirfata, ^ preparatory Profejkions to Prop. V. 

Lemfna h 

tig' 9' if P fwo trianguUr Pyramids becut with Planes (OSB, 
f R X Z) parallel to the Bafe« ( A B C, I (^ V;. which 
, iCuae Pknes divide the SiSos (C F, QL) pro|»rtiottaUy 
in (£4nd Zx) then O S E, R.X Z wiU be betwixt them- 
selves as the Safes ( A C B, I QV> 

fiecaufe the parallel PlanesOfi E, A B C, are cut by 
the Planes BFQ AFB, AFC, the common Se^oas 
«£, BC» laid OS, AB, and Ofi, AC» will be|f>^ 16. 
i II.) pairaUeL Wherefore the Angles O S £, A B C, 
^md SO£» B AC, and 0£S, AC B^ twe and two, are 
{jper 10. /. II.) equal. Wberelbre the Seftibms OSB^ 
A B Q are like (per 4. /. 6.) In the fame mannar I might 
Atw that the.Seaions RX Z, I VQ., are like. There- 
lore (per 19. /. 6.) the Proportion of the Scftion ABC, 
to the Se£lion O S £ is duplicate to the Proportion of 
the Side B C, to the Side S E^ and the Proportion of 
the SeAion I V Q^to R X Z is duplicate to the Propor- 
tion of, V Q^ to X Z. But the Proportions of B C to S E, 
and of VQ.to X Z are the fame^Cfor BC is to SE (by 
CorolL I. per 4. /. ^.) as C F to E F 5 that is, by the Hy- 
pothefis, as QL to Z L 5 that is, (by the lame CorclL) 
as V CL to X Z). Therefore the I^roportion of A B C to 
OSE is the fame with the Proportion of IVQ^to 
RXZ. ^E.'P. 

Lemma II. 

Ff^. 10. pRiflns inlcrib'd infinitely in a Pyramid (ZGAP) 
-"- which hath a triangular Bafe, end in the fame Py- 
ramid. 

Let the Side of the Pyramid be divided into a certain 
Number of equal Parts A B, BG, G F, and thro* B and 
G there being made the Sections, G D N and B £ P pa- 
rallel to the Bafe Z A C 5 let the triangular Prifms B E 
FMAO and GDNKBQ^be underftood to be infcrib'd 

\ a in 



^ 8 

Xiix Xlt EpclidV EkmHtSi ^171 

in fh^ Pyramid. Thefe then bqiijg continued without 
tlifc Pyramid,, let there be underi!k)od to 1)e defcrib'd a- 
boMt. the VyrsLxnii the Prifms C I B A, P X G B, N H 
F,U^, 'The ExcieflesofthedrcuinfcriVd Prifms above 
the infcribed ones are the Solids I M, X K, H G, which 
taken together are equal to the Prifm CIBA: For 
H G (per 2 5. /» i j.), is equal to D £ ; and confequently 
HG with XK are equal to PXGB, that is, (by the 
fame) to MEBA. Therefore the three HG, XK» 
I M, are equal to the whole C I B A; But if i F^e di- \ 
"Tided without Ea^ into more ^qial Parts, and confe- 
quently the Number of Prifms be infinieftly intreas^d, 
A B will become lefs than any given Line. Therefore 
(ars^ii is manifeilfroin, ^-25. /.. u.) »th« frifm CI^ A 
IviU become lefs tljaq any ^ivqn one; Therefore tk^ 
£xc^Cs of the drcum(crib*d rriims, (a^rd muc'h more of 
the Pyramid Z C A F which ispart ef tjve Prifms circumr 
A:flb'd about it) above the infcribed it^jrifnif wiil be j^{^ 
tliaii any given Prifm. Therefore tl^ infcrib'd PrilHi^ 
(fcy 0efin. 6. L i%.) end at iaft in aVyra^md* ^ ^. J2L 4^ 

'' ' • ' ■ ' . * • ■ ' 

• • - - . » 

PROP. V. Theorem,. . 

TRiat^utar Pyramids of the f ami Height have liMng* u. 
Proportion 4fetwixt themfelvis^ "which their Bafii 
(AQ^RyESX) have. 

Let the equal Altitudes of the Pyramids be repre- 
fented by the Side A P, E Z 5 which on both Sides let be 
divided into as many equal Farts as you will, bu^fo that 
they be of the fame Number 5 and let there be. made 
thro*' the Points of the Divifions, Sections parallel to the 
Bafes-: let triangular Prifms, of the fame Number and 
the fame Height, be underftood to be infcribM in both 
Pyramids. And now becaufe the Prifms, L A, IE, are 
Dt the fame Height, the Prifm L A wilf be to the Prifm 
1 E fby CoroiL i.f. 54. /. 11.) as thie Bafe LOB is to 
the Bafe INK5 that is, (by Lemmn i.) as the Bafe ^ 
QR A is to the Bafe S X E. In the fame manner I 
might /hew Aat each of the Prifins in(mb*d in the Py^ 
ramid QJP A R, is to each iiifciibM into the PyramitI 
SZEX, astW Bafe QAR \% to tb(? Bafe SEX^ 

TherO^ 



^ 
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Ther^ri all o? them together are to all of thepi toge- 
ther, as Bafe is to Bafe. Wherefore Teeing they at laft 
. end {;^er Lem. 2.) in th^ Pyramids themfelves, the IV- 

ramids themfelves alfp will be as their Bafes. ^ JR. 2>i 

* 

PROP. VI. Theorim. 

Tig, 12, 13. ; K Ll^ Pyramids whatfoever^ which are of equal 
jt\ Height have that Propomon betwixt themfelves 
'jiJjkittAeir Bafis (A By CFQ), have. 

■*■ feet their Bafes* be rcfolv'd into' Triangles A, B, C, F, 
,0$ and the whole Pyramids intd triangular Pyramids. 
The Pyramid A X is to the Pyramid O Z (by the fere. 

5oing) as A is to O j and the Pyramid BX is to tho 
yramid OZ, as B is to O fby the fame;. Therefore 
the Pyramids A X, B X, together f that is, the whole 
Pyramid A B X) are to the Pyramid O Z, as- A, B to- 
gether are to O. By the fame Argumentation the Py- 
ramid A B X is to the Pyramid Fi (by the foregoing^, 
as A, B are to F; And A B X is to CZ, as A, B is to 
C. Therefore A B X is to the three OZ, F Z, C Z toge- 
ther^ that is, to the whole Pyramid O F CZ, as A, B; 
together is to O, F, C together. ^. E, 2). 
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PROP. VII. ThcorentLv 

% «4- 'T?Very Pyramid is the third Part of a Prifm which 
XL hath the fame Bafe and Heights ^ 

Firft, let the triangular Pyramid BGAC hare the 
fame Bafe and Height with the Prifm BACFEO: 
Let B F, A O, A F, be drawn. The Triangles B F C, 
. B FO are (fer 34. /, i.) equal. Therefore the Pyramid 
BFCA, is equal to the Pyramid BO FA. For? the 
fame Reafon O E A F, is equal to the Pyramid OB 
A F 5 that is, to the Pyramicl B O F A, f6r they are the 
fame Pyramids. Therefore BFCA, and OE AF, are 
alfo equal. Therefore all three BFCA, OEAF, OB 
A F, pr B O F A, are equal. Therefore the three to- 
gether 
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gether are triple of one B F C A. But thofe three con- 
'Situte the Priftn ^ A C F E O. that Prifm therefe>4 
is triple to fhe Pyramid B F C A 5. that is," (fer 5. /. 11.) 
^toBGAC. ^JS.2). ^ ; 

Then let any. Pyramid whatfoever have the fanie Bafe%« ij« 
^nd Height with the Prifm A E F H ; th6 Lines B O, 
BO,BE,andNi, N G, NH, being ira<vi>,refolve the 
Prifins into triangular Prifms, and the Pyramid into tri- 
angular Pyramids. Which being done, the Demonftra* 
tion is manifeft from the firtt Part: For. each Part of the 
Prifms will be triple of each Part of the Pyramids. And 
confequently the whole Prifm will be triple to the whole 
Pyramid. . ^. £. 2). 



PROP. VIII. Theorem. 
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THE Proportion of like Pyramids (OACBj KH^g. ,<?. 
IN) is triplicate to that 'Which the homologous 
Sides (A ByHN) have to each vther* 

Firft let them' be Triangular: The ^Parallelograms 
AM and HQ^being perfefted, fct ppon them the Pa^ 
rallelepipeds A G, H t, , in the Heighf 6( the Pyramids 5 
which, feeing the Pyramids are like^ will alfo f'as appears 
frpm 2)efifj, 9. /. 11.) be like. Then let EF, Rr, bq 
drawn; and thro' EF, CB, as likewife tbro'^RP, IN, . 
the Parallelepiped will be cut (per 28. /. 11.) into two 
equal Prifms ; each of which will be triple to the Pyra- 
mids O A C B, and K H I N fby the foregoing;. Thqre- 
ibre both together, that is, the whole Parallelepipeds 
AG, HL will be Sixfold of the Pyramids. Therefore 
the Pyramids are proportional to the Parallelepipeds. 
But (pfr 33-/. II.; the Proportion of thefe each to other 
is triplicate to the Proportion of the SidesAB, HN. . 
Therefore fo likewife is the Proportion of the Pyramids. 

But if the like Pyraipids fliall be polygonal, let them'l'»ff. 17- 
be refolv'd into the triangular ones AR, BR, CR, and 
OK, EK, FK. You may from ao. and f. /. 6, and 
IDefin. 9. /. li.eaflly ifhew tha:t A R is like to O K, and 
B R to E K, and C R to F K. ' Therefore by the forther 
Part, the Proportion of the Pyramids AR, QK, is tri- 
plicate to the Proportion of IMtoPZ: And the Pro- 
portion 
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|Afti<ff>. of ^bfi f minrcls BR apd J^K is triplicate 
.1^9 FrQpprtion of M X to S Z 3 that is, a^ajn bv the It^ 
pothefis, of I M to P Z $ an<f the Propoctiou of the F' 
l^fUltlid^ CRy F K is tripliiiate tp rfie Proportion of X 
a(\ S T $ that i9, again of I M to F Z. Seeing therefoi 
khe ProportloD of each to each is triplfcate to the Pr<>- 
poruoo. of I M to P Zi the Proportion atfb of ail to all 
^thatis^ the Proportion of the whole Pyramid ABpR. 
to the whole O E F Kj will be triplicate to the Propor- 
tion of IM to PZ. 4-S-2). 
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PROP. IX. Theorem. 

Qua! Pyramids have their Bafes and Altitudes re- 
ciprocally proportional; and thofe which have 
tbemfoj are equal. 

Part L Firft let the Pyramids be triangular B A C O, 
KHNL: The Parallelograms B£» HR, being per^ 
fefied, upon thefe fet the Parallelepipeds, BF, HP. 
Thefe wiQ be Tas waa fhew'd in the foregw^ fixfold of 
Fyramids whidx are by the Hypothefis eqii^al, and con- 
jCbquently will be equal betwixt thejpfelves. But now 
the Altitudes of thefe Parallelepipeds. HK, B A, are the 
fame with thofe of the Pyramids ^ and the Bafes B E, 
HR, are double to the pyramidal Bafes (^r $4.. /[. 11.) 
B C 0» H N L, and conlequently proportional to them. 
Seeinip therefore by Realon of the Equality of the Pa- 
calleiepipeds, as BE is to HR, fo f'by the (ame^ is re- 
ciprocally H K, to B A ^ it will alio be that as the BaCb 
B CO i/i to the BaCb H N L, & reciprocally is the Alti- 
tude H K to the Altitude B A. ^.£.22. 

But if the Pyramids have polygonal Bafes, let them 
he reduced into triangular ones, retaining the fame Al^ 
titttdes^ and thefe wiU be equal to thorn by the <;th. 
But the Pyrao^ids thus reduced, have) as we have novt 
dembaftrated^ their Bafea and Altitude^ reciprocally iiror 
yoctiooal. Therefore the g^ven polygonal Pyramids 
alfei have their Bafes and Akiti^lea recipi^ocaUy ptopor- 

Part 
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PartlL Boca^ufe it U now fttppbs'd^ tIuuBCOi9.tjBk 
|II,l)l^ a&HKifitoBA^ BE wUlalfobe^toH^ aa 
KKiato BA. Tberefbre the Parallete^i^ds BB^ 
H P> as« (fer 34^ /« 11. 1 alfo eoual. Therefoco th/fm 
fixth Parts alio, to wu» t\^ PyTaim4& B A C 0> HKKXi; 
are equal. ^ E\ 2). 



Corollaries* 

TXT" HAT has been demonflrated of Pyramids in 

/r f , 8, 9. does alfo agree to all Prifms whatfo- 

ever$ feeing thefe are Cfer 7. L 12^) triple to Pyramidf 

which have the fime Baits and AMrudcs. The^sfore^ 

I. In Prifms of the fame Height, their Proportion itf 
the fame as tha« of theif Bafes. For this was fliew'd 
of Pyramids, fr. 6^ 

%. TThe Proportion of like Prifine is trtpKeate to the^ 
Fropertion of their homologous Sides. For this was ikew>'4 
concerning Fyramidsi fr. 8. . 

9. Equal Prifms have their Bafes and Altitudes reci* 
procally proportional 5 and thofe which have them fb 
are equal. For this is /hew'd of Fyvao^i^St /r. 9. 

It is ftrange that thefe Things were pals'd over by 
Euclid^ feeing they are the chief Things which cau bis 
delivered concerning rectilinear Solids. 

Scholium. 

l^KOMwbat has been hitherto, demonflraied 19 ddr 

^ d»c*d.th^ Method of meafuriag^ any Prifin? ox Pyrar v 
tpid« whatfoever. .. ^ 

The- Solijdity of a Prifm, is produced frotn the Altitude 
Qaukiglied into thq Bafe 3 and that of a I^ysatnid ftoiQ 
thp third Part of the Altitude muitiplied hy the Safe* ; 

As if the Altitude of a Frifm be of 5. Feet,, but thib 
35afe. contains 2, 5, %uare Feet i uiulti^y zj by 5^ and 
there ariles 125 cubick Fiset for tha Sojrd«ry o£ tbe 
Prifm. ' ' 

For let there be a polygonal Prifm as A H. And let %. i^, 14^ 
fk^lDaaiigle BAG be underflood to be equal to its Bafe 
AE, and upon BAG the Prifm B £ to be fet at equal ^ 

Height 
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• Height with> H. The Prifms B E, A H, will be (^y 
CorolU i.fore^Oifig; equal. But the Prilin BE Qay Schol. 
/. 4d;/.iiO is produc'd from its Altitude drawn into 
the Bafe BAG., that is, into A E, by CohftruSion. 
Therefore the iPrifni AH alfo js made of its Bafe AE 
multiplied by its Height, which is fuppofed to be equal 
to the Height of the Priftn BE. • 

From hence and firom j. the Demonflration of the (e- 
coi^d Part is alfo manifeft. 



yA Lemma to Brop. lo. 

piYramids and Prifms which are infcrib'd in Cones «nd 
-r Cylinders infinitely, do at lafl end in the Cones and 
Cylinders, * 

This is demonftrated as the Lemma of ^rop. x. with 
the help of Vrof. 6. and of CorolL z. after Vrof. 9. if 
as there Planes infcrib'd in a Circle, fo here Prifms and 
Pyramids whi^h fland upon thofe Planes as their Safes, 
be continually taken away from the Cones and Cylinders. 



PROP. X. Theorem. 

*• ***• TT? P^ery Cone is a third Pan of a Qlinder having 
wr t the fame Bafe and Height, 

Let a regular Polygon of as many Sides as you pleafe 
be underflood to be infcrib'd in the Bafe CL, and iipon 
it as the Bafe, for a Cone let a Pyramid, and for a Cy* 
Under a Prifm be infcrib'd. The Pyramid (fer 7. /. 12.) 
will be a third Part of the Prifm. And if again in the 
Circle a Polygon of twice as many Sides be infcrib'd, 
and upon it he infcribM for a Cone a Pyramid, but for 
the Cylinder a Prifm ^ the Pyramid will again be a third 
Part of the Prifm. And thus it will always be. Where- 
fore feeing Pyramids end in a Cone, and Prifms in a 
Cylinder, the Cone alfo will be a third Part of the Cy- 
Imder. ^E.1D. 

PROP. 
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P R O P. XL Theorem. 

COnes of equal Height (BAF, Q^XR) are ^I%;i*.4«i 
their Safes (CL, SE). T%e fame Thing hekngs 
' to Cylinders of equal Height qlfo. 

Pyramids infcrib'd into Cones of equal Height are at 
. their Bafes (fer 6. L 12.) But Pyramids do at length 
end in Cones. Therefore Cones alio are as their Bales. 
And feeing Cylinders are threefold of Cones, which 
have the lame Bafe and Altitude with them, they alfa 
will be as their Bafei. ^£.2). 

Coroll. 

TN the fame manner it maybe demonftrated, that 
^ Prifms and Cylinders alfo of equal Height are betwixt 
themfelves as their Bafesj yea, that all cylindrical Bo- 
dies of the fame Altitude 5 that is, whicn are produced 
from whatfoever Planes multiplied by the fame Altitude, 
are betwixt themfelves as their Bafes. You may reafon 
in the fame manner of Pyramids and Cones of equal Al* 
titude, and (tf all conical Bodies whatfoever. 



PROP. XII. Theorem; 

THE Proportion of like Com (SAP and^i^^^'^^h 
QZR) is triplicate to the Proportion of the 
Diameters (B F and Q^R) which are in the Bafes* 
The fame Thing is to be faid of like Cylinders. 

In the B4res of the like Cc^es let reeular Polygons bo 
infcrib'd, which Polygons confequently will be like. 
The. Pyramids which are infcrib'd upon thefe Polygons 
will alio be like 5 as may be eafily ihew'd. Thcr^ro 
their Proportion is triplicate (fer 8. f. xi.) to the Pro- 
jwrtion of the Sides B L, QE 5 that is, to the Propor^ 
tion of the Diameters B F, Q.R.. Wherefore feeing tho 
Pyramids end in Cones, the Proportion alfo of the Cones 

N is 
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i'-j^t 'Bvcviv*s Blmef^s. Ltb.XH. 

is tripUcate to the Propordon of the Diameters B F, QR. 

The Theorem is manifeft of Cylinders, feeing they 
, are triple to ^nes. 

PROP. XIII. Theorem. 

F^. M. J FuC^tiuder.^ (BJ) ie cm viith a iBl^e (R L) pnral- 
I JL MtotheBa^s {BQ^,Cl)h •nePart{B L)Jhall be 
n the ^ther l^n (RI), as one Segment 0f the Axis 
(A'O) 15 te tht tther' Segment of the Mis {0 F.) 

This Fropofition is ^etnooflrated ts the firfl of /. d. 
The Theorem is in the fame manner true of the Sa- 
. perficies. 

PR.dPi XIV. Theorem. 

% »3. ^^Y^riinJers (A R^nd C I) ofeqaalB^^s (MQj G B) 
, VuJ are as their Altitudes (LZ^ SF).' The fame 
Thing hupfens to Gmeu 

Cut offivDm the fa^er Cylinder AR the Cylinder 
A O, whofe Height L E is the fame with S F. There- 
fore (per ii. /. 12.) the Cylinders AO, CI, are equal. 
Seeing therefore the CyUnder A O, is to the Cylinder' 
A R» (by the foregoing) as L E is to L Z $ CI alio (hall 
be to A R as L £ is to L Z^ that is, (becauie LE and 
S F are equal, by Conftruftion) as S F to L Z. j^. E. 2). ' 

Corollary.' 

. 'T^.HE Theorem is alio trueof'Prifms, and like wife 
-^ of Pyramids, and the Demonftration altogether 
. alike. ButofPrifms the thing is demonftrated irom 
. Corel, i.f. 9. /. 12. and 25. /. 11. and its Corel. Of Py- 
ramids from this, and from/. 7. 1, iz. 

PROP.* 
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PROP. XV. Theorem. 

EQual Cylinders {A Rj D F) have their Safes andt^g* H» a^:! 
Altitudes reciprocally proportional; and if they have 
themfo they are equal. Yhe fame T'hing is true of C(mes. ' 

This is demonftrated as ^rof. 34. /. 11. only for 54, 
and 25. /.I I. there cited, there mutt be cited here 
Q^ro}. II, and 13./. la. 

Schdium* 

TIT'Hereaa Euclid hath faid nothing of compound Pro- 
^^ portion in Bodies, we IhaH briefly demonftrate it 
in this Place. 

1. A Cylinder hath to a Cylinder^ and a Frifm to a 
Prifm, a Prooortion compounded of the Proportions of 
the Bafes and Altitudes. 

Let F & and A R be Cylinders of diflferent Altitudes rv. 25', ^^ 
(for in thofe of equal Altitude the^ Thing is manifeft.) 
From the higher cut ofFAO.of equal Height with FD. 
And let the Proportion be thus 5 as the Bafe V T is to 
the Bafe M CL, fo F N to X 5 and as the Altitude N 6 . 
or B O is to the Altitude BR, fo is X to Z. We muft 
therefore fhew, that the Cylinder F P is to the Cylinder 
A R, as F N is to Z. The Cylinder F D is to the Cy- 
linder AO (per II, /. 12.) as the Bafe VT is to the 
Bafe MQ^5 that, is, (by Conftruftion) as FN is to X 5 
but the Cylinder A O is to the Cylinder A R (per i^J. 
i^.) as BO to BR ; that is, (by Con{lru3ion) as X to 
Z. Therefore by Proportion of Equality the Cylinder 
F D isTto the Cylinder A R, as F N to Z. 

The Propofition tttay be demonftrated in the fame 
manner of Fjrlfms, but from CorolL i. pr. 9. and CorolL 
pr. i/^* 

2. A Cone alfo hath to a Cone^ and a Fvraniid to a 
Pyramid, a Proportion which is compounded of the. Pro- 
portions of Bafe to Bafe, and Altitude to Altitude. 

For (hy^rop. 10, and 7. Li%\) thoy are.jhitd' Parts 
. of Cylinders and Prifms. * ,vr 
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PROP. XVI, XVII. 

THefe Propofitionsy the mofl prolix of all other, have 
no other Ufe than to ferve to the demon/hating 
Prop. 1 8. which we fiall demonflrate in another more 
eafy Way. 

* 

Lemma to Frop. i8. 

Iff. t€, /cylinders infcrib'd in an Hemifphere end in theHemi- 
^^ fphere. Let P Z T be the greatefl Semicircle of 
the Hemifphere ^ and let the Radius A Z be perpendl* 
cular to the Diameter F T. Cut A Z into a certain Num- 
ber of equal Parts, AM» MNyNZ; and there being 
drawn tnro' the Points of the Divifions M, N, the per- 
pendicular Lines B O, ^c. Let there be inlcrib*d in 
the Semicircle, the Reftangles OBRK, EDHS; 

"" which afterwards being continued without the Semicircle, 

let there be underftooa to be defcrib'd about the Semi- 
circle, the Rcftangles F T Y P, L V B O, CLX D E : They 
Will all of them be of the fame Height, and the Excei- 
fes of the circumfcribed ones above thofe which are ii^ 
fcribed will be the Planes FK, LS, XE, VH, TR, 
which taken together make theRedangle FTYP. For 
becaufe X E is equal to DS, thofe LS, VH, X E to- 
gether, will be equal to the Refiiangle LB, that is, OR. 
wherefore if you add on both Sides the Planes FK, 
TR, all thofe FK, LS, XE, VH, TR. taken toge- 
ther, will be equal to the Reftangle FTTP. If now 
the Semicirale with the ReAangles be underflood to be 
turo'd abovt the Radius AZ, which is in the mean 
while unmov'd, the infcribed Reflangles EH, OR, will 
produce Cylinders infcribM in the Hemifphere^ and the 
circumfcribM Rectangles will produce Cylinders circum- 
fcrib'd about the Hemifphere, (landing one upon ano- 
ther ^ and as the E^cefles of the circumfcribed Reft- 
angles above the infcribed ones, was the ReAangle F Y^ 
' fo likewife the Esccefies of the circumfcribed Cylinders 
above the infcrib'd ones, will be the Cylinder which is 
produced from the Re^angle FY. But now the AJti- 

tudo 
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tbude of this Cylinder will be made lefs than any given 

Sleight 5 and confequently (as is manifeft fiom i;./. 12.) 

it lelf will grow to be lefs than any given Cylinder, i^ 

the Radius being divided into more equal Parts without 

, end, the Number of Reflangles, and from thence of 

Cylinders, be infinitely increased. Therefore the Excels 

of the circ^imfcrlb'd Cylinders, and much more of the 

TIemifphere it felf, which is only a Fart of the circum- 

icrib*d Cylinders above the inrc|:ib'd ones, will at lafl 

become lefs than any given one. ; Therefore (by Defin. 

6. L 12.) Cylinders infinitely infcrib'd in an Hemilphere^ 

do at length end in the Hemifphere it felf. ^. E. 2). 

w 

9 - 

Corollary* 

T N the (ame manner it will be demonflrated, that Cy* 
.^ linders infcrib'd in a Cone, Conoid, Spheroid, ^c. 09 
at jlaft end in the fame. 

PROP. XVIII. Theorem. 

TH E Proportion oj Spheres is triplicate to the Prth Hg. 17. 
portion of their Diaipeters (B K, R Z). 

The Radius's AB, TR, being divided into as mant • 
equal Parts as you will, but of an eoual N4imber, ana 
there being drawn thro' the Points ot the Divifions Per* 
oendicttlars, (Sc. let Re&ngles of an equal Number. 
be underftood to be infcrib'd in the greater Semicircles 
of the Spheres, which Rectangles being turned abou^ 
the unmov'd Radius's AB,XK, will be conceiv'd ta 
infcribe in both the Hemifpheres a like Number of Cy- 
linders ftanding one upon another. Now becaufe K C 
is (per CoroU.^. 15. /. 6.) to CF, as CF is to CB ; the 
Pioi)ortion of KC to CB (by 2)efin. 10. /. 5O will be 
duplicate to that of K C to C F, that is, to the Propor- 
tion of FC to CB, In like manner the Proportion of 
£B tQ £R will be duplicate to the Proportion of X E 
to E i|.. But by the Conftruftion K C is to C B, as T;^ 
is to E R. Therefore F C alfo is to B C, as X E to 
E R. Bat B C by the ConOruaion is to C O, as R E 
{0 ^ S. Therefore by Equality F C is to C O, as X ^ 

N 5 / W 
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is to E S. Therefore (by "Defin. 4. /. la.) the Cylindeti 
FL, XQ^, are like, and confequently their IProportios 
it (fer 12. /. 12.) triplicate to the Proportion of thcii 
Diameters, F I, X V , or of the Semidiameters F C, X E, 
which are in the Bafes. But the Proportion of F C to 
X E is the fame with the Proportion which is betwixt 
thp Plameters of the Spheres H K, R Z ^ (for as I ha^e 
already fhew'd, F C is to X E, as C O is to E S 5 that 
is^ as B K is to R Z, which by the Cot)Aru£lion are £- 
qui-multiples of thofe C O, ES.) Therefore the Propor- 
' tion of the Cylinders FL, X CiL^^ '"p'*^*^^ to the Pro- 

portion of the Diameters B K, RZ. In the fame man- 
ner we might demonArare that each Cylinder infcribed 
in one Hemifphere, bears to each Cylinder infcribed in 
the other Hemifphere,.a Proportion triplicate to the Pro- 
portion of the Diameters B K, R Z. Therefore al(b the 
•rr9por|:ion of all together to all together (by i2^- /. 5.) is 
^ tripjicate to the Proportion of the Diameters BK, RZ. 

Wherefore feeing the Aggregates of the Cylinders do at 
length end in their Hem ifpheres, the Proportion of the 
Hemifphere^ alfo, and confequently of the Spheres will 
be triplicate to the Proportion of their btameters*^ 

Corollary* 

^T^Hereforc the Proportion of the Diameters being 
*^' ]cnowBy the Proportion of the Spheres becomes 
Icnowft likewife. As if the Diameter of the lefler be one 
Foot, that of the greater ten Feet 5 let the Proportion 
of one to ten be continued thro* four Terms, i» lo, looi, 
1000 ) as I the firft. is to 1000, the 4th Term, fo is the 
k^fler Sphere to the gr.eater. 

w The Dimenfion of Cones, Cylindets, and of the 
Sphere, will be exhibited in the following Book out of 
" Archimedes. 

^ SchQiium. 

A & like plain Figures axe increased or dimimfh'ed in any 

•"- gtifen Proportion by jone mean Proportional, fo like 

Jiodies ^re increds'd or 4^ounifh'd by two piean Fro- 

: jioixioaals, 

' ' Let 
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HiCt A Sphere or Cube, or any other Body whatlbever, * 
be giveh, wholc'fi.adiu&orSide is A. Likewife let any 
Proportion whatfoever of A to B be given, at the double, 
or 2 to I. A Body is to be difcover'd E>oth double to 
the given one and like to it. 

Betwixt the Terms of the given Proportion A aiul B, 
let tBere be found two mean Proportionals X, Z, accord- 
ing to what was taught in the Scbolium of ^rof. i;. /. tf. 
A Sphere whofe Radius is X, or other Body like to the 
given one which ismade upon the Side X, willbedoublo 
to the given one. 

For like Bodies whofe Radius's or Sides are A and X, 
have betwixt themfelves the Proportion which is tripli- 
cate to the Proportion of A to X, (by Corelt. 'Prop. 9, 
and by 'Prof, i j. and 18. /. ii.J that is, the lame (fer. 
U>efia. lo. /. 5.) which A hath to B. 

And this is that mod celebrated Problem which from 
j^/>oilo and 2>elos is called the Deliacal Problem ; be- 
came at the time of a mofl grievous Peflilence, which 
wafled Athens, being confulted, he gave Anfwer, that 
the Peffilence would ceafe, if his Altar, which was of a 
cubical Form, were doubled. Thus Valerius Mtxt- 
mus 1. 8. 
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To the Re ader. 

ALBEIT there have appeared Very many moft 
excellent and admirable Men in the Matbemasr 
thai Sciences ; yet the chief Glory $/ all batif 
always by a certain common Confent^ been given to Ar- 
chimedes of Syracufe. Tho indeed More there are 
who commend than whp read him ; more who admire 
than under jiand him. The Caufes of which NegleBfeem 
to be thefey the Bulk and Scarcenefs of Copies^ fome Ob^ 
fcurity of the Tranflationj which is direBly made out oj 
the Greek Language ^ together with the Prolixity and 
Difficulty of his Demonftrations, I judged therefore 
that it would be for the Profit of ftudious Learners^ if 
after my Illufbration of the Element Sy I &oUld fubjoin 
thefe l^heorems which had been feleSied by mf out of 
Archimedes^ and demonfirated in a much eajier and 
briefer Way* Furthermore^ I have feleBed thofe, which 
bring along with them both more of Admiration and of 
Benefit ; and have in my Demonflration took fuch a Me^ 
thodf thaty I hope, he who underjiands the Elements willy 
withoi^t any great Labour y comprehend thefe mofl excellent 
'Inventions of the Prince of Geometricians. I have alfo 
added at the Endj thirteen PropofitionSy and thereby en^ 
larged the Doiirine of Archimedes, concerning the 
Sphere and Cylinder : Where amongfi other I'hiitgs^ I 
demonflrate^ that the fefquialteral Proportion is continued 
in the T'hree Bodies y a^herey^ Cyliudery and equilateral 
Ceney both the latter being infcrib^d about the Sphere. 
Morebverl have added divers T%ings here and there y 
amongfi which the nth Propofition, and the Coroli- 
laries of Prop. 14. are the chief '^ and feveralSchO" 

Hums. 



/ 

• To the Reader. 

liums; Mah ufe of thefe Difcoveries whofoever thou 
be'fij that art a Candidate of Geometry j aad hoiu 
auKb ibou haft improv'd in Euclid, make Proof »f in 
Archimedes. And luben thou percei-veft thy jelf to be 
fx i and raised upwards in the Contemplatim of the 
moft noble Truthi, raifi up thy Abnd, while it is thus 
already lifted up from thefe lower Things, yet higher, 
and direil it to that Truth which is Original, Eternal, 
hmfienfe^ and is no other than GOD; hy the ineffiihh - 
Vijkn ofwhotHj I truft vje Jball hereafter He madt eter- 
nally Happy. Farewel. 
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De PINIT10NS3 

Or an Explanation of certain Terms. 
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LET there be a Circle 6 E C G, whofe Centre isJ«•*^l, 
A, its Diameter BC, which let the richt Lineal out oV 
EG cut at right Angles, (but not thro* x)x^ Mbimtdes^ 
Centre) in D. Let there be dra^yn from the 
Centre the Radius's A E, A G. This being fuppos'd. 

NO T'J?, I. That a Se3or of a Sphere is that which 
is produced from the Se£lor of the Circle A E C G» or 
A E B G» turn'd round about the Diameter B C. 

2. That a Segment or Portion of a Sphere is that Fart ' 
of it which is produced fiom the Segment of the Circle 
E C G or E B G tum*d round about the fame Diameter 

BC. 

3. The Vertex or Top of the Spherical Portion E B G 
is the Extremity B ot the unmov'd Diameter 5 the 
Bafis, the Circle defcrib'd bv E G 5 the Axis, that Part 
of the Diameter BD, whicn is intercepted betwixt tlie 
Top B, and D the Centre of the Bafe. 

4* When I name the Superficies of a Spherical For- ' 
tion, or of a Body infcrib'd in it, or of a Cone, I al- 
ways underftand it without the Bafe 5 and when I fay 
. the Superficies of a Cylinder, I mean likewife without 
the Bales ; unlefs the Word [whole] be adjoin'd to [Su- 
perficies] 3 for then the Bafes alfo are to be taken in. 

Again, 



Jipo ^ ArchimedesV Theorems. ^ 

Agaio^ when I treat of Cylinders or Cones, I fpeak 
of no odier than, right ones. 

Axioms^ \ 

'?^.s>>^> I. nr HE Circuit of a Polygon inlcrib*d in a Circle is 
-*- lefs than the Circumference of the Circle. 

JFi^.x. 2. The Circuit of a Polygon defcrib*d about a Circle 

* is greater than the Circumference of the Circle. 

lig.i^. . ;. And if a Polygon inlcrib'd in a Cirde,^ be.tum'd 
about the Diameter (A E) together with the Circle, the 
Superficies of the Body produc'd by the Polygon, will 
be lefs than the Superficies of the Sphere. And if a 
Polygon circumfcrib d about a Circle, be turn'd about 
the Diametei;; together with the Grcle, the Superficies 
of the Body produced by the Polygon will be greater 
than the Superficies of the Sphere. 

Fi](. 17. 4. In like manner the Circuit of a Polygon infcrib*d 

in a Segment of a Circle (D A F) is lefs than tl^e Cir- 
cumference of the Segment. And if a Polygon infcrib'd 
in the Segment*, be together with the Segment (A D) 
turned round 5 the Superficies of the Body produt'd by 
the Polygon will be lefs than the Superficies pf the 
Spherical Portion (D A F). 

^^•3>^- 5- The Superficies of a Prifm infcrib'd in a Cylinder 
is lefs than the Superficies of the Cylinder ^ but the Su- 
perficies of the Prifm which is circumfcrib'd is greater. 

'^l" 4t8* <f . And the Superficies of a Pyramid infcriPd in a 
Cone, is lefs than the Superficies of the Cone ; but the 
Superficies of a circumfcrib'd Pyramid is greater. 
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PROPOSITIONS I, II. 

KR not neceffoTj. 

PROP. m. Theorem. 



THE Circuits of Polygons circumfcrib^ d about and 
infcrib'd in a Circle^ do at lafl end in the Cir- 
cumference of the Circk. In like manner the Polygons 
^themfelves do at lafi end in the Circle. 
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If, to wit, the^i^ches being tifeftei T^^^^*^*^ :^^»5^V\^. 
more and more ft^^es ^be drcumftrib'd about and i^-^ 
X fcrib*d in the Circle. " - .. i . . 

; Part I. Let there be underftood to be inlcriVd in arfd 

* defcrib'd about a Circle, regular Polygons 5 whether it 
be done fo as is fet down, Trof. 12* /. 4. or as in the pre- * 
fent Figure, the Thing will be the /ame. It is manifeft 
(Jer CorolL i.f.4. L 6.) that U I is to CE (that is, the 

^ whole Circuit circumfcrib'd, unto the whoie, Circuit inr 
^ fcrib*d; as I A is to C A. But I C the Exccfs of the \ 
J right Lines I A abov,e C A, becomes at length^lefs than 
i any given Line, if more and more Sides be. underftood 

* to be infinitely circumfcrib'd and infcrib'dj therefore 
^1(0 the Excefs of the Circuit circumfcrib'd above that 

* which is infcrib'd, will at length become leis than any 
j given Line. - Therefore much iriore the Excels of the 

Circuit circumfcrib'd above the Circumference of the 
Circle will be lefs than any given one. In like manner, 
- becaufe i have already /hew'd the Defefl: of the Circuit 
infcrib'd, whereby it falls /hort of that which is cir- 
cutnfcrib'd, to be lefs than any given Line : Therefore 
: much more will the Defcft of the Circuit inicribed, 
whereby it falls fbort of the Circumference of that Cir- 
cle, become lefs than any given Line. The Circuits 
therefore, as well that which is infcrib'd, as that 

^1 which is circumfcrib'd, do at length (2)efin. 6. l.ii.') 

"^ end in the Circumference. Which was the firft Part. 

t To demonftrate thefe Things further is not worth the 

.^ while, feeing they are manifeft enough. 

Part II. Becaufe it hath already been fhewM that the 
Excefs ofF I above the Side E C becomes at length lefs 
than any given Line (for PI is to EC, as I A to C A^ 5 
therefore alfo^the Excefs of the Square of F I above 
the Square of E C will become at length lefs than any 
given Line. But a^ the Square of FI is to the Square 
of E C, fo (perio. L 6.) is the Polygon circumfcrib'a, to 
that which is infcrib'd. Therefore the Excefs of the 
Polygon circumfcrib'd above that which is infcrib'd, will 
alfo become at length lefs than aiw given one. There- 
fore much more will the Excefs of the Polygon circum- 

«' fcrib'd above theCircle, become at laftlels than any given 

\ ' one ^ and confequently, the Defeft alfo of the rolygon 
infcrib'd, whereby it falls fliort of the Circle, will at 

( . length , 
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leogth become lefi than any given Defeft. Th6refi>re 
Folycons as well infcrib*d as circumfcrib'd, do at lafi 
(iDeftn. 6. L ii.) end in the Circle. Which wais the £e- 
cond Fart. 






PROP. IV. Theorem. 

Regular (a) Po/^^tfn (FINTR) circumfcrib^d 
dmt a Circle^ is equal to a Triangle whoji Bafe 
is the Circuit of the Polygon^ and its Height the Radi* 
tis of the Circle* ' \ 

And a regular Polygon infcrib*d in a Circ\ is equal 
to a Triangle i tuhich hath for its Bafe the Circuit of the 
Polygon^ and for its Height the Perpendicular (AO) let 
down upon one Side from tfie Centre. 

Fart I. The Radius A B drawn to the Point of Con- 
taft is (per. 18. /. g.J perpendicular to the Tangent IF. 
Wherefore if the right Lines A F, A I, A N, Qfc. being 
drawn, the Polygon be refblv*d into Triangles^ the Ra- 
dius A B will be the common Altitude of all ^ and coq^ 
fequently it is manifefl that the Triangles are equal. 
Therefore a Triangle which hath its Bafe equal to the 
Sum of the Sides F I, IN, NT, ^c. and AB for its 
Altitude, will (as is manifeft from i. /. 6.) be equal to 
them all, that is, to the whole Polygon circumfcrib*d. 

Part II. This may be concluded by the fame reafon- 
ing as the other. ISee Trop. 14.. Cor. 3.] 

P R P P. V. Theorem. 

%• a- A Circle is equal to a Triangle^ which hath for its 

ji\, Bafe the Circumference^ and for its Height the 
Semidiameter of the Circle. 

Regular Polygons circumfcrib*d about a Circle, and 
Triangles which have for their Bafes the Circuit of the 
Polygon, and for their Altitude the Radius of the Circle, 
are always/by the foregoing Trop.) equal. But Poly- 
gons circumfcrib'd infinitely about the Circle, end in 

the 
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the CSwle^ (fey th^ ^ of tbi^. Bo^k) 5 and in Hfcqt flwui* 
ner Triangles (as I will (hew by and by) which jia5fQi0f 
th^ir Bafe theCkcuic of the ^ircanllcrijb'd Poiygon,^ W 
far their Altitude the Radius A B, at laft end la a Tri* 
^ngle which hath the Circumference for it^ Bafe« ^ndfor 
ita Altitude the Radiui A B^ Therefore a Qrcje f nd « 
Triangle which hath the Circu(nfer6nc9 for its Bgfe, 
and the Radius fi)r its Akitiide are equal* 

But that Trififigiea comain'd under the Circuit of ih^ 
Polygon, and the Radius <rf the Circle, end at laft in a 
Triangle, which is contaifi'd undet the Circumference 
and the Radius, I thus Aiqw, . Triangjes under, the Cir- 
cuit of the circMmicribed Polygon aqd the Radius A ^ 
are to the Triangle which 4s under the Circumference 
and the Radius A B (by t . /. 6^.) as Bafe to Bafe, that is, 
as the Circuit of the Polygon to the Circumference ^ 
fince this Triangle and the other heve a comniqa Alti- 
-tude. But the Circuit of the Fotygon /"by th^ gd) ends 
in th^ Circumference. Therefore the other Trjiangles 
end in thi?. 



Corollaries. 

I. 'ORom this and 41 /. i. it is manifefl that a Re^9* 
' ■*• gle under the Radius aifd half the Circumfertnce 
is equal to the Grcle ; that one under the Radius and 
the whole Circumference is double ^ that one under the 
whole Circumference and whole Diameter is quadruple 
theicto. 

a. A Circle is to an infcribed Square, as hrff the Cir- ^^' ^'^^ 
ciimfero6ce (CDE) is to thoDiamets^^ but t^ a^^qua^e 
circuinfcribed, as the fourth Part of the Circumference 
is to the Dtaniditer. 

For the Re&iogte under CP E^ and the Radius C A 
.or G F, that is (by the foregoiT^ Corallsry) the whoje 
0rcle, i& to the Rectangle GF CE,to wit, theReftap- 
-gle under FG and CF (that is;, to the inlcribed Square 
BCDE) as (Jert. 1. 6.) CDE, half the Qrcumfc- 
fence, is to FGi or C£, the Diameter $ which was the 
flrft Thing. And confcquently the Circle is to. the dou- 
ble of the Re£lan|lc GF C E, (that is, to F H the cir- 
aamicribed Squaie> at C b E is to the doijihte of the 
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Tet, more and niore withour Limit, and fo come ncfaref 
and .nearer for tnrer to the true Proportion. This hath 
befcn p€r|brm*d by Ludolfh Ceulefiy Grimhergery MetiuSy 
SfieliiuSr and .others* The chief Proportions hitherto 
feund I fhaU here fubjoin* 

' [No^iJince' a tangent of 30 2>egrees multiplied T^y • 
I a, gi'oes the Circuit of a circumfcribed Hexagojn ; and 
a Sine of 16 Degrees multiplied by 12, givet the Circuit 
cf an HexagonyWhich is tnfcnbed : Forafmiich alfi-as 
in like manner the Tangent of half a 2)egree multiflyd 
J^y 7ao> yields the Circuit of a circumJbriFd Polygon of 
3 6q Sides ; and the Sine of half a Degree ^ the Circuit 
of an infer ihed polygon of 3^0 Sides 5 and fo on fof 
ever : It will, not he difficult to underjiand^ hy tohat 
Means manyJlichyNtimhcrs may he founds out of the 
mm given Tables of Sines and Tangents.'^ 

The firft Proportion, which is that oi Archimedes^ 
' iz thu&: 

The Diameter 7 . 

The Circumf. is %% 5 which is greater than the true. 

The Diameter 7 i 
The Circumf, is 423 $ lofs than the true one. 

The Proportion* of 22 to- 7, arid 123 to 71, if they 
be reducea to a common Cdnfequent, (which is done 
after the fame manner, in which Fractions are reduced 
to the. fame Denomination^ will be thus, 156*2 to 497, 
and 15^1 to 497. 

Therefore the Diameter being fuppos'd497 Parts, the 
Circumference greater than the true one will 'be 1562 5 
and the Circumference lefs than the true 156^;. 

Both of them therefore differ from the true, by a 
Quantity lefs tba^^^y Part of the Diameter. But if 
the Ptoportiofi of 7 to 22, and 71 to 223 be reduced to 
a common Confequent, there will arife the Proportions 
of 15^1 to 45K)^, andof i5<J2 to 490^. ' 

Therefore the Circumference being fiippos^d to fee 
4905 Partd, the Diameter lefs than the true will be 
1 ^614, the Diameter greater- than the true i ^6i. 
.^ Both therefore- diflfer frcAn the true- Diameter by a 
Quantity lefs than ^y-J-y Pai-t <^f the Girciimfcrencei * '' 
• ^The rrdportion delivered by ilftr/^5 is much li^re' ac- 
curate tbah this 6i Archimiedis. According to this^ 
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The Diameter i$;ii3. 



The Circumference ''J 5 5* .' • *'- * * 
*^'*j O a Amongft 
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Amongft all Fcoportiona confiflisig of fikuill Kumbers, 
none comes nearer to the true one 5 ibr fiom this, the 
Diameter beiog fappos^d of 1 0,000,000 Tarts, the Cir- 
cumference comes to be of } 1,415,929, which diSbn 
from the true one only in the firft Figure % and thia by 
an excefs^bttt a little ^eater than two ten-milliooeth 
Parts of the Diameter. 

But more exaft than both is that double Froportio|i of 
LudolfJms a Ceulen ^ the former of which ciuififls of 
21 Figures, and the latter of 35. 

The Diameter 

T 00,000,000,000,000,000,000. 

The Circumf. greater than the true 
314,1592(^5,558979,3^384.7. 
The Circumf. lefs than the t^ue 
314,1592^5,358979,32384^. ' 

The Diflerence of both the Circumferences is one 
Earticle of the Diameter denominated from^ a Number 
which confifW of a Unity aod 20 CypJsiecs.^ and confe* 

?|uently as well thi^ as that ^i£fer&.ftom the true Circum- 
erence by a Quantity lefs than is the fasdr fciiail fart of 
th4 Diameter ^ to wit, one huudrodth of a milUonoidh of 
a millioneth •f a millionetb Part. ' 

'!rhe Diameter 

looooo,oooooo,6ooooo,oooooo,ooooo'o,oooooo. 

The Circumf. greater than the true 
3i4X59,2tJ5358,979523,84<J2(^4,338327,950289. 

The Circumf. lefs than the true 
3i4i59,2t^5358,979323,84d2d4,338327,9j0288. 

The Difference of both the CiicumfereiKCes betwiic^ 
.which is the true one, is t&atfmall Fart of the Diameter, 
denominated from a Number which conflfts of Unity 
and 35 Cyphers 5 whiqh fmaU Part bears a le{sPioportk)o 
.tP the' whole Diameter, than one little Of am g« Sand 
doth to the whole Globe of the Earth. For-^Q whole 
Cxlobe of the Earth doth not coniift of £) many little 
^Grains of Sand, as are the little Parts ^f the faid Sort 
which are contain'd in the Diami^ten 
.- It ist iieedjefs to go any fUrther. . NftYCftheteft . you 
may procped iinfinitcly*, if you be mindod il:iSik.contifiit& 
Geometrical Reafoning, a» expedite JUethod of which 
is delivered by /Sf)W///j|^/>,. - I ' 

c % Vtbe 
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[The Circumference hipg pffos^d of 

• ■,^6»ooe,ooodoo,oooooo,oooooo,oooooo^oooooo,oooooo Tarts, 

The iDiamettr will be m near as may be^ of 

0,31 8)09>88tf <l3,79057 1,SZ 77^r>Pi^74-J 90*87 24 tarts,} 

Scholium. 

'np H E moft excellent Advantages of the Proportion 
^ now delivered,' are thefe which follow. 

The Invention of the Diameter from the Circum- 
ference. 

CJBT the greater Term of one of the Proportions which 
^ bare been now delivered in the firft Place, the lefler 
in the Second, the Circumference in the Third $ by thefe 
three Kumbers let there be fought by the Golden Rule 
a. fourth Proportional. That it the Diameter ibaght. 

As, if the Circumference of the greateft Circle of the 
Earth be fuppos'd to contain 2 5000 Englijh Miles of 
5280 Feet each, and the Diameter be fought 3 the 
Terms will ftand thus, 

355— — -iij 25000— -—7^58 

Multiply now the fecond by the third, and divide the 
FroduA b^ the firfl $ and there will arife 79jf8 Mites 
for the Diameter of the Globe of the Earth. 

The finding em of the Circumference from the 

Diameter, 

T E T the leflTer Term of one of the Proportions above 
■*-' delivered be fet in the firft Place 5 the greater in 
the fecond 3 the known Diameter in the third : and by 
thefe three Numbers let there be fought a fourth Propor- 
tional, That will give the fought Circumference. 

As if the Diameter of the Globe of the Earth be fup- 
pos'd to contain 7958 Engli/b Miles ^ and the Circuit is 
fought 5 the Terms will fiand thus. 

1x5— — 355-T 7958- 45000. 

Then multiply the fecond by the third, and divide the 
Produd: by the firfl c there will arifo 2 5000 Miles fqr 
the Circumference ot the Globe pf the* Earth. 

O 3 How 
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How little ^this Circumference exceeds the true one 
was fai4 above ^ to wir, by an Excels but a little greater 
than are two ten-mil lioneth Particles of the£arth*iB Dia- 
meter 5 that is, by 9 or 10 Feet. But if we ufe the Lu- 
dotpbin Proportion, even the former, the Terms whereof 
confift of 2 1 Figures ^ there will be found a Circumfe- 
rence infcnfibly differing. from the true, not only when 
the given Diameter is pf 7958 Miles, f^ch ^^ is the Dia- 
meter of the Earth 5 but alfp altho the Piameter be 
fuppos'd of 300 Millions of thofe Miles. -For this be- 
ing fuppo&'d, there will arife a Circumference dififeri^g 
from the true one by a Quantity about one hundred-tnil- 
lioneth Part of a Foot. But it to find out the Circum- 
* ference of the Globe of the Earth, we make ufe of the 
Proportion of Archimedes^ the dtflference of the two Cir» 
cumferences, the one greater, the other lets than the. 
true one, will exceed 1 5 Miles, jircbimedes^s Proportion 
therefore is not to be ufed but in fmall Meafures j nay, 
it will always be expedient to ufe that of Metius^ whicii 
both confifts of fmall Terms^ and i^ above a 1000 timef 
inore exadi, 



T'he meafuring of a Circle. 

np HE Semidlameter multiplied by half the Circumr 
■*• ference produceth the Area of the Circle 5 as is ma- 
pifeft from CoroL i. Q^rop. 5. of this Book. 

A;^ if the Semidlameter of the Earth, which coi^tains 
5979 MUes, be multiplied by half its Circumference, 
to wit, by 12500, there will arife 49,757500 Miles 
fquare for the Area of the greateft Circle of the Earth, 
The Di£Ference of the circular Area thus found from th^ 
true is had, if the Difference of half this found Circum- 
fererice from the true half-Circumference be multiplied 
by the givenSemidian)eter5 or the difiference of this Se- 
midiameter from tlje true, be ipultiplied by th^ giveq 
^eraifircifmfercn^e. " 

7}fe Menfuratkn of Cylinders and Cones, 

IF'Jt this here, becaufe it depends upon the Menfiirar 
tieB9f»Cw|e. A GyH^der tb^refpire, and anyPrifrn 
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whatfoevci.HLproduced fiohi the Altitude multiplied hf 
the Bafe ; A .Gone and Pyramid from the third P^rt of 
the Altitudfe:nittJtiplied by the Bafe 5 for they are third, . 
Partsr of CyliDdefs and Prifpfis, having the fame Bafe and 
Altitude wirii them,' by 10^ ^nd 7, /, i^. , ^ 

Let the Bafe of a Cylinder or Cone be of jo {quard*, 
Peat and the Height of lob'jFeet. ""Muhiply 100 by Jo, v 
and there arife 5000 cubick Feet for the Solidity pi the 
Cylinder. Multiply the third P^rt of the Altitude 100, 
which is 33^ by 50, tbere.arife l^^f icubical JFee| for; 
the Solidity of the Cone. 

PROP. VIL Theorem. 

KX^ HE OYcumfirences of: Circles': hm^e the famfTig. €, a»7«: 
\\^ : Proportien htwixt them/elves which their ^Dia-' '*' 
niters hav^K ' . 

For the Circuits of like Polygons, which may be in • 
fcribe4 in a Circle without end, are. always, betwixt 
thcmfelves as^thp Diameters A P and I C (by CorolL ^r. 
I. /.. 12.) But thefe Circuits (hj the third ^r. of this 
Bookj end at length in the Circumference. Therefore 
their Circumferences alio are hetwixt themfelves as their 
Diameters. ^E.2). 

PROP. VIII. Tfieofem. 

THE Stiperficies of a Prifntj as well that ;which 
iscircumfcrib^ d about ^ as that which is infer ib^d 
in a QlindeTy is eqial to a ReB angle whofe Height is 
the Side of the Cylinder^ but its Bafe equal to the Cir^ 
vuit of the Bafe of the Prifm> 

Part I. The Superficies of the circumfcrib'd PpXtn^g-Z' 
touches the Cylinder according to the Lines £ A, NT, 
S?c. which are the Sides of the Cylinder 5 but thefe (T)e- 
cauie by. the Hypothefis the Cylinder is a right one) ace 
right to the Plane of the Bafe, and. confequently right 
alio (by 2)efin. 3. L 11.^ to the Lines CG, GM, ^oc 
Bat they are alfo equal betwixt themfelves. ThcrefbroL 

.- O 4 one 
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(Xie St& of tbe Cytmder is the comtDon Height of ilU 
the Reaangles C O, O M, M H, lie. Therefore the Su^ 
^erficies of the drcumfcribecl Prifm is equal C^s is mani- 
teftfrom \A, 6.) to a HcdAngle contaid'd under the 
Circuit of the Bafe of the Prifiii» aod the Side of thd 
Prifm Or Cylinder. 

Pare II. The Reafon of this la tbe fatne. For the 
Side of the Cylinder is again the common Altitude of 
the ReAangles BDI K« ]&IQ.P> ^^' ^"^^^ cooftitmo 
the Superficies of the Ittfcnbed Prifin* 



PROP. IX. Theorem. 
/ 

THE Suftffieies^fa regular Pyramid circumfmV J 
abmt a right Cone^ is equal to a TriaHgJfe^ which 
^ hath for its Bafe the Circumference (FHL D) of tbe 
pyramidal Bafe, tut its Height the Side of the Cone 

And the Sufevfieies of a regular Pyramid jnfcrihed iu 
a right Cone ^ is-equaltoa *JLri angle y which hath fir its 
Bafe the Circumferencf of the,pyramiial BaS^.% hut for its 
Height the Perfendimlar (B 0) let down from the Tof 
umo a Side of the Bafe. 

Part I. Let there be drawn unto tbe CcMtafls, G, K, 
M, the right Lines B G, B K, B M. Thefe will all be 
Sides of a right Cone, and confequently equal. And» 
becaufe (by the Hypothefis) the Axis B A is perpendi- 
cular to the Plane of the Bafe FKD, the Plane alio 
G B A (per i8. /. 1 1.) wiH be perpendicular to the Plane 
FKD. But HG (per i8. /. 3.) is perpendicular to 
A G9 the common Se^ion of tbe rlatfies F KD and G B i^ . 
Therefore H G (as is gathered from 2)efin, 4. /. 11.) is 
atfo perpendicular tcrthePlsne G B A. And confequent- 
ly is al(b perpendicular to B G, Therefore the Side G B 
of the Cone^ is the Height of the Triangle F B H. . Ift 
the lame manner the Side of the Cone will be the Hei^t 
of the reft HBL, LBD, C^i;. Therefore the 'm- 
aogle comprehended under the Circum&rence FH 
X# P aod the Side of tbt Cone is equal to the Superficiea 

- ' LD 



of a Pyramid circumfcribed, without the Ba(e* WUch 
was the firft Part. . 

It. The Demonftration of thisrart is almofi the fame 
with that of the former* 

P R O p. X. Theorem. 

THE Superficies of- a regular Prifm circumfcrib^d 
about a right Cylinder^ ends (Dcfin. d. 1. I n) ^ 
hi thi Suferficiis of the Cylinder; md the Superficies of 
a Pyramid circumfcriyd about a right Cone, ends in 
the Superficies of the Cone. ■',.... 

'' iPartL The Sapcirfides of regular frifnis defcrib'4 ^iT- 5« 
iboat, atid infcribM in ' a Cylinder Withdtit end, will 
haVe at latlhft difference betwixt theifafelves lefs than 
^ which can be given (bv 8 aiid J ofihis^) Much niore 
ritierdlbris, will the Superficies of i, cirduibfcrib'd, Frifin 
^R^rftdm the Superficies of the Cylindet, which is 
m the middfe between the infcribed and circumfcribe4 
3tiperfi(;}es, by a Dififbrence lefs thah any given on$ 
wbatfeeyer; that is, (^ef. 6. 1. 12.) will end in the cy- 
HndHckl Superficies, whilft it continually exceeds it lefs 
and lefe. 

Part It. This may be fhewed in the fame manneiifFi;. 4. 
from the 9 and 3 of this. 

In the Figures there are only exhibited the Halves of 
the Cylinder and Cone, left a Multitude of Lines fhoula 
breed Confufion. But the Cylinder and Cone are to bo 
conceivM in the Mind entire, and as having thefe cir- 
cumfcrib'd Prifms and Pyramids encompaffing them. 
For thus it more clearly appears that plain Surfaces cir- 
cumfcribed ate greater, according to the 3d Axiom. 

A Lemma to the folhiving Propofition. 

LE T A B, C D, E F, be proportional, and let K B be r/^. 7. 
half AB, and EG double £F; KB, CD, EG» 
will alio be proportional. 

The right Line KB is toAB as EF is to EG. 
Thercfcre the Reaangle KB, B G (^r 16. L 6) is e- 
qual to the Rcftangle A B, B F. But this (by 17. /. tf.) 

is 



ioi ArchimedesV Theorems. ^ . 

Js equal to the Square of G D. Therefore alfo^ the 3R.e£l- 
ahgle KB, E G, is equal to the Square of C D. There- 
fore (by 17. /i d.) KB, CD, EG are proportional. • 

PROP. XI. Theorem. 

K|-T»^- A Circle, tvhofe Radius (^GH) is a mean proper" 
X\^ tional betwixt the Side of a right Cylinder (B C) 
and the Diameter of the Bafe (B D) is equal to the cy^ 

iindrical Superficies* ' 

Let the regular and confequently like Polygons, N M, 
.. R ^, be underftood to be^circumrcribed about the Circles 
J1.'^N, GPtt J and upon the Polygon NMlet a Prifsn 
be conceiv'd to be erected, circuoifcribed about the Cy- 
linder. Becaufe B D, G H, BC are by the Hypothens 
proportional^ AD alfg (or A N), G H, and the double 
of p C will, by the Lemma^ be proportional. Now the. 
Triangle contain'd under AN, and the Circuit of the 
Polygon MN, is equal to the Polygon circumfcribed 
NM (by the fourth of this Book) : and the ReSangle 
under B C, or E F, and the fame Circuit N M (that is, 
ds is manifeft from 4.1. /. i. the Triangle under the Cir- 
cuit N M, and the double of B G) is equal (by the 8th 
of this Book) to the Superficies of a Prifm circum* 
fcrib'd about the Cylinder. But a Triangle under the 
Circuit N M and A N, is. to the Triangle under the Cir- 
cuit NM, and the double of BC ("by i. U 6.) as AN 
is to the double of BC. Therefore the Polygon NM 
alfo is to the Superficies of a Prifm circumfcribed about 
a Cylinder, as A N is to the double of B C. But be- 
caufe 1 have already ftiew'd AN, GH, and the double 
of BC to be proportional, the Proportion of AN to 
the double of BC is (by 2)efin. 10. /. 5.) duplicate to 
the Proportion of A N to.G H. Therefore the Polygon 
N M hath to the Superficies of the Prifm a Proportion 
duplicate to the Proportion of A N to G H. But th$ 
Polygon N M hath alfd to the Polygon like to it GRQS 
a Proportion duplicate to the Proportion of AN to GH, 
as is eafily gathered out of i. /. ri. Therefore the Poly- 
gon N M hath the fame Proportion to the Superficies of 
2ie Prifmj which it bath to fy^ fplygon GR QS ^ which 

confequently 
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cpi^qoently is equal to the Supej^ficies of the Prirni. 
In. t he (ame manner, I niight fhew that: the prifmatic 
Superficies, which are drcumfcriptible infinitely about 
the Cylinder, are always equal to the Polygons which 
naay be cixc^mfcribcd infinitely about the Circle GP H. 
\^herefore feeing both jthe prilmaric Superficies (by the 
loth ©{'this) end in the Surface of the Cylinder, an!^ the 
Polygonsin the Circler GPH, (by the 3d'of this)^ the 
Superficies of the Cylinder alfo will be equal to the 
CircleGPH, ^ 2?. 2). ' 

From this admirable Theoirem, . a Circle is piefeated 
whic^ is equal tp a cylindrical ^up^rfipes^ 



Corollaries. 

1"^ ffE Superficies of a right Cylinder is equal to /^K^.c, 2 
ReElangle contained under the Side (BC/ and thi 
Circumference of the Bafe* 

The double of B C (as hath been fliewM above^ is to 
G H, as G H is to B A, or A N ; that is, (by the ytb 
of this) ^s the Circumference P is to the Circumference. 
B N. Therefore the Triangle under the fitft, to wit, 
the double of BC, and the fourth, to wit, the Circum- 
ference B N, is equal to a Triangle under the fecond 
GH, and the third, to wit, the Circumference P, fas 
appears from 16. /. 6.) But the Triangle under GH and 
the Circumference P,'is (by the 5th of this) equal to 
the Circle GPH, that i^, (oy the tith of this) to the 
cylindrical Superficies. Therefore alio the Triangle un- 
der the double of B C and the Circumference B N, (that 
is, as appears from 41. /. i. the Re£langle which is <in« 
der B C and the Circumference B N) will be equal to 
the cylindrical Superficies. ^. E. fZ). 

From this Corollary it is mahifeft, that the Properties 
of ReAangles are common to them with right cylindri- 
cal Superficies. Therefore let this be Corotlarv 1. 

2. The cylindrical Superficies (^BM, CLN) which arep^* ^ 
of the fame Height, are betwixt themfelve^ as the Dia-^ la. 
ineters of their Safes ( B F, (JJR.y), 

For the Re^^angles under the Circumferences (C L, 
gE)and tbe^^quaJ right l^m^ PM, RJ^> to which 



ftO, 



(by 
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("by OoroU t.) the cy'lindricel Saperficiei ait eqoitl^ are 
betwixt themfelteft (by t» f. 6 J as cbe Baies, to wit, the 
Qircumfcfefites C L-, SB ; tbftt is, «» tke Diametet^s B F, 
OR ^y the 7th rfthi«.) 

•i. The iylihdrltrfl SUpetfici^a' C^I, A R) whith liavo 
i^uil Bjtfe^, are betwixt theinfelres, as their Altitude* 

(TI,BR)r 

^^* 23> ^4- ' fbr the ReAkh^ei dd^tain'c} ii^der the edoal Circuit- 
'• "• ftrences G B, MQj atid the Side^ Yl, B R, ttx which 

(by Cor<7/. i.) the cylindrical Surfaced a^6 eqaal, are be* 
tWlkt themfelyes (4jy i* /. <?.) as 1 1, B R. 
1%, ao, ai. 4. Like cylifidrical Sarfaces (BM, R I) havcJ betwixt 
'• "• themfelves a Proportion duplicate to that which (B F, 
» QB.y) the Diameters of the Bafes have. 

Seeing the Cylinders are fuppos'd to be like, MF will 
be to IQ^^by I^efin./^ L 12.) as BF is to QJL^ that 
i«, (by the^.th of this) as the Circumference C L to the 
Circumference SR Wherefore the Redarales alio 
which are contain'd under the Circumferences C L, S £, 
and the Sides M F, I Q^, will be like ; and confequently 
thejf will have betwixt themfelves (by ao. /. 6.') a Pfo- 
pbrtion duplicate to that which M F hath to I Qj that 
IS, B F to (2^R. Therefore the cylindrical Surfaces alfo 
have the fame. 
The ftme 5- Cylindrical Surfaces (B M^ R 10 have betwixt 
Figure* ihemlelves a Proportion compounded Or the Proportions 
of the Sides (F M, I Q^) and the Diameters^ of the Ba« 
fes rBF| QRJ as is manifeft from 23. /. d. and the 7th 
of this. 
J%. 14. ly. ^' If cylindrical Surfaces (A R, F D) be equal j as 
I xa. * the Diameter (A B) is to the Diameter (FN,; fo reci- 
procally (by 14. /• 6.) the Altitude (P H) will be to the 
Altitude (B R) j and converfly. 

7. Laftly, from the fame ift CoroL.is had the Mea- 
fure of a cylindrical Superficies^ to wit, if the Circumfe- 
rence of the Bafe be multiplied by the Altitude, As if 
the Altitude be of 20 Feet, the Circumference of the 
Bafe of 6^ multiply 20 by 6^ there arifes lao fquare 
Feet for the Cylindrical Superficies. 



P R O F^^ 
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PROP. XII. Theorem. , ' 

THE Superficies of a right Cylinder is t(\ tbe^ap 
(ASN) as the Side of thf Qlin4^ (C 9) M 
U (B 0) the fmnb Pm pf the DiAnm^ ^ tbf Bvj^* 

If^tGH be a mean FroportioD^l bet^ist BC|lie%tf,r- 
Height, and B D the Diameter of tbe Bafe, aod codfe-^ '^«- 
ouently (by Lemma befQre 5FV<»/* 1 1* ^f thi^ a apkCAp 
;ft«ponioiial betwixt A N aiid the 4oubte of B C The "^ 
.Cirde GPH of the Radiw G H w rby the iithof thii) 
cqoal to the ctir?e cylindrical Superficies CD. Bpt^he 
Orcle G PH bath to the Bafe of the CyUnder A BN ft 
Fropoftion duplicate (by %. L ii.>iq. tiie ProportiofKif 
GHtoAN$ that is^tiiU! feme which ihe doiib)ee£ 
BC hath to the Raditta BA (by the Hypothefit, aod 
S)ef. 10. /• 5*) that it, the fame which B<2 hath to B0> 
th6 fourth Part of the Dhm^^u* Tb^Q^ce the cylinr 
4lrlcal^per£cie« «lfo it to the Baf^ A BN as B Q is to 
BO^ tbe^fQur^hPaift of th)^ Diimetei. ^.E. 2), 

: QrQllary. 

. > ■. • . • " • . 

TT* H B Supei^cies pf a Cylinder whiph hatji its Side? 
' * e^ual to the piainet^f of its Bafe,' i.$. fowold of the 
Bafe. But if the 5i4e be a fpurtfc P^rt pf ibe Piame- 
ter pf the Bafe, the Superficies of lii'e CIyfio3er;wiU be^ 

equal to the Bafe* Both tbeie are ipanifejA {roo^ the 
rropofition. 

PROP. XIII. Theorem. 

A Circle whofe Radius (OL) is a mean Propor^-iig.^^^, 
tional betwixt the Side (B C) of a right Cone^ 
and the Radius of the Bafe (AC) is equal to the coni- 
■taf Suftrfoies. ' ' ^ ' .: ' 

Let rtpiit Poiyg^ E F^ I H, bs. uhderfiood to be 
scireamfcrib'd idMUit tiie Circles ACGiOFL, and a 

:--*' '.'' •. ' ' PyramM ' 






zoS • AafcHiMEDEsV TheorefM. ^ 

Pyramid circumicrib'd about the Cone to be erected up- 
on the Polygon E F. 

Becaufe, by the Hypothefis, AC, or A G^ is to Q Xj, 
AS O L is to B C, the Proportion of A G to B C ^\l\ 
(7)efin. 10, /. 5.) be duplicate to the Proportion of A O 
to OL« But as AG is to B C, fo is the Triangle under 
AG and the Circuit £ F to the Triangle under B C and 
the fame Circuit £F. Therefore the Proportion of the 
f iriangle under A G and the Circuit E F, to the Trian- 
gle under B C, and the fame Circuit, is alio duplicare 
•to the Proportion of A G to O L. But the Triangle uii* 
der A G» and the Circuit E F is equal to the Polygon 
liF ^by the 4th of this) : And the Triangle under BC 
and the fame Circuit £ F (by the - 9th of this) is equal 
to the Superficies of the circumfcribed Pyramid. * There- 
fore the rro|)ortioo of the Pohgon £ F to the Superficies 
of the Pyramid is alfo duplicate to- the Proportion of 
A G to O L. But the Proportion of the Polygon E F to 
the Polygon I N, which is by the ConftrufticMTlike to it, 
is (Per I. /. iv) ^1^ dtiplicate to the Proportion of A G 
to OL. Therefore the Polygon EF hath the fame Pro- 

fortion to the Superficies of the Pyramid, and to the 
olygon I N, which confequently are equal. In the 
fame manner I might fhew that the Superficies of Py- 
ramids, which may be circumfcribM about a Cone in- 
finitely more and. more, are always equal to Polygons 
which may be circumfcribed infinitely about the Circle 
OPL. Wherefore feeing both the Surfaces of Pyra- 
mids (by the loth of this) do at laft end in the. Surface 
of the Cone, and Polygons (by the 3d of thi^jinthe 
Circle OPL, the Superficies of the Cone and the Circle 
OPL, fhall likewife be equal. ^E. Z). 

. From this excellent Theorem aCircle is found which 
is equal to a conical Surface. 



Corollaries* 



^Jt- 9>** i.'T'H E Superficies of a right Cone is equal to a Tri- 

^ angle comprehended under the Side of the Cone 

(BC) and the Circumference of the Bafe (C G). I 

Lee OL the^&adius be a mean Proportional 
AC and B C. Then becaufe (hy the pb of this) the 

Grcumference 



Circumierence CG is to the Circumference F as the Ra- 
dius A G is to the Radius O L ; that is, . by the Hypo* 
thefis, as O L is to B C 5 the Triangle under the fim, 
to wit, the Circumference C G and under the 4th BQ 
(as appears from 16. 1. 6.) will be equal to the TriangllB ^^ 
under the fecond ^ to wit, the Circumference F, and the 
third O L 5 that is^ (hy the $fb of this) to the Circle 
OPL^ that is, to the Conical Superficies (hy the i^tb 
oftbis)BCD. ^E.2). 

From this Corollary it - appears that conical Surfaces 
have the fame Properties with Triangles. And h it 
follows, 

z. That the conicail Superficies (BAF, QXR) ha.J%-*o.". 
Ving their Sides (B A, QX) equal, are betwixt them- * '** 
felves as the Diaoieters of their Safes ^ (BF, QJ^)* 
And, . . . . 

. 3- Thofe which have equal Bafes CFT, AZB, ar€fx.»3»*4. 
betwixt themfelves as thek Sides (CJ, AZ). And, ■ "• . 

4. Thofe conical Superficies (B A F, CLZ R). which [fj""* *«• 
are like, haVe betwixt themfelves a Proportion duplicate 
to that which is betwixt the Diameters of their Bafes. 

A"^' - Tbcfi 



5. All conical Superficies whatfoever have betwixt ^^^^ 
themfelves a Proportion which is ^otn pounded of .the 
Proportions of the Sides (B A, QZ) and of the Diame- 
ters (B F, QR) which are in the Bafes. And, 

6. Thofe which are equal have their Sides and the 
Diameters of their Bafe$ reciprocally proportional j and 
thofe which have them ib, are equal. 

All which is demonflrated from CorolL 1. as above we 
deduced the Corollaries concerning the cylindrical Sur- 
face out of the firft Corollarv there. 

7. Laflly, we may meauire a right conical Surface, i(^£'^S^^^ 
we multiply the Side F C by half the Circumference of 

the Bafe. As if the Side be of 5 Feet, the Circumfe- 
rence of the Bafe of 20 ; multiply 5 by lOj and there 
wiUarife 56 fquare Feet for the conical Superficies. 
The Demonftration is manifeft from the fame firft Co- 
rollary. 



PROP 
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PROP. XIV. Thcpr^in. 



JJV!' ^ ^Tp HE Suferfici0S cf a righ Cwi is to the Bafe, 
■ Of tbe SfJe (B C) is toiAC) the Radius vfth 



Safe. 



Between the Side BC and AC the Radius of the 
Bafe, let OI/1>e a ctiean Proportional. Theiefers the 
Fropoition of BC to AC is duplicate to the ProportioD 
of OL to AC 5 (fDefin. lo. /. 5.; Now (ty the tpB of 
this) a Circle of the Radius OL is equal to the conical 
Superficies C B D. But the Proportion of this to A C G 
the, Bafe of the Cone is ("by 2. /• it.) duplicate to the 
Proportion of OL to AC5 and confequendy is the fame 
with the Proportion of B C to A C. Therefore the Pro- 
' portion of the conical Superficies C B D is to the Bale 
ACG, asBCistoAC ^RS). 

Corollaries* 

* 

% *7- ^ I \HE Superfities of a right Cone froduci hy an 
1 equilateral Triangle turned about the Perpendicu- 
lar (K A) is double to the Bafe (Qjf)* • ' 

For the Side K B is equal to 6 D, and confequently 
double to the half of it A B, which is the Radius of 
the Bafe. 

f%f.af. 2. The Superficies of a Cone produced by a right an- 

gled ejjuicrural Triangle (E B D) is to the Bafe^ as in 
a Square the Diameter is to the Side. 

Por the Perpendicular B A being drawo^ the right 
Apgle B (by f,S. I, i.) is bifed^cdi ^nd confequendy 
A B D is half right. But A D B is alfo an halt right 
Angle 5 (by Coroll.ii.jpr.iz. I. i.) Therefore DA, B A, 
are (by 6. /.i.) equal ^ and confequendy BD is the Di- 
ameter of the Square A K, whereof A D is the Side. 
fTow the fame A D is the Semidiameter of the Bafe 
P Tf feeing the Perpendicular A B ('by 16. 1, 1.) bifefls 

£D. 
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fi D. Frofla which, and this 14th', the Orollary is ma- 
ffeft. 

« 

3. 755^ Superficies of a right Cylinder y (G K) is to th^^g' »+• 
Superficies of, a right Cone (G BN)y as the Side of the 
Cylinder is to half the Side of the Cone. 

iPor the Superficies of l:he Con6 G B N is to the Bafe 
^ I, as the Side B N is to Q,N the Semidiameter of 
the Bafe (hy the i^b of this) -^ ihat is, as half the Side 
B! N is to the fourth Part of the Diameter CN. But the 
Bafe MI (by the izth of this) is to the Superficies of the 
Cylinder GK, as the fourth Part of the Diameter is to 
NK, the Side of the Cylinder. By Equality of Pro- 
portion therefore the conijcal Superficies G B N is to the 
cylindrical Superficies G K, as half the Side of the Cone 
is to N K, the Side of the Cylinder. ,^. E. 2). 

* 

A Lemma to whatfollovis. 

IN a Triangle, as NPV, let there be drawn Q^D pa-B;^, ia» 
, rallel to N V. 

I fay that the Reftangle under PN and N V is equal 
to the Reftangle under P Q^, Q,D, together with the 
Reftangle under !NQ^, and the twd N V, Q^D, puttoge- 
ther. 

Draw N A perpendicular to the Side NP, arid equal 
to N Vj and the Reflangle NO being compleated, let 
the Diatneter P A be drawn. Then from Q^ let tliere 
be drawn QJB, parallel to N A, which may cut P A in B* 
Thro' B let CF be drawn parallel to NP. Becaufe 
A N is equil to N V, it is manifeft that QB alfo is e* 
qual to Q.D, (from Coroll. i. ^. 4. /. 6.) Therefore the 
Reftangle ON is the Reftangle PNV, andFCLis 
PQp. It remains that we prove that the Re^anglei 
OB, EC, BN, ate equal to the Reftangle under NQ, 
ahd the two N A^ BQ^; that is^ to the Reitahgle under 
N (i., and the two Lines N V, Q^D. But that Is mani- 
feftj for the Reftangle under NCL, and N A, C^B, is 
fequal (per r. /. 2.) to thefe three Rectangles; that un* 
der N CLand C A (that is, the Space E C,) and that un- 
der NQ^andNC (that is, the Space BN,) and tha^: 

P under 
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under N Q^and QlB» that is asain the Space B K, aid 
confequently the Space B which (fer 43. /. i.) is equal 
to BN. The Propofition therefore is manifeft. 

PROP. XV. Theorem. 

%. iM2.y J7 a fight Cone be cut by the Plane Q^SB paral- 
X M to NIO; I fay, that the Xircle GUM 
ix'hofe Radius G H is a Mean betwixt Part of the Side 
NQ_, and' Q^D, NV (the Radius's of the Circles 
Q^SBi NZO) taken together'^ is equal to the coni- 
c4l Surface intercept^ betwixt the fardlel Circles QjS By 
NZO. 

Let G F be the Mean betwixt P N and N V, Like- 
wife let GK be the Mean betwixt PQ^and Q^D j and 
let there be defcribed the Circles GFL, GKT. This 
(by the i^th of this) will be equal to the conic Superfi- 
cies Cl? B, and the other to the Superficies N P O. The 
Reftangle P N V (by the Lemma) is cq^l to the Red- 
angle P Q^D, together with the ReSangle under N Q. 
and N V, QJ5, t^ken together. But becaufe (by the 
Condruflion) GF is a mean Proportional betwixt PN, 
N V f the Reftangle . RN V is equal to the Square of 
GF (by 17. /. 6,) And becaufe GK is (by the Conr 
flruftion) a Mean betwixt P (J^, QJO, the Reftangle 
^ (by 1 7. /. 5.) P op is equal to the Square of G K: And ^ 
becaufe G H by the Hypothefis is^a Mean betwixt (JN, 
and CLD, NV, taken together, the Re£langle (by 17. 
/• 6,) under Q.N, and Qj), N V, taken together, is e- 

^ual to the Square of G H. Therefore "the Square of 
rP is alfo equal to the Square of G H, and to that of 
GK. Therefore feeing Circles are betwixt themfelves 
(by a./, iz.) as the Squares of their Radius's, the Circle 
GLFwill alfo be equal to the two ^Circles G.KT, 
GH M taken together. But {by the i^th of this) the 
Circle G L F is equal to the conical Superficies N P O. 
Therefore the conical Superficies NPO is alfo equal to 
the two Circles GKT, and G H M. But Q^P B one 
Part of the Superficies NPO is (by the fame) equal to 
the Circle G KT. Therefore the remaining, Part, which 
is comprehended betwixt the parallel Circles ZZ, SS, 
is equal to the Circle CJH M. ^ £. ©• 

4 AZem- 
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A Lemma to what folkios. 

T> Ight Lines ^BH, C G) which in the Circle intercept H^. 13. 
■*-^ eq^ual Arches (BC, HG) are- parallel. _^ 

For let C H be drawn. Becaufe the Arches B C, H G 
arc by the Hypothefis equal, the alternate Angles alifcr 
("by ip. /. 3.) BHC, GCH, will be equal. Therefore 
(by 28. 1. I,) BH, and C G are parallel. ^E.2). 



PROP. XVI. Theorem. 

LET* there be infcrib^d in a Circle a regular lugureTlg. 15. 
of an even Number of Sides j and let it be equila- 
teral; let E B be drawn from the Extremity oftheDi* 
ameter unto By the end of the Side next to the Diameter: 
and let the right Lines BH^ CG^DF Join the Angles 
which are equally diftant from A. 

I fay that the ReH angle contain d under the Diameter 
A E, and the^ Subtenfe E 5, is equal to the ReSiangle 
of one Side of the inftribd Figure A By or B C, &c. 
and of all the joining Lines B H, CGy DF, taken 
together. 

Draw CH, DG: Becaufe B B, CG, DF intercept 
Cby 26. 1. 5.) equal Arches, BC, H G5 C D, GFj thele 
Lines fby the Lemma) will be parallel. By the fame 
Argument B A, CH, DG, E F, are parallel. All the • 
Triangles therefore (by 27, and 1 5, /. i.) B A K, KH L, 
L C M, M G N, N D O, O F E, a^ equiangular. There- 
fore (by 4. /. (f.) as BK, is to KA, fo is HK to KL; 
and as H K is to K L, fo is C M to M jL 5 and as C M 
to M L, fo i$ G M to M N 5 and as GM is to M N, fo 
isDOtoON5 andasDOistoONj foisFOtoOE. 
Therefoxe (by 12. /. 5.) as one of the Antecedents, BK, 
is to one 6t the Confequcnts K A 5 fo all the Antece- 
dents BK, KH,;CM, MG, DO, OF, (that is, all the 
joining Lines B It, CG, D F) are to all the Cohfequents' 
A K, K L, L M, M N, N O, O E (that is, to the Dia- 
xtietet A EJ But (by 8. /. d.) as BK is to A K, fo is 
E B to B A. Therefore as all thefe together B H, C G, 

Pa DF 
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D F arc to' A E, fo is E B to B A. Therefore ('by \6. /• 
6.) the Reftangle under B A on one Part, and all the 
ioining Xiines B H, C G, D F, on the other, is equal to 
the Rcftangle which is under A E and E B. ^ E. 2?I 

PROP. XVII. Theorem. 

%• H- TT E T' there be infcrib^d in DAF a Segmem of a 
I J Circle y lu^ofe Safe D F is perpendicular to the Di- 
ameter AOE^ a Figure equilateral^ and of an even 
Number of Sides ; and let there he drawn, as in the 
foregoing^ the Line E B. 

* I fay, that the ReSlangle comprehended under EBj and 

AO part of the Diamtter, is equal to the ReBangle 
which is under one Side of the infer ih^d FigurSy and all 
the joining Lines B H, C G, &c. taken together with 
D O half the Bafe. 

The Demonflration is the fame with that of the fore- 
going: 

\ 
. Lemma i. to what follows. 

%• »3- T E T there be infcribed in the greatcft Circle of a 
^ Sphere a regular Figure, which hath its Sides mea- 
ftred by the Number Four, and flands about the-Axia 
A E 5 which Axis remaining unmov'd, let the Circle be 
tyrn'd round together with the Figure: 

I fay, that there will be inlcrib'd in the Sphere a Bo- 
dy contained under conical Superficies. 

It is manifeft (fee Uefin. z. L 12.) that BA, HA, 
likewife D E, F E, defcribe entire Superficies of right 
Cones. Then becaufe the Lines C B, G H, and G F, 
(iD, being produced, do concur on both Sides in the 
fame Point of the tMaiiiieter AE, which is in like man- 
ner to be drawn out, and cuts the joining Lines per- 
pendicularly 5 it is alfb manifefl: that the faid Lines CB^ 
/ G H, ^c. do defcribe Parts of right conical SurfaceSi, 
which are intercepted betwixt the parallel Circles, which 
the Tops of the Angles B, C, D, defcribe in the fphprical 
Superfi<:ie5. 

Lemma *• 
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. . Lemma. %. 

LET 'DAT be the greateft Scaion of a Segment of %. u- 
a Sphei^e, whofe Axis is A O. Let there be infcrib- 
ed JD thisa figure having all the Sides. equals the Bafe 
e>c<jbptetdy andlet it be tum'd round about the Ascis 
AQ. . 

: £ fay^^-i^bat a Body, contained und^sr conical Superficies 
.will be inlcrib'd in the fpherical Segment. 
: Thisjs proved as the^regoing Leptma. 



PROP. XVIII. Theorem. 

• ■'',■ 

LEX the fame 'Things be fup^ofed which were in the ^g, 13. 
yfr^ Lemma; and let the right Line (E B) be 
drawn from the Extremity. i>f the Diameter unto the end 
cf the Side next 'to the Diameter. 

Ifayi that a Circle^ the Square of whofe Radius (I) 
is equal to the ReEl angle A E By contained under the 
' Diameter A £, and the Subtenfe E B, /V equal to alt 
the conical Surfaces infer ib^din theSj^here* 

That is a Circle whofe Radius (1) is a mean Fropprr 
Jional betwixt A E and E B. 

Becaufe the right Lines B H, C G, D F, are equal tp . 
the right Lines BK, CM, DO, taken twice j (by i. /, 
2.) the Reftangle under one Side of the Figure inlcrib'4 
in the great Circle (to wit, under A B, or B G, or CD» 
orDE,^ and under all the joining Lines together BH» 
CG, DF, isequal to theRedangieunderAfiandBK, 
together with that which is under B C, and the com- 
pound of B K. and C M, together with that which is 
under CD and the Compound of CM and DX>, toge- 
ther with that which is under D E and DO 3 forfo each 
of the Lines B K, C M and D O, are taken twice. But 
(hy4h0 i^th of this) the Reftangle under A B and all 
the joining Lines B H, C G, D F, taken together, is e- 
qualtothe Redlangle A EB 5 that is, (by the Hypo- 
thefis) to the Square pf I. Therefore the Sijuare off 

^3 / i« 
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18 equal to the ReAangles under A B and B K, and on- 
der B C and the Compound of BK. and CM, under 
CD and the Compound of CM and DO, and under 
DE and DO. Now let ]? be a mean Proportional be- 
twixt AB and BK^ and Q^a Mean betwixt BC and 
the Compound of BK and CM ^ and & a Mean be- 
twixt C D and the Compound of C M, D O; S^ a Mean 
betwixt D E and D O. The Squares therefore of P» Q.» 
Ry S, (by 1 7. /. 6^ are equal to the abovefaid Re£k- 
angles. Wherefore feeing I have already lhew*d the 
Square of I to be equal to the fame Reflanglds, , it muft 
alio be equal to the Squares ofP, (i»R,S, together. 
Seeing therefore (by %. L 12.) Circles are betwixt them- 
felves as the Squares of their Radius's 5 the Circle de- 
fcribed by the Radius I, will alfo be equal to all the 
Circles together whofe Radius's are P, jQ, R, S, (as is 
manifefl from 22. /. 6.) But the Circles of the Radius V 
P and S, are (by the i^tb of this) equal to the conical 
Superficies which the Sides A B, ED, have produced ; 
fbrafmuch as P is a mean Proportional betwixt A B the 
Side of the Cone, and 6 K the Radius of the Bafe ; 
and S is a mean Proportional betwixt £ D and D O ^ 
and the Circle of the Radius Q^is {Jby the i ^tb of this) 
equal to that Segment of a conical Superficies, which is 
intercepted betwixt the two parallel Circles of the Dia- 
meters CG, B H, becaufe Q^is a Mean betwixt B C and 
the Compound of B K, CM: And for the fame Caufe 
the Circle of the Radius R is equal to a Segment of a 
conical Surface, which is i;itercepted betwixt the parallel 
Circles of the Diameters C G, DP. Therefore tfie 
Circle dc(cribed from the Radius I, is equal to all the 
conical Surfaces infcribed in the Sphere taken toge- 
ther. ^E.2). 

PROP. XIX. Theorem. 

V 

y»i. 14. ^ ET the fame Things be fuppofed which were' 
' JLj '*« ^^^ 2^ Lemma, ani let the right Line 

EB be drawn from the Extremity of the Diame^ 
ter {A E) to the end of AB the Side next to the 
Diameter. 



\ AncHiMEDEsV Theorems. ^ Jii 

IJ^y^ that a Circle whofe Radius is a mean Prth 
portional betwixt ^E B) and(AO) the Axis of the 
Segment y is equal to all the conical Superficies infer ibed' 
in the fpherical Segment D A F< 

The Demonfiration is altogether the fame with that 
of the foregoing 5 only for frof. i6. Itt^rof. ly* be 
cited. ' ' '*••••• \ * 
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PROP. XX. Theorem. 

»,■■"' • . 

«■ 4. . - . . . .... ' ' ' 

Onical Superficies tnfcribU in a Sphere^ do at length^g' ^S' 
end in* the Superficies of the 'Sphere* » 



^ Let diere he ,^ven a SupeiAcied as fmall as you will, 
^ X. It is manifefl that widiia the . fpberical Supei£r 
cies A C E G, there may be givei\ fome other Copcentri- 
cal thereto, which falls Ihort of this by a Quantity lefs 
than JC, Let ACE G, ,D P L M, be the greateft Circles 
of both, as cut with a. Plane thro' the Centre. Draw the 
Diameter A D E, and in D let N CLtouch the leflcr Cir- 
cle. If the Arch A£ bebife£led in C, and again the 
Reqiainder be bifeded, and.fq on, there will be left at 
laft the Arch A B (as is manifefi of it felf:) lefs than the 
Arch A N. If to this Arch the right Line A B be fub* 
tended, it is manifeft that it will not reach to the Cir» 
cumference P D M L, and that it will be a Side of' an e* 
quilateral Figure of an even Number of Sides, in(crib*d 
in the Circle C AG £, no Side whereof re£(i:heth unto 
the Circumference P D M L. Wherefore if all be turn'd 
round about the Diameter AE, it is manifeft that there 
will be infcribed in the exterior fpberical Surface conical 
Surfaces, which include the fpherical Surface, whicl| 
is concentrical to the othe^, and confeiijuently (by Aocmm 
5. of this^ are greater. Becaufe therefore the ipheri^al 
Surface DPLM falls fliort of the fphferical Surface 
A C £ G, by a <^antity lefs than the given one X ^ 
much more will the conical Surfaces fall /hort of the 
faid fpherical Surface A C E G by a Quantity Jefs than- 
the given one X, and (by Defin. 6. /. iz.) confequently 
^ill end in the Superficies AC EG. ^. J?.2), ' 

?4 PRO^. 
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PROP. XXI. Theorem; 

!%• 17- f^ Onical Superficies infcrib^d in a fpherical Segment 
V^ I^AFy evd in the ffherical Super ficies of the S^^ 
mem it fit f. 

This may be demonflrated by ^he fame Reafoning as 
the foregoing was. 

PROP. XXII. Theorem, 

fi^,t6. "TTwas dentonftratedy Prop, iS.that a Circle wboje 
Jj^ Radius is a mean Proportional betwixt the Diameter 
A B' and the right Line E By which is drawn from the 
Extremity of the Diameter unto the end of the Side A R 
next to the Diameter, is equal to all the conic Super fcies 
infcrtVd in the Sphere. . . ' 

Iffiy% that this Circle (fee Def. 6 A. 12.) ends at 
length in a Circle, wfjofe Radius is A E the Diameter 
of the Sphere. 

For if more and more Sides be infinitely infcribed ia 
the gcneatett Circle (which then being turn'd round about 
A£ produce conical Superficies)^ it is manifeft that the 
Side A £ becomes at length lefs than any given right 
Line, and confequently that the Subtenfe £ B approaches 
to the Diameter A £, within a Diftance leis alfo than 
any given one 5 from whence it comes to pafs that the 
Difierence of thofe A £, B E, becomes likewife lefs than 
any gi^en one. Therefore much more (hall the mean 
Fropoftionai betwixt A£, BE, which is always greater 
than B £, differ from A £ at length by a Defe£l lels than 
any given one. Therefore the Circle alfo whofe Semi- 
diameter is a Mean betwixt A £ and B £, will at length 
differ from a Circle whofe Semidiameter is A £, by a 
Defeat lefs than any given one whatfoever 3 that is, will 
end (2)ef. 6, I. 12.) in it, ^ £. 2). 

This which is clear enough of it felf, there is no need 
tp demooflrate more operolely* 

PROP, 
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IP A , 



PRQ.P.XXIIL Theorem,. 

, • • • * • ' .* • _^, 

IT was dmmfirat&d^, Tvop.hp* that a Circle whofer'^'^^^ 
. Radius is a mean: Proportional ietwist EB and the. 
jixis of the Segffunt^Of is ^qnahto aSthe coHkatSu^ 
perficiesinfcrib^d in the fpherical Portion -DAK 
" d fay -i' that thih^irck ends in a Circle v)hofi Radiui 
is the right Line AD, drawn from the Vertex of the 
Segment, mto the Circitmference of the Circle DQ^FN, 
which is. the ^afe of the Segment. 



ii 



, For becaufe it nQw .appeara from the foregoing De^ 
monftration that £ B doth at length-fend an AE^ it will 
s()fo be manifeft that, the mean Fropbrticmal (;>et^ixt £B 
and A O doth at length end in the mean FroportlooaJ 
betwixt A £ and A O,. that is, (hy CorolL 2. p.S, LiS.) 
in A D it k\f. It. is therefore manifcft. that the Circle 
alfo whofe Radios is a mean Propoi'tipnai betwixt: £B 
and AO, doth end*'in the Circle of the Radius, AD, 

A Lemma to tbe^foBowing Propofition. ^ 

IF the Diameter of one Circle be double to tbe Dia- 
meter of another, the one Circle will be fourfold to 
the other. 
This is manifeft from ^rof. 2. /. 12. and fDefin, 10. /. 5, 

PROP. XXIV. Theorem. • 

THE Superficies of every Sphere is fourfold of the % »^' 
greatefl Circle of the fame Sphere. 

This moft noble Theorem o^ Archimedes we fliall 
from what goes before expeditioufly demonOrate in this 
manner. 

Let an ordinate Figure, the Sides whereof are mea- 
fured by the Number Four,* be unde^ood to be infcri'b'd 

id 
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ArchimedesV Theorems. ^^ 

in the greateft Circle of a Sphere about the Diameter 
A E. Let this Figure be turn'd round about A £, -atid 
To produce conical Sur&ces infcrib'd in the fpherical Sur- 
face, and let £ B be drawn. It hath been demonfira- 
ted above (i8, of this) that all conical Surfaces infcrifoed 
in a Sphere are equal to the Grde, the Square of the 
Radius whereof is e^ual to the Redangle A £ B, that 
is, whofe Radius is a mean Proportional betwixt A £ 
and E B. And this will always happen, altho the In- 
fcription be - infinitely continued. Wherefore feeing 
the infcrib'd conical Surfaces (hyio/cfthh) will at 
length end in the (pherical Surface, and the Circle whofe 
Radius is a Mean betwixt A £ and £ B, will at length 
end {by i%.of this) in the Circle whofe Radius is A £ ^ 
the ipherical Sur&ce it felf alio wiil be equal to 
the Circle of the Radius A £, that is, (by the (brego- 
itkgTjetmna) torfour Tincfes the greateft Circle A C £G. 

e that ik2XLttAA ArchivtedeSyV^WX &TkA that the Way 
here ufed in detnonftratine this mod noble Theorem, is^ 
much ikorter and dearer than that of Archimedes » 

Corollary. 

TJ'Rom this admirable Theorem, whereby Archimedes 
•*• hath purchas'd to himfelf an immortal Name a- 
mongfl the Geometricians, a Circle equal to a fpherical 
Surface is obtain'd ; that, to wit, whofe Semidiameter 
is the Diameter of the Sphere, or whofe Diameter is 
double to the Sphere's Diameter. 

Scholium* 

\\T £ are now well provided for the meafuring of a 
^y fpherical Surface, the chief amongft all Curve 
ones. And it is perform'd thefe two Ways. 

I. Let the greateft Circle of the Sphere be meafured 
(according to SchoL ?Vo/. 6. of this j and let it be multi- 
plied by 4. As, if the greateft Circle of the £arth be 
ibund to contain 49,737,500 Square Miles, then accord- 
ing to tjiis, 198,950,000 fquare Miles are contained in the 
whole fpherical Surface. 

2. The 
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2# The Diameter of a Sphere multiplied by the Cir- 
cumference of the greateft Circle gives vou the fpherical 
Superficies. According to which, if the £arth'8 Dia- 
meter confift of 7958 Miles, and confequently the Cir- 
cumference of the greateft Circle confifts of 25,606, the 
whole fpherical, Surface will be in the fame Miles 
ip8,5> 50,000 5 for 7958x25,000=198^950,000. 

The Demonftration Appears from Coroll. i.^Prop* 5. of 
this 5 for a ReAangle under the Diameter of a Sphere, 
aiid the Circumference of the greateft Circle, is accord*^ 
ing to that Corollary fourfold ot. the greateft Circle. 

PROP. XXV. Theorem. 

J tin 

THE Surface of any fpherical Poftion Vfhatever^g* 17- 
(as DAF) is equal to a Circle, whofe Radius 
is the rt^ht Line (A D) drawn from th^Vmex of the 
Portion tQ the Circumference of the Circle (DQ^FN) 
jwhich is the Bajis of the Segment. 

Let a Figure equilateral and of an even Number oC 
Sides, the Bafe being fet afide, be imagin'd to be in- 
fcrib'd in the greateft Sediion of the Segment about the 
Axis A O 'j this Figure being turn'd round about A O 
will infcribe conical Surfaces in the .Portion. Let the 
right Line E B be drawn alfo as above (7;^ 18 and 19 of 
this.) iV'll the conical Surfaces now infcribed are equal 
(hythe i^tb of this) to the Circle whofe Radius is a mean 
Fr^ortional betwixt £ B and the Axis of the Segment 
AO. And^is will always happen if the Infcription be 
infinitely continued. Wherefore feeing both the conical 
Surfaces infcrib'd in the Segment end at length (hy 21 
of this) in the fpherical Surface of the Segment, and 
the Circle whofe Radius is a Mean betwixt £ B and A O 
ends {hy 27,,') in the Circle of the Radius AD; the 
fpherical Surface of the Portion alfb DAF will be 
equal to the Circle of the Radius AD. ^. E. 2). 

This is another of the more noble Inventions of ^T" 
chimedeSy which, as the former^ we have demonftrated 
in a much ihorter and clearer Way than he did. 

PROP. 
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PROP. XXVI. Theorem. 

» 

Tig^xt. f^^W^HE Superfiaes of a right Cy Under cihumfcrih'd 
j^ about a Sphere (as ,the Cylinder HP ST^) is 
equal ta the Surface of the Sphere* 

And if a Cylinder and Sphere be cm by Planes per- 
fendicuUtr-to. the Axis (B G); each S^int of the 
Cylindrical Surface will be equal to each Segment of 
the Spherical Surface. 

Part I. Becaufe the Side H P of the Cylinder is (fy 
'■ the Uyfothejis) equal to P S the Diameter of the Bafej 
the Cylindrical Surface H Swill he (hy CorolL^.iz. of 
this) fourfold of the Bafe 5 that is, of the greatefl Cir- 
cle of the Sphere infcrib'd in the Cylinder 5 of which 
feeing (iy iXthcfthis) the fpherical Surface it felf is al?- 
fb fourfold,, this will be equal to the Cylindrical Sur- 
face. ^.£.2). 

Part It Let the right Lines BO, GO, be drawn. 
Becaufe the Angle BOG (by 51. /. 5. J is right, as being 
the Angle in the Semicircle, and OC falls perpendicular 
fix>m it upon B G 5 B O (by Carol, i.f.S. L 6.) will be a 
mean Proportional betwixt GB andBC, that is, be- 
twixt I T and H I. Therefore the Circle of the Radius 
BO (by II. of this) will be equal to the Cylindrical 
Surface H T. But the fame Circle is alfo (by the fore^ 
going) equal to the Segment of the fpherical Surface 
O B K. Therefore the Cylindrical Surface H T and the 
jpherical OBK are equal. 

Then becaufe it is ftiew'd in the fame manner that the 
Cylindrical Surface HX is equal to the fpherical QJBR, 
the remaining Cylindrical Surface I X will be equal to 
the remaining fpherical Surface Q.OKR, which is in- 
tercepted betwixt two parallel Circles. 

And from thefe the Propofition is manifeft of all Seg- 
ments. 

[CoroU. Jience^ the Suferfiaies of a Cylinder circum- 
fcriFd about a Sphere is double to the Safest] 

PROP, 
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. PROP. XX Vn. Theorem. 

TR E Segments of, a fpherkal Surface divided 1/0, 
parallel Circles have that Proportion \amongft ^ 
themfelvesj ivbifh the Segments (BC^CD, DA^ A E^ ^ 
E F, FG) of that Diameter (B G) which is perpendi^^ 
cular to the parallel Circles have amongfl themfehes. 

It foUows from the foregoing. For by that the Seg- 
ments of the fpherical Surface O B K, QjO K R, 
MQ^RN, ^c. are equal to the Cylindrical H T, IX, 
LN, i^c. But thefe (by 13. /. 11,) have the fame Pro- 
portion betwixt themfelves which the Segments of tho 
Axis B C, C D, D A, i^c. have. Therefore thofe alfo 
have the fanre Proportion. ^ JS. 2). * 

Scholium. 

lyRom hence the Proportion of Zones and Climates 
•*- betwixt themfelves becomes known. For they arc 
to one another as the Segments of the Axis, which are 
known from the Table of Sines. 

From the fame alfo we learn to meafure the Segments 
of a fpheri<cal Surface. For becaufe both the whole Sur- 
face of the Sphere is known from SchoL Vrop. 24. and 
the Proportion of the Segments, the fame as that of the 
Parts otthe Axis, is^ alfo given ^ it is manifeft that each 
Cff the Segments become known. 

Now both the foregoing, and all the reft of the Theo- 
rems which follow,^ are altogether fingular and admira- 
ble, and well worthy that thofe who are fludious of Geo- 
metry ihould jgive all Diligence to underdand them. 

A Lemma to the following. < 



TF a Plane (QN^ touch a Sphere in (O), a right Liriei%. 
•■• (AO) from the Centre to the Contaftis.perpendicu- 



^ _ , he Centre to the Contact is perpendicu- 

lar to the P|ano, 

Let 
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Let QN the touching Plane and the Sphere be cut 
thro' the ContaA with two Planes, which in the Sphere 
may produce the Circles O G, O D, but in the Plane Q^N 
the right Lines C O, I O, which fhall touch the Circles 
in O* Therefore by 18. 7.3. A O is perpendicular to 
both 10 and CO, and confequently by4. /.ii. per- 
pendicular to the Plane QN. ^E.D. 

P R O P. XXVIII. Theorem- 

Kx.20,at, XJi^^^ Sphere is equal to a Cone (ZO) whofe Alth 
Wl ^ tude (KO) is equal to the Radius of the Sphere 'y 
and the Safe (Z) equal to the Superficies of the 
Sphere. 

Let feme Folyedral Body be underflood to be circum- 
fcribed about the Sphere, and let the folid Angles there- 
of be cut off by new Planes touching the Sphere. Which 
. being done, there will arife another Polyedral Body con- 
taining the Sphere, but lefs than theibrmer,and confiding 
of more Angles, and having a Surface compounded of 
more tangent Planes in Number, but lefs in Magnitude. 
If the folid Angles of this Polyedrum be again cut off by 
new tangent Planes, and the Angles of the third Polye- 
drum' thence arifing likewife,.and fo on for ever 5 it will 
come to pafs at length that both^ the Polyedrum will ex- 
ceed the Sphere by a folid lefs than any given one whatso- 
ever 5 and the Surface thereof compounded of tangent 
Planes (which, as I faid, are endlefly lefs in Magnitude, 
and more in Number than they were before) will exceed 
the fpherical Sur&te alio by a Plane lefs than any given 
one whatever. Both which Things, altho they might 
be demonftrated, yet becaufe they are of themfelves ma- 
nifefl enough, I ffaall, for Brevity-fake, take for granted. 
Thefe Things being thus fiated, we proceed. 

The Polyedrum now defcrib'd is compounded of Pyra- 
mids, the common Top whereof is the Centre of the 
Sphere, and the Bafes are tangent Planes, which confti- 
tute the Surface of the Polyedrum. And becaufe t;he 
right Lines draWn from the Centre A imto the Contafts of 
each of the Planes, are (l^y the foregoifTg Lemma) per- 
pendicular to each of the Planes 5 therefore the Height 
of all the Pyramids, whereof the PoJyedrum confiits, 

will 
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ivlU be equal ^ to wit, A B the Radius of the Sphere? 
If therefore the Plane X be fuppofed equal to the Sur- 
face of the Polyedrum it felf, ana upon it there be eredl- 
ed a Pyramid at the Height MN, whiah is alfo equal 
to the Radius of the Sphere 5 it is manifeft (by 6. Lit.) 
that all the abovefaid Pyramids, that is, the whole Po^ 
lyedruna, are equal, to the Pyramid XN.'iVfierthefameJ 
manner all the reft of the Polyedrums containing the 
Sphere, which from the perpetual Abfciflion of the fo- 
iid Angles will arife one after another infinitely, are al- 
ways equal to the Pyramids (reprefented by XNj, the 
Altitudes whereof M N are the Radius of the Sphere ^ 
but the Safes (X^ equal to the Surfaces of Polyedrums 
encorapaffing the Sphere. Wherefore, feeing at length 
bolh the Polyedrunis (as I faid above^ do end in a 
Sphere^ and the Pyramids, (X N) as I will fhew by and 
by, do end in the Cone Z O j the Sphere alfo will bo 
equal to the Cone. ^ E. 2). 

But that the Pyramids X N end in a Cone, I thus 
Jhew. The Surfaces of Polyedrums end in the Surface 
of the Sphere, as it was taken for granted -above.. But 
the Bafes X of the Pyramids X N are always fuppos'd 
eaual to the Surfaces of the Polyedrums 5 and Z, the Bafe 
or the Cone Z O, is by the Hypothefis equal to the Sur- 
face of the Sphere 5 therefore the Bafes X alfo will end 
in the Bafe Z ^ and confequently feeing the Pyramids 
XN be to the Cone, which by the Hypothefis is of equal 
Height, (by CoroL Trof. 11. /. 12.) as the Bafe X is to 
the Bafe Z, the Pyramids alfo will end in the Cone. 

TheJDemonftration of this Propofition and the follow- 
ing is altogether diverfe from that which Archimedes 
made ufe of, which indeed is very fubtile and ingenious, 
but prolix and difficult 5 to which there are premised 
two rofitions that are manifeft, and eleven Propofitions^ 
beifides others not a few, 9n which they depend. But 
the Theorem it felf, as propounded by Archimedes^ is 
thus : Every Sphere is fourfold of a Cone, which hath 
a Bafe equal to the greateft Circle of the Sphere, and its 
Altitude equal to the Radius. 

Scholium. 

"CRom this noble Theorem is deduc'd the Menfuration 
•*- of the moft noble of folid Figures, For if the Sixth. 

Part 
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Pkft of the Diameter, or the third Part of the Setni-» 
^latneter, be multiplied by the Surface of the Sphere, 
already known by SchoU Vrop, 24. there will arife the 
Solidity of the Sphere. 

Suppofe the Superficies of thejBarth be found to con- 
tain 198,950,000 fquare Miles, and let the third Part of 
the Semidiameter confift of 1 325" fiich Miles. Multiply 
the two Numbers together, the Produft 26*3807,700000 
will be the Number of the cubic- Miles of ^he JEarth's 
Solidity. 

For feeing a Sphere (by thts^^^j^.) is equ^l to a Cone 
whofe Altitude is the Radius of the Sphere, and its Bafe 
the Surface of the fame Sphere, and the Solidity of the 
Cone (by SchoL ^rop, 6. of this) is jprbducM from the 
third Part of the Altitude (that is, of the Radius of the 
Sphere) multiplied by the Bafe (that is, the Surface of 
the Sphere,) the Sphere's Solidity alio is obtained from 
the 3d Part of the Radius multiplied into the Superficies4 

PROP. XXIX. Theorem. 

•23. Xj^Very Sector of a Sphere is equal to a Cone whofe 
J^j Altitude is the Radius of the Sphere ^ and the 
Bafe the fpherical Superficies of the Senior. 

FJrft, let the Seflor A E C G be left' than an Hemi- 
fphere. Let a right-lin'd polyedral Body be undetftood 
to be circumfcrib'd about theSeftor. Now if all the re^ 
maining Ratiocination be carried on after the fameman- 
ncr as was done in the foregoing, the Thing fought wil| 
be concluded in the fame manner. This Thing aione 
will require to be (hew'd, upon which indeed the whole 
Reafoning depends 5 to wit, that the Superficies of the 
Polyedrum, which is compounded of Planes oti every 
Side, touching the Surface of the Sphere E C G, is greater 
than the Surface E-CG. Which is done thus. Let ano- 
tfier equal and like Surface be conceiv'd to be fet to the 
Surface EC G, encompafs'd with touching Planes in the 
very fame manner as the other is. Then will (by 
Axiom 3. of this) the -whole Surface compounded of* 
Planes, be greater thah the whole fpherical Surface. 
Therefore half the Surface compounded of Planes will 
alfo be greater than half the fpherical Sutface £CG« 

Then 
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Tkd^ let the Se£lor A E B G be greater than art H,e«<ii^ 
^ifphere. Both SeAors taken tojrether are (by the fokpr 
goioig) equal to a G>ne whofe Height is the.B,adiu8 of 
the Sphere, its Bafis th^ ^hole Superficies ^ that' 
is, (by 11./. 12.) to two Cones ^hich have thefatnb^ 
Height, but have their Bafes equal to th<2 Segmcints 6^ 
the fpherical Superficies £ C G, £ B G. . But one of 
t)ie Se£lors A £ C G, that which is lefs than an Hem!- 
fjphere, is by Part i. equal to a Cone, whofe Altitude; 
is the Radius, and its Bafe the Surface £ C G. There- 
fore the other Seftor A £ B G is equal to the other Cone; 
whofe Height is the Radius, ana its Bafe the remain* 
ing fpherical Surface £ B G. ^ E. 2). 

Cohllary^ 

C Being (by 25. of this) the Superficies £CG is equal 
^ to the Circle of the Radius C G, and the Superficies 
£ EG equal to the Circle of the Radius BG$ the Scfw 
tors A£CG, and A£BG, will be equal to Cones 
whofe Altitude is the Radius of the Sphere, and their 
Bafes Circles of the Radius's C G, and B G. 

- J 

Stholiumh 

Jp Rom thefe Things IS deduced the measuring bothf|t»/t|;/ 
^ of Seniors and Segments of Spheres ; of Seniors (as 
appears from Schol ^rof. 6. of this) if the third F«|t of 
the Radius be muhi plied by the fpherical Sur&ce ^thp 
Sedors, which is already known mm ScboL ^rof. t,'^. 
or by the Circle of the Radius CG or BG$ and of 
Segments, if the Cone £ AG be meafured, and be t^- 
ken away from the Seflor, if it be .lefs than an Hemi- 
fphere^ but added thereto, if it be greatet. 

The Segment (M QR N) which Hes betwixt tv^ Ciir- % . la. 
ties, whernerparallelor not parallel, is meafur'd; if the 
Segments QB R ^nd MB¥f already known^ Ibe fiib- 
flrAded one out of the other. 

T. P R,6p. 3ptX» Th«ore?n, t^ 

AN Hemtffhen (EOkD) is dwhU to a.\Co»elSg.x^ 
(EBD) which bath the fame Baft an4 Aki- 
ttiHe with it felf. 

O Tho 
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The Cone whole Bafis is the hemifpberical Superfides. 
£OBD, and its Altitude the Radius A B, is to tbe: 
Cone £B D (by ii. /. 12.) as Bafe is to Bafe 3 that i^ 
as the hemifpherical Surface £ O B D is to^he greatett 
Circle F T. Therefore feeing the hemifp^ericafSuper- 
^de» £ O B D is double to the greatefl Circle (1>y zj^ 
of this), the Cone alio which hath the Superficies £0 
B D for its Bafe, and the iR.adius AB for its Altitude^ 
is double to the Cone £ B D. But (by 28. of tbi^^he 
Hemifphere is equal to a Cone which hath the Radius 
Hot its Altitude, and the hemifpherical Superficies foe 
its Bafe. Therefore the Hemifphere is alio double to 
the Cone £BD. ^E.2). 



PROP. XXXI. Theorem. 

J%- 2/* ▼ £ 'T^ Sfhe^e be dividid imo rm Segments IL B G% 
jr. I jSKGy bj the Plane IQGt ubich doth m 
pafs thro^ the Centre A ; and let the Diameter BOJ^ 
be perpendicular to the cutting Plane. 

As the Altitude B of the Segment IL B G, is to 
the Radius of the Sphere A B: So let OK, the Alts- 
.; '^ Undi of the other ^effnem^ be made^ to another lime 
KN. 

h JH^ manner, AsOKy the Altitudfi of the Segment 

tSKG, is tothe Rftdins AK^AB, So let the At- 

* iiiuSe O B of the other Segmene be made to ano^kr 

%ine B D. VPT^ith 'T%ings being fitppos% Ifaj, 

[: u The Cones ING and lOG^ "tujhofe Altitudes are 

ON, Dj and IQjG T their common Bafe^ are erjudd 

. iojbe fphfrical Segmms^ , ^ 

t. There is thf fame . Proportion of th Segments of 
thtre is of the. right iW D Qt NO. y 

3. The Segment ISK G is toAe g^emfi dme IKS 
infaiVd in it, as NO is toKO; and the Segment 
ILBG is to the greatefl Cm IBG infcrib'd in it, 
'• m DO is to BO. 

£1 • '^ 
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' ran I. Let the Sphere atid Cones be cut by a I4ant 
thro' the PUmeter BK« There will be produced in 
the Sphere the gitateft Circle fi L K 6; and in the 0>ne8 
the Triangle* BIG, I KG. And bfecaufe BOKthe Dt- 
iiineter is f by the Hypothcfit) perpetkltcular to the Gltf- 

cle QT, 1 OB f by ajfe/ 3- '• ''-y* '^^^'l ^le a tight Angle. 
The Angle !B IK in'the Semicirdc is alfo a right o»i 
(by 3 i. /. 3 i J Bccaufe therefore in the Triangle BIK^ 
u!^Qre is drawn from the right Angle, lO perpendrcolat 
i^'the Bafe BPKj BI will be to lO, as (by 8. /. 6,) 
lyKto Ki. Therefore the duplkate Proportion ot 
B I to I O is equal to the duplicate iH^oportion of B K 
to KI 5 that is, (becaufe B K, K I, KO [by Corol i. 
Vr. 8. /. 6.2 are three Proportionals) equal to the Pro* 

' portion of B K to K O. 

^ Then becaufe OB is (by the Itypbthefis) to B D, ^i 
^K b to the Radtus AB^ by Inverfion it will be sA- 
ways thus, t) B is to BO, as A B to OK 5 and by Pcp- 
ttutation thu^, £> B is to B A, as B O to O K 5 and by 
Coihpounding thbt, DA is t& B A, as BK i^ to OKi 
Becaufe* therefore 1 have already fhew'd the Proportion 
of B K to OK to be duplica'te to the Fropoct ion of B I 
to I O, and confequently (by z. /. 12) equal to the Pro- 
portion betwixt me Cil'cle& detcrib'd by the Radius's . 
B I, I O s D A will alfo be to B A, as the Circle of the 
Radius B I, to the Circle of the Radius I O. Therefore 
the Cone under the Altitude DA, and for the Bafe, the 
Circle of the Radius lO, that* is, the Grcle QJT, is e- 
^ual to the Cone under the Altitude B A, (by 15./. 12) 
which hath for its Bafe the Circle of the Radius BI $ 
that is, (by Carat. Vr. 19. of this) the fpherical Seftor 
A I B G. Wherefore^ if the fame Cone 1 A G be added 
as well to the SeAor A I B G, as to the Cone under 
DA, and the Circle QT» ^^^ Wholes will be equal ^ to 
; wit, the 4>^eriQal Segment I L B G will be equal to 
two Cones, whereof one'is that which is under the Bafe 
QJC and ^ .A'lcicudle t) A^ and the other I A G i^ under 

« the faoie Bdf<t:QJ', and the Altitude O A; But thefe 
two Conea (by. 14. /• i%.) jnake up the Cone IPO^ 
Therefore the Segment I L B G wiU be equal to tht 

,, Cone IDG. ^£.2). 

^l By the ftdae Keafening^ the Segment I S K G will 
fe equal to, the Cta« INGt with tbU poly Changp^ 

Q,a thet 
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,^28^ A^CHiMECTES'^ Tbeoremt. ^* 

" t\kzt the Cone I A G> which before was added, be now 
taken away. 

. Part II. This is manifeft from the fir(i For the 
Cones IDG and I NG are betwixt themfelyea (by/< 
X4. /• 12.) as are DO and NO. Therefore the Seg- 
ments alio I LBG, ISKG, equal to tkofe Cones, are 
betwixt themfelvesy as the right Lines, DO, NO* 
. Part III. This likewife is manifeft from the firfl. For 
the G>ne I D G is to the G>ne I B G, (by the fiime) as 
DO is to BO. Therefore the Segment alfo ILBQ, 
which is equal to the Cone IDG, is to the Cone 1 BG^ 
as DO is to BO. 

Scholium. 

'CILom the firfl Fart of this Propofition there arifei 
■'^ another Way of meafuring fpherical Segments, and 
that a very eafy one $ if, to wit, the Cones IDG, I N G, 
be meafured $ which will be done if the third Parts of 
the right Lines D O, N O, be drawn into the Qrcie QT. 

PROP. XXXIL Theorem. 

% *4-* A ^'^^^ Cylinder (GK) is both inr Solidity and the 
jfV '^hole Superficies to the Sphere ^bom which it is 
, circumfcrib*d as 'i to 2. 

r . d 

Let BQ^be the common Axis of the Sphere and Cy- 
linder, and £ B D the greatefl Cone inrcrib'd in the He- 
mi fohere E O B D. Becaufe the Cylinder E K ("half of 
G K^ is (by 10. /. 12.) triple to the Cone-EB D, while 
the Hemifphere is double to the fame Cone (l)y 30 of 
this), it is manifeft that the Cylinder E K is to the Hc- 
mifohere as 5 to 2. Therefore alfo the whble Cylinder 
G Kl is to the whole Sphere Q^E B D, as 3 io 2. Which 
; was the firft Part. 

Then becaufe the Side of the Cylinder KN is e^ual 
to GN the Diameter of the BafcJ, its'^upeificies wuh- 
otit the Bafes will be fourfold (by Ccr^l. ^. 12. of this) 
'of the Bafe MI, and confequently taken together with 
thfe Bafes, that is, the whole Superfici^of the tJylindkJr, 
will be fixfold of the Bafe M I, which is equal to the 
greaieft Circle of the Sbhere.^ But tii^ Siiperaciesjof'tke 
, • Sphere is fourfold of thafr |}^ateft Circle. Therefore 

the 
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• A'ft^HiMBbEsV Theorems: ^^i^ 

Ac whole Superficsea^the Cylinder GK is to tbe Sa« 
perficies of the Sphere, as i^ to 4, or as 3 to 9* Which ' 
was the other Part. 

Therefore a Cylinder is both in Solidity and the whole 
Superficies to the Sphere, about which it is circumicrib'd^ 
as 3 to a. ^JS.2>/ \ 

Scholium* 

■•*♦.' 

1 T Is an Armament what a great Value Archimedes puts 
'*' upon this Theorem, that he would have a Sphere in» 
fcrib d in a Cylinder fet upon his Tbmb. And perhans 
amongfl (b many other famous Difcoveries, this chieny 
and above all others pleas'd him, for this Reafon, to witv 
bocaufe there was one and the fame rational Proportion 
both of Bodies, and of the Surfaces which contain them. 
We have demonflrated a like Identity of A£Ee^ions 
betwixt Rings, and the Surfaces of Rings, in the 4th 
Book of our Cylindricks- and Annularies, 'Prop. 13, 14, 
.X5. And another famous Example of the fame hatU 
alfo offtr'd it felf to me in the Sphere it fel£ For I hav© 
found, that like as a Sphere is to a right Cylinder which 
encompafleth it (whicii will nece0arily be equilateral} 
as 2 is to ;, and this both in reipefl ot Solidity and Sur- 
face 5 fo likewife the Sphere hath to an equilateral Cone 
encoinpafGng it, that Proportion which,4 hath to p ; and 
this both in regard of Solidity and Superficies. Front, 
which this alfo follows. That the fefquialteral Propor- 
tion found by Archimedes in the Sphere and Cylindert 
is continued in three Solids, a Sphere, Cylinder, and e^ 
quilateral Cone. The Demonftration of both which 
Things, withfome other Theorems of my own, in which 
the wonderful Nature of the Sphere will moreappe^r^ 
I ihall fubjoin in the thirteen following Propofitions. 

V 

PROP. XXXIII. Theorem* 

THE Superficies of a Sphere is douhk to the Su^ % ^*^ 
per fides of afquare Cylinder infcrik^d^ in tfjefcm^ 
Sphere* 

X/et A K L D be the Square infcribM in the greateft 
Qrcle pf a Sphere, firom which turp'd roiind, there i% 

as defcrib'd 



J 



J^orkfii a i^iiarr Cyiiad^r.^ and let lih bedr$wii.aa % 
piampter CGipmpn to the Square and Sphere. Becaule 
the Square of A Ji isfby 47. L' i.) ccff»ixo xh^ t<^us\ 
.^qiiares pf A K, KL, it will be double ^o one AK.^ 
/I^ereiore alfp the Circle of the Diapiecer A X^, is (bf 
\.L 12.) double to the Circle, whoie Diameter is A K.} 
to wit, to the pircle C N. But the Superficies of the 
iSphere is ("by 24. of thisj fourfold tp the Circle whofe 
Dianieter.is AL5 ibr that is the greateft ptde of the 
Sphere, feeing AL is the Diameter pf the Sphere, 
'^erefbre the Superficies of the iSphere is eightfold (tf 
jhe Circle C N. B*t becaufe L K, K A (by the Hypd- 
tbcfis) are equal, the cylindrical Superficies ACt^i4 
f. fhy Corel, ^r. ii, of this]) quadruple of the Circle CN. 

Thrierefpre fince the Superficies of- the Sphere is eigli«^ 
fold of the fame Circle, it will be double to the cyli||* 
drical ^uperficief . ^E.2). , ' ' 

PROP. XXXIV. Theorem. 

^f^^: nr^^ Superficies of a Sphfre bath tpat Propt^^ 
> . Jt tion fc the whole Superficies pf a fquare Cylinder 
pffcrii^d in ity whicb 4 hath to I* 

* Let the fame Things be fqppos'd which were in the 
foregoing Demonftratjon. Becaufe by the Hypoehefis 
L K the Side of the Pylmder, and A K the Diameter of 
the Bafe thereof are eoual, the cylindrical Superficies 
jCIi will hz quadruple ('by Corol. Tr. xi. pf rhisj to the 
^afe CKi and confequently rhe whole Superficies of 
rfie Cylinder is to both Pafes CN apd $L, as 6 is to i. 
But ttie Superficies of the Sphere is to both Bafcs toge- 

e*ier CN, SL/as 8 is tQ,2, feeing in the toregofng it 
as fhewM that it is to one Bafe as 8 to i. Thereft^rp 
ihe Superfides of the Sphere is to the cylindrical Supers 
ficies CL as 8 is jo 6y or 4 to 3. ^.E. ^. ./ 

Corollary. 

TH B whple SuperiScies of a right Cylinder defcribM 
^ about a Sphere, is to the whole Superficies of an 
^equilateral Cylinder infcrlb'd, as -% is to r. For the Cir- 
cumfcrib'd is to the Jpheric Superficies as i a is to 8 fbv 

■ • n- 
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,dk^^^ '^f thii j Bat the Spheric k;to the Infcrib^d ti. 8 is ^ 
i 4, by thisi ffefcDt f ropofition. Th^efbre the Circum^ 
^A:|ih'il is tq t^e Ipibib'd as 12. is to 4, or » to k 

-T^, :P R P P: XXXV. Theorem. / . ' 

* •' ^«' • • « v.- 4<.- • - " - • , . « , 

^Tj ^jH"£ Sttferficies afany jfherical Portim wknt0v^fig,z€,^ 
'jL^ (^^ 11^ B^) iath the fame Praportion to tha Sur *^r 
pBrficiesoftfie^^f'edt'efiififcribed Cone, which (BG) the 
Sme of the Cone hath to (G 0) the Radius of the Safe. 

'Betsinfe^^bf % 5« of thisj the Superficies of the Portion 
^rL B'G is^qoal to ihe Circle of the Radius B G $ thb 
JP^(M'tion thetepft^ QT, that ts» to the Bafe of it fdf 
and of the Cone, will be duplicate to the l^ropoirtiop (by 
a, /. 12.) of BG to GO 5 that is, fby 14. of this) of the 
Proportion of tjie conical Superficies I B G, to the fame 
Bale QT. Therefor^ it is manifeft (by Def. 10. /. 5.) 
that the Superficies I L B G is to the conical Super^cies 
1 fe G, as the (kttie conical Superficies I BG is^ t0 the 
Bafe QT. * Wherefore feeing the conical iSuperfici^s 
I B G, is to the Bafe (JT, as B G (^by 14. of this) is to^ 
GO, the Superficies of the .Portions will alfo he to the"^ 
conical Superficies IB G infcrib'd'in it, as BG is to GOt ^ 

PROP. XXX VL Theorem. 

'\ 

THE Superficies of the Hemifphere (EOJBP)^S'H^ 
hath that Propfirtioft to (E B D) the Superficies 
of the greatefi right infcrihed Cone^ which in a Square 
the Diameter hath to a Side 9 and that Proportion to the 
.Superficies of a like Cone circumfcribedy as the Side in 
a Square hath to the Diameter. > , 

I. The Denionflration of the firft Part is manifeft 
.firom the. foregoing. . For the^ $uiperficies of any Por- 
tion whatever, and confequently of the Hemi(phere» 
£0 BD, is to the conical Superficies infcribM, as B D 
is to D A. But B A D K is a Square, whofe Diameter 
U BD and the Side DA. 

Part 11. Let £ B C be half of the Squarecircumfcrib- Hg. 6, 7. 4^ 
jed about the Circle (whofe Centre is O) i which £ B C 
bei^ tttm'd about the A^^is O B, let thqre fiqpi thence 

Q.4 ^? 
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^f9% A R C H t MB D E SV ThiGTeMS. • 

^e'ptcr^uc'd a C6ne circuinferibedabout tl)e Hemifpheft. 
f^dWtecaufe the Square E C is (by 47. /. i*) clcrubic to 
tbe Square £B or (31^ the Grcle of the Diameter EC 
alfo is (by 2. /. 12.^ double to the Circle whofe Diame- 
ter is G I,* that is, to the Circle H GD L But (by 24. 
of this) the Superficies of the Hetni(phere included in 
'^d'Ck)ne E B C is double to tbe fame Circle. There- 
fore the Circle of the Diameter £ C is. equal to thoiie- 
mifpherical Surfiice. Wherefore feeing the conical Su* 
..perncics, £ B C is ('by 14. of thisj t9 the Circle of the Di- 
..atneter EC, to wit, to its own Bafe, as the Side B IE \% 
(«>'E0 the Radius of the Bafe; it will be aifo to the 
4iamifpherical Superficies- iofcribed in it^ as BE is' tb 
^ 'i£>0 s that is. as the Oiaiyieter m ^ Square is to a $idc. 

»" . - .- . . 

PROP. XXXVII. thedrem. 

ThefameFi: JJk ^^hete hath the fantfi Proportion tQ a fquare ca» 
^g*7i'ls' J^^ mc/i/ Rh(^mbus circumfcribea ahp^ it^ hoth in rt- 

^fpeB of the SoUdttyand Surface^ "which iHj i^ Square the 

Side hath to the D:^ameter. 

• • • * 

Let the Square E B G F be circumfcrib'd a^bout H Q 
DI, the greateft Circle of a Sphere, from which Square 
- as turn'd roiind about the Axis fi F, let a. conical Rhom- 
bus CBcompafRng the Sphere be produced. 

A? E'B a Side of the Square ("fee Fig. 6^ I 4.) is to 
the Diameter £ C, even To let S be made to R ; (fee 
Fig. 15./. 5 J and let this Proportion be continued thro* 
four Terms, S, R, (^ O 5 the Proportion then of S to O 
will be triplicate to the Proportion of S to R ; that is, 
JStfief. 10. of EB to EC, and the Proportion of Q to R will bp 
f' 5* duplicate ,to the Proportion of O to Q,, or of R to S 5 

that is, of E C to EBi and confequcntly ("by 20. /. 6,) 
O is to R as the Square of E C is to that of E B j from 
'^j^bence (by SphoL *Ff. tT. and 7. /. 4.) O is double to R. 
"Thefe Things being thus fettled, let the Sphere E B CP 
be underfiood to be circumfcribed abbut the conical 
Rhombus. Thtis the Sphere HODI will be to the 
3pbere EBCF (by 18. /. 12.) in the triplicate Propor- 
tion of the Diameter G I or.E B to the Diameter E C^ 
t^hat is,-{as I hav^ already /hew'd) it will be aei S (o O. 
- Jut 




fittt^'the Sphere E B C P itf to the cpnieijf' ]^hqmbtt8 i^ 
fcrib*a in it (by gb. of this) as 2 isto tf that is; (zt I 
have fhcw*d abo^f 6) ai O is to R. Therfcfeirc by Equii- 
lity of Proportion, the' $ptiefre *H<>Dt4irtb-the (ame 
']^honiba8 which is'defcrib'd about ft; ks'Si^ toK^ thaft 
; ii, as in a Square thb Si<!e E B is to tlfe Diameter fi C 
Which was the irfrPart;' TTxenrfrpm Ae fecond Part 
of the fbregoingV Jr appears that the^Superficies of the 
H^Biifphere is to the'Suberficies of the done B B C, and 
cpnfbquently the "Stiperncies df the whole - Sphere is to 
the Supei^cies of the whole Rhombus- BBC F, asiha 
Square the Side is to the Diameter: ' therefore the 
Sphere as well in Solidity' as^ in Superficies is tbthe 
fquare Rhombus £ B C F> as in a Square the Si4e is ,tb 
the Diameter; ^.^. iZ); ^ 
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THE Superficies of the Portion (B G K D) v:hichr^' ^7* 
contains an equilateral Cone (B K 2)} is ^uife 
to the Superficies of tb^fa^e Cone* . , - 

•• ' - • '.'<"' 

This is manifeft from 3 5. For the Superficies of the 

Portion BGKD is to the infcriS'd conic Superficies 
(by 9 5. of this) as B K is to B A. But becaufe tne Cone 
B K D is fuppos^d to be equilateral, K B is equal to 
BD, and confoquently double to BA. Therefore' the 
Superficies BGKD is alfo double to the infcribed co- 
nical Superficies B K D. ^JE.2). 

• 

PROP. XXXIX. Theorem. 

> 

THE Superficies ef a Sphere is to the whole Super- lig. 27. 
ficies of an equilateral Cone infcrib*d in it^ as 
16 to 9. 

Let Z be the Center of the Sphere, and B K D rV.e 
equilateral Cone infaibed, and KZAO tlie Ax .a 
mon to the Sphere and Cone. If the Spliere an . • ;e 
be cut thp' this, there will be produced in the . ucre 
thegreateft Circle OBKD, a,nd in the Con< th; equi- 
lateral Triangle B K D, one Side whereof BAD will be 
the Diameter of the ^afis of the Cone QJ!. And be- 

.caufe 
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fe aT, B A^.{i9^. 3- /. XI.) wilt be a rfeljA Ai^fc. 

leretore p^ Square of B A is ^qual to the Rectangle^ 

%,hO.iC0r9l* \.^.ilM€.y No^ t>eMfifo tbeS^de of 

^hc eqqilf^teral Tns^nAle cuts ($ (fiorol. $• Tjr. J$.A4-) % 

jffik Part of tbe Aipf A Qt t^^ Redafigle IC A 0» that is» 

4ii(] Square of fi 4f will b^ trij4^to me Squarp of A O 

jpog f. /• ^.^ Wbcire&fq ieeiag^tbe ^quarc.of tbie Ra<lii|s 

^p if {Cw-oL |. IPr. 4. L %.) auiadraple pf tb[e Square 

(fff.^Pt tho Qqtfare of ^he Radius ^6 wiU be to th<e 

Square of t<r ^dius B A,, as 4 i^ tp 3, Th^cft&re the 

/Cpde O^^jD iaalfo^by a. A 12.) to the Ckck'(VT, as 

^iB ipQ li Tbexefiire fomr Circles O Blf.D^ that'is (By 24. 

^ thifi) tWj^bole igh^ricai SuMrficief D G u to fhe 

Orcle QT, as W Is to 3. But (CoroL i. ^f . 14^ of this) 

the Superficies of the equilateral Cdrie BK D is to the 

Grcle QT, to ^it;, it^.owo Bafe, a$ 2 is tp 1 9 and 

coo&quenti^ the vrhole Superficies of the Cone BKD» 

including its Bafe, is to the Bafe, to wit the Grcle QT* 

m 3 is to T, or p to 3. Therefore feeing I havfe ftidW d 

^hat the Superfieies of a Sphere is tb the fame Orcl#r as 

li(isto3, the Superficies of the Sphere DG will be 

tQ |he whole SuperjSicie^ of the equilateral Cone, as 16 

Htop. ^B.% 

/ Or ^ibtritife ihui t ^ 

TD^caufe (by Oiral. y.*Pr. i5J.4.)the Side BDofthe 
^*^ equilateral TViaogle cuts o£F a 4th Part of th6 Axis 
AO, the fpherical Superficies- BOD will be a 4;th Part 
by 2 7* of this, and confequently the Superficies B G K D, 
three 4th nrta of the, Superficies cff the whole Sphere. 
Wherefore if the whole Superficies be fuppos'dto be i5, 
the Superficies BGKD will be 12. But (by the fore- 

foing) the Superficies B GKD is tlouble to the conical 
uperficies B KD, and cbnfequeritly is to it, as. 12 to 5* 
Therefore the whole Superficies of the Sphere is to the 
conical BX D, as ii^ is tp <f« Then hectafe -the jSuper^ 
ficies of the Cone B K D ($s being equilateral) is f by 
CoroL I. 3V. 14. of this) double to the Bafe QT, it is 
inanifeft that the conical Superficies B K D f to wit, 
without the Bafe) is to the whole Superficies of tse 
Cone, as 2 is to 3 $ that is, as 6 to 9« Th^efore by 
equality of Propo^ion the whole Superficies of the 

. Sphere 
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6i4}efe> tc ta the .tfibple- St^perficie* of -ttie eg«t}flt^ 
G)pe^^fc|:i^'4, .^s I (i tq j. ^. jB, 2), 7 , , * , ' .. . 

JL ^/o» fo f Ae whole Supdrficies of an equilateral Cone 
fircumfcrib^dabmt if I wlfick 4 ^pqfe;f> ^ ': 

. Lei^here be cirfuqafcrib'd about the greateft Cifcif Sr 
pf a .Spkere ^3 P M j th^ unilateral. 'JViaigle I) O F jy by 
Vi'bicb, as turn'd roiind. about the Axis A B, fct there 
be produc'd an equilateral' Cone, tlrcumfcrib*d about 
jcfaelSphere. And-lejLtberc alfo-^ .fix^umfcrib'd about 
the equilateral Tt^n^le^p O F . thp Circle N D L O E, 
wh|ch|^ as is mantfeii,.^ coQceotrlcal to the former $■ ao4 
|e^t t^e Axis O ABb^^^odi^c^d to N. Becaufe $N is a 
M'^'- " of the A^^is^ OrST, (as ismanifeft from CorQ/.,%, 
fPn J 5. /. 4O Oii^ U double to B K. .. Wherefore the; 
l^rqportjon betwixt Qrcles being 4i}pliclt9. .(by z. /• xz> 
c^j^M Propprtion pf tj^ ,Diametg^^^ the' Circle BPI 
will be to the Circle K!DDOF*/as i to4. But it bath 
already beeirfhew'd in the firfl foregoing Demonflration, 
jhat the Circle N Di O F is to the .Circle QT, the Bafe 
pf the equilateral Cotie infcrib'd ih the Sphere F L, as 4 

Sto 3. There&re by, equality of Pioportion the Circle 
P M is to the CirQle QT,^ as i is to 3. But the whple 
Surface of the Cone DOIb is (by Cor.j.'Pr. 14! of this) 
pAple to.QT. Therfi&re the whole Superficies of the 
Cone is ninefold pf th^-Ciccle BF M. Wherefore feor 
log tb^ Superficies of the Sphere T F is quadruple (by 
14. of this) of the fame Circle B P ii^ the whoje Super-* 
^cies of the equilateral Cone D OF is to the Superficies 
pf tbe Sj^ere tQ which it is circumfcrib'd, as 9 is to 4* 

CoroU. I. From this i)emo9\/irapiof§ it is manifefi 
tbaf the Axis 3StO of an equilateral Cone ^ircumfcrtb'i 
aheut a Sphere, is one and a half of the diameter pf 
$be Sphere S K^was %td i. 

3u ^hat ^the Safe of the Cone *DOF is alfo one 
andean half of both Safes of the Cylijider circumfcriFi 
about the fame Sphere, For ^T'istoS'PM^ as 3 to i. 
Ithfrefi^f ^^is t^SVM fwiee^ as ^ is to 1. 

••'•••' 3. 7T;ak 
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^3BN| ArchimedesV Th€brm^^''='^ 

J. ^ut the Superficies of the CoiteSiOF is (me and 
sn half of the Superficies of f he ejtHlateral Cylinder cir-- 
fTmCmL etmfcriVd atout the fame Sphere. For That f/s douhle 
]u^f4.Qf to^T^ mohile this is quadruple ioS^M*. Therefore 
•^uKi^the conical Superficies will he to the Cylindrical^ as 
ui th&. itmee 3 to four times t $ thatis^ MS'^'to 4^ or as^to 2.] 

• • •' 

PROP. XU. Theorem. •» 

*»• »•• '■ I ^ jyjf wAa7(? Superficies of an. equilateral Cone cir^ 

JL cuml^crib^d iibout a Sphere'^ is qiiadruple to the 

•whole Superficies i^f a Cone infcribed in the fame Sphere. 

By the foregoing the whole Siipicrficics of the equila- 
teral Cone D u F circamfcrib*d; is to the Superficifes of 
the Sphere, as p to 4 ; and the Superficies of the Sphere 
Is the whole Superficies of the infcribecf Cone S K T, slb 
i^ to 9 (by 5 p. of thij.) Therefore by Permutation of 
^l^u^lity of nroportion, the whole Superficies of the cir^ 
rumfcribed equilateral Cone is to the whole Stiperfidea 
of the equilateral infcribed, a9X(^ist0 49 or as 4 to x, 

PROP. XLII. Theorem; 

*%* *^ A Sphefe hath that Proportion toB^Can equilateral 
XjL Co«^ infcribed in ity which 32 hath to 9. 

]Let the Sphere and Cone be cut by a Plane pafling 
thro' the common Axis K Oj producing in the Sphere 
the greateft Circle OFK I, and in the Cone the equila^^ 
teral Triangle BKC. Then a Plane being drawn thro* 
the Centre A perpendicular to O K, let the Hena;fphere 
^ *F G K 11)6 cut off, in which let the greateft Cone F KI 

f)t underftood to be infcribed. Now becaufe ^by Cor. y. 
/. 15. /. 4.) the Side BC of the equilateral Triangle cuts 
oflFOPa 4th part of the Axis OK, PK will be to AK, 
as 3 to 2, that is, as 9 to 6. But the Bafe QT is to the 
Circle OFKI, that is, to the Bafe ND, as 3 to 4, that 
is, as 6 to 8, as appears firom what was demonftrated 
pr. 39. Wherefore feeing the Proportion ofthbCone 
BK C to the Cone FKI is ^y ScM. i.pr. ly. L 12.) 
compounded of th6 Proportion of the Altitude Pl^ to 

|he Altitude A % ((bat is, of (l^e Proportion of p tp 6) 

'•' "* ' • ......... ^. .. ^^^ 
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^tii ofthe ProBortion of tb* Bafe QT to the Bafe N Df^- " 
l^that isj* of the Profotiioik of 6 to S) the Cone B*K C^ 
yill be to the Cone F K I, ai 9 to 8. Wherefore fceidg 
(by so^of thisj the Sphere CG is qaadrupleof theCoM 
JP K I, the equilateral Cone B K C will be to the Sphere 

PROP. XLIIL Theorem. 

I 

I . 

AiV equilateral Cone circunifcrtVd about a Sph^fe^^^tz. 
is eightfold of an equilateral Cone infcrib^d in the 
fame Sphere. 

; Let SKl^ and P O F be the equilateral Cones in- 
icrib*d and cifcunafcrib'd, and let O K B be the com- 
tnon Axis. Then let as well both the Cones as the 
Sphere be cut by a Plane paffing thrd* the Axis 5 their 
SeAions will be two equilateral Triangles, and the grea- 
ter Circle BP M. About the Triangle D O F likewife 
let there be underftood to be defcrib'd the Circle N D 
OF, and let the Axis 0KB be produc'd unto N« 
Kow becaufe the Side DF of the equilateral Triangle 
.doth ("by CoroL 5./r. 15. /. 4.^ cut offNB a 4th Part 
ofthe Axis OK, it is manifefl that ON is double to 
BK. In like manner, becaufe the Side ST of the o- 
ther equilateral Triangle cuts off B C a 4th Part of the 
Axis BK, KO will be to BO, as BK is to CK$ and 
by changing, as N O is to BK, fo is BO to CK. But 
NO is Rouble no BK. Therefore BO is likewife 
double to CK. Therefore becaufe of the Similitude of 
the Triangles, D O F, S K T, D F and S T alfo, to wit, 
the Diameters of the conical Safes, will (by 4. /. d.) be 
in a double iProportion betwixt themfelves. Wherefore 
feeing the Cones D O F, S K T, be like, and confequent* 
ly ^by 12. /. 12.) their Proportion is triplicate to the Pro- ^ - 
portion of the Diameters DF and ST, which is that * 
of 2 to I, the Cone DOF will be to the Cone SKT, 
as 8 to I. ^. -E.fZ). 

PROP. XLIV. Theorem. 

ASfhere hath the fame Proportion iotb in reJpeSi ofBg^zU 
: Solidity and Surface to the equilateral Cone DOF 

circumfcrit^d ahtit it. which 4 hath to Q, 

^ ' The 
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Tb« Sphere TP it fby 42. of this) to the equiktet^ 
Cone S iC T infcrib'd in h, asiiisto O.But(by thefbr6^> 
ftolng) SKT the equilateral Cone infcrib'd is to DO |^ 
tibe equilat<;ul Cone circumicribed, as i is to 8, that is^ 
9 to 72. Thereifore by equaJity of Proportion theSbhece 
T P is to D O F the equilatierai Cone circumfcrib d, ^s 
32 is to 72,^ that iSy as 4 to 9. But in Vrof* 40. we de- 
monftrated that the Superficies of ^ Sphere is to the 
whole Superficies of an equilateral Cone circumicribed. 
as 4 is to p«. Therefore a Sphere both in Solidity asd 
Superficies is to an equilateral Cone circumfcrib'd at>oul 
it, as 4 is to p. ^ E» 2). , 

That therefore which Jrc^imedes^ was furprizM at in 
a Sphere and Cylinder encoii>pat6ng it, we ha^alfii 
sow demonft^ated in a Sphere and ah equilateraV Cbne 
encompaffing iiL» -to wit, that thetp is the fame ratiQii^ 
FroportioQ o7 the Solidities betwixt themfel^ds, which 
there is of th^ Surfaces. For as he found that the 
Sphere is to the Cylinder about it as well in Sblidaj a» 
Superficies^ as 2 to 3 5 fo we have now taught,' that thb ; 
Sphere is in refpeA both of Spjidiry and Sur&ce to an 
equilateral Cone enqompaffing it, as 4 to 9« i 

But firoQA hence we fbaU <vithbut much labour detnpn* ] 
i^rate that the very Proportion, to wit, the refq[ujalteral, \ 
.which Arcbmedes Ihew'd to be betwixt the Sphterc kefd 
Cylinder, i§. Continued by the equilateral Cone icitcutn* 
TcrtbM b^tK m the Solidity and Superficies j and fo we 
.ihajil put an,£i|d tQ the'prefent work. jj 
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See Ae Fi-j * A JS[ equilateral 'Cjme chcnmfcrih^'d ahta ^ Sp*#r/, 

STw^chU * .XjL ^^d^a right Cy finder in ^ke ntanner circurHjcrih^d 

Txeadic* .about the Jawe Sfheuy and the fame if here it fetf^ 

tipminue thefdm^ Proportion ; to wit, the fefqui alter M^ 

as well in reffeB of the Solidity as ojf the wt^le Snprficiih 

For b^ }«. of this Book, the nf^t Cyliader G K en- 

coinpamng the Sphere, is to the Sphere, as well in re- v 

.: : . fpeft of Sriidtt]jt aa of the wbeie SHpqrficies, as 3 is t^ 2^ i 

'iK as. 6 to 4,. B^l by the fivegoing the equilateral JC^e 

BAD circumlctib'd about the. Spherev la to the Sphere 

. 10 both the faid fCefpefts, as ^ Is to 4/ Thereibit the 

fame 
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^ \ ame CA^ to the Cylinder, both in refpeft of Soli^- g 
\ty ftnd Surface, as 9 is to g. Wherefore toefe three Bo- 
'£esa a CoDe, Cylinder aod Sphere, are betwixt theni- 
[eWei, as the Kvmb«i 9t <• 4* u>d, contequently cood> 
aue the fe%uialteral Ptoponioa. \^E.2>, 

: ; Xprop. itwt 

TH t fame fef^uialteral . proportion holds b^ 
tw^c AD equiUteial Cone, and Cylicder cirr 
cuaTcrib'd about the fame Sphere* in refpe& <x 
tbciv whole Surfaces^ their Rmpl* Sw&ces^ their 
Solidities^ Altitudes and Baf^. 

' 2lWj T^nfqfipian is munifeft as to tU vbob Smfaeef 
Mtd Saiiditits jfrimtH for^oii^i at to tht fimple SW" y. 

faciSifrmtCoroll. j.Pr. 40. oftbisi as to their jSti* 
tudes ind Safes, fivm GcmoU. >« tmd 1, oftbeJllIM 40(1^ 
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